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Spectra Statistics of the Transition Matrices on Watts-Strogatz Model
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Spectral properties of the transition matrix of a small-world network model are studied, and how those
properties are relevant to the network structure is elucidated. The distribution of the nearest neighbor eigenvalue
spacings changes from a level-crossing to an avoided-crossing type as the rewiring probability p is varied from
0 to 1, which agrees with the known result for the network Laplacian of this model. It is found that the spacing
between the largest eigenvalue and the second largest one is proportional to p in the small-world state. This
relation is derived by equating the correlation decay time with a mean arrival time for reaching a shortcut end,
and is a verification example of the relationship between spectra properties of the transition matrix and structural
characteristics of the network.
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1. Introduction
Over the last decade, a lot of studies have been devoted

to complex network structure in several fields of both nat-
ural and social science. Since some complex phenomena
in the real world seem to result from underlying network
structures, scientists have investigated network structures
from real data and proposed many quantities to charac-
terize them. As a result, we know nowadays that some
kinds of complex network share the same universal features
(Newman, 2003).

As well as geometrical properties of network, dynamical
properties obtained from a random walk on it are also im-
portant, which is determined by a transition matrix. Here-
after we confine ourselves to undirected networks and as-
sume that a random walker on a node i jumps evenly to ad-
jacent nodes with the probability 1/di , where 1/di denotes
the degree of the node i , the number of links of the node i .
Thus, Hi j , an element of the transition matrix H is given by

Hi j =
{

0 (Ai j = 0)

1/d j (Ai j = 1)
(1)

where Ai j denotes an element of the adjacency matrix A,
which is equal to unity when node j is connected with node
i and equal to zero otherwise. In the case of the network
composed of N nodes, H and A are both N × N matrices.

We define the vector of visiting probability as p(tn) =
(p1(t), p2(t), . . . , pN (t))T . The element pi (t) represents
the visiting probability on node i at time t . Since H is the
time-development operator of p(t),

p(t) = H p(t − 1). (2)

The transition matrix has rich information about the motion
of the random walker. For example, its largest eigenvalue
is always equal to unity and the corresponding eigenvector
contains the stationary visiting probability of each node.
This relationship is commercially used as a key idea to

calculate ordering in the WWW network*1. The eigenvalues
of the transition matrix are related to those of the network
Laplacian, which have been studied well (Monasson, 1999).

Let ν1, ν2, . . . , νN be the N eigenvalues of H , which are
arranged in descending order of their real parts. Since the
transition matrix is generally asymmetric, its eigenvalues
possibly include complex ones. In the case of an undirected
network with equipartition of transition probability from
one node to others, we can prove that all of its eigenvalues
are real ones. Indeed, considering a diagonal matrix D
whose elements are defined as

Di j =
{

1/
√

d j (i = j)
0 (i �= j)

, (3)

a similarity transformation H̃ ≡ D−1 H D has only real
eigenvalues since H̃ is symmetric. Thus all the eigenvalues
of H are real, because similarity transformations do not
change eigenvalues. Then we define �νi,i+1, the nearest
neighbor eigenvalue spacing (NNES) between νi and νi+1

as

�νi,i+1 = νi − νi+1 (i = 1, 2, . . . , N − 1). (4)

Next, we explain the Watts-Strogatz (WS) model (Watts
and Strogatz, 1999). This small-world model introduced
by Watts and Strogatz has three parameters: the number
of nodes N , the average degree k, and the probability of
rewiring p. We first arrange all N nodes on a circle and
connect each node with k/2 neighbor nodes on both sides.
After this first step, there are k N/2 links in the network.
Second, we rewire each of them with probability p under
the regulation that there are no self-loops or multiple links.
The rewired link is called a “shortcut,” and after rewiring
there are pk N/2 shortcuts on average. Although there are

*1The Anatomy of a Large-Scale Hypertextual Web Search Engine
http://infolab.stanford.edu/˜backrub/google.html
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Fig. 1. L(p) and C(p) against p. The data are averages over 20 random
realizations of rewiring and normalized by the values L(0) and C(0).
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Fig. 2. P(ν) against ν for p = 0, 0.001, 0.01, 0.1, 1.
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Fig. 3. P(S) against S for p = 0, 0.001, 0.01, 0.1, 1. The arrows point
the isolated peaks of the distributions.

many variations of this model (Newman et al., 2000), we
use this original process. We fix N and k hereafter, so
that the control parameter of this model is the rewiring
probability p only. And in a certain range of p, the network
presents the so-called small-world property in which the
network has a large number of nodes but an effectively short
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Fig. 4. The bulk part of P(S). This figure is the magnified one of Fig. 3
at 0 ≤ S ≤ 2 with normal-scale plot.
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Fig. 5. �ν1,2 against p. The dashed line represents 0.76 × p1.13.

characteristic path length and is locally clustered. In terms
of structural quantities, we characterize it with a small value
of the average shortest path length L and a large value of the
clustering coefficient C . L is the average of the shortest
path length per all node pairs. C is the average of Ci ,
the clustering coefficient of each node. Ci is the fraction
of pairs of neighbors of a node which are also neighbors
to each other. Clearly, a network with the small-world
property is highly clustered and has also shortcuts for a
short average path length. In fact, real social networks have
this small-world property; actors who play together, social
networking services, collective writing of papers (Newman,
2000). The WS model depicts our daily feeling, “It’s a small
world.”

In this paper we will make clear how the small-world
property is reflected in the spectra statistics of the transi-
tion matrices using the WS model as a concrete model. The
construction of the WS model contains random rewiring
processes, so that the transition matrices can be regarded
as random matrices with specific constraints. We inves-
tigate the distribution of eigenvalues and NNES’s, which
are key statistics in random matrix analyses (Metha, 1991;
Dorogovstev et al., 2003).
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2. Spectral Properties of the WS Model
First we confirm the range of p within which the small-

world property is observed by calculating the characteris-
tic path length L(p) and the clustering coefficient C(p)

for networks with a thousand nodes (N = 1000) and ten
average degrees (k = 10). Figure 1 shows that the net-
works have small values of L(p) and large ones of C(p) in
0.001 � p � 0.1, in which the condition of small world is
assumed to be satisfied. Figure 2 describes P(ν), the distri-
bution of ν averaged over 100 realizations. When p is equal
to 0.0, 0.001, 0.01, P(ν) has multiple sharp peaks nearby
ν � 0. Especially, the peaks for p = 0 known as the van
Hove singularity result from the rotational symmetry of this
model. The larger p becomes, the smaller are the heights
of the peaks. For p = 0.1 and 1.0, the distributions P(ν)

are unimodal. Regular lattices or small-world networks and
random networks of the the WS model thus correspond re-
spectively to complex and unimodal shapes of P(ν).

We depict the distribution of the nearest neighbor spac-
ings in Fig. 3. Because the mean spacing depends on net-
work size N , the number of eigenvalues, we define a new
variable S ≡ �ν/�ν(p) and deal with P(S), the distri-
bution of S, where �ν(p) denotes the mean spacing at a
fixed value of p, �ν(p) = (1/(N − 1))

∑
i �νi,i+1. P(S)

at p = 0 has a complex shape, although the WS model for
p = 0 is a quite simple and regular one-dimensional lat-
tice without rewiring. P(S) at p = 0.001 and p = 0.01
are bimodal, and those at p = 0.1 and p = 1 consist
of a unimodal bulk part and an isolated narrow part at a
larger value of �ν. As shown in Fig. 4, P(S) turns from
a level(eigenvalue)-crossing type with finite P(0) to an
avoided-crossing type with vanishing P(0), which has al-
ready been reported for the network Laplacian of this model
(Jalan and Bandyopadhyay, 2008).

We found that the isolated peak corresponds to �ν1,2,
the spacing between the largest eigenvalue ν1 = 1 and
the second largest one ν2, and that �ν1,2 varies against p
according to

�ν1,2 ∝ p1.13 (5)

as shown in Fig. 5, in the range of p in which the network
has small-world characteristics as shown in Fig. 1. We will
derive phenomenologically the relationship between �ν1,2

and p in the following.
Let us consider a discrete-time N -state Markov chain

described by a transition matrix H , the eigenvalues
of which are να (α = 1, 2, . . . , N ). The right
and left eigenvector corresponding to να are respec-
tively (r (α)

1 , r (α)

2 , . . . , r (α)
N )T and (l(α)

1 , l(α)

2 , . . . , l(α)
N ) with

H(r (α)

1 , r (α)

2 , . . . , r (α)
N )T = να(r (α)

1 , r (α)

2 , . . . , r (α)
N )T and

(l(α)

1 , l(α)

2 , . . . , l(α)
N )H = (l(α)

1 , l(α)

2 , . . . , l(α)
N )να . Note that

all the eigenvalues are real for a undirected graph and the
largest eigenvalue ν1 is equal to unity with 1 = ν1 > ν2 ≥
· · · ≥ νN . For a fixed j ( j = 1, 2, . . . , N ),

∑
i Hi j = 1

holds, so that all the components of the left eigenvector cor-
responding to the largest eigenvalue are equal l(1)

1 = l(1)

2 =
· · · = l(1)

N . In the case of the transition matrix of the undi-
rected graph, Hi j has di nonzero components each of which
is equal to 1/di , where di is the order of node i . The

normalization condition is given by (l(α)

1 , l(α)

2 , . . . , l(α)
N ) ·

(r (α)

1 , r (α)

2 , . . . , r (α)
N )T = ∑N

i=1 l(α)
i r (α)

i = 1, so that the
stationary visiting frequency of the i-th state is given by
l(1)
i r (1)

i .
Let u(n) be a state-dependent quantity at time n

which runs between u1, u2, . . . , uN . The average
of u(n)u(0) from time 0 to n is given by 〈u(n)u(0)〉 =
(u1l(1)

1 , u2l(1)

2 , . . . , uN l(1)
N )H n(u1r (1)

1 , u2r (1)

2 , . . . , uN r (1)
N )T ,

where initial values u(0) are chosen according to
the stationary visiting frequency. It is shown that
(H n)i j = ∑N

k=1 νn
k r (k)

i l(k)
j = r (1)

i l(1)
j + ∑N

k=2 νn
k r (k)

i l(k)
j , so

that we have

〈u(n)u(0)〉 =
N∑

i=1

N∑
j=1

ui l
(1)
i

(
r (1)

i l(1)
j +

N∑
k=2

νn
k r (k)

i l(k)
j

)
u jr

(1)
j

=
(

N∑
i=1

ui l
(1)
i r (1)

i

) (
N∑

j=1

u j l
(1)
j r (1)

j

)

+
N∑

i=1

N∑
j=1

N∑
k=2

νn
k l(1)

i r (1)
j r (k)

i l(k)
j

= 〈u〉2 + νn
2

N∑
i=1

N∑
j=1

l(1)
i r (1)

j r (2)
i l(2)

j

+νn
2

N∑
i=1

N∑
j=1

N∑
k=3

(
νk

ν2

)n

l(1)
i r (1)

j r (k)
i l(k)

j , (6)

where the last term vanishes much faster than the second
term for large n, and 〈u〉 = ∑N

i=1 ui l
(1)
i r (1)

i is the long-
time average of u(n). Hence, we obtain the result that the
two-time correlation function of u(n) obeys the following
relation for large time difference t :

C̄(t) = 〈u(t)u(0)〉 − 〈u〉2 ∝ ν t
2. (7)

As seen in Fig. 5, �ν1,2 = ν1 − ν2 = 1 − ν2 is much
smaller than 1 for the power-law scaling region described by
Eq. (5), so that we can carry the following approximation,

C̄(t) ∝ ν t
2 = (1 − �ν1,2)

t = exp
(
log(1 − �ν1,2)

t
)

≈ exp(−�ν1,2t). (8)

Here �ν1,2 appears as a characteristic time of the correla-
tion decay of C̄(t) as τ = (�ν1,2)

−1.
Another characteristic time scale for the WS model

(Newman and Watts, 1999; Almaas et al., 2003) given by
the average first passage time ξ from an initial node to a
shortcut end

ξ = 1

p
. (9)

Assuming the correlation decay is caused by shortcuts, we
equate τ with ξ , so that we obtain the relation

�ν1,2 = τ−1 ∝ ξ−1 ∝ p. (10)

This is a relationship between structural and dynamical
properties, and the latter is characterized by eigenvalues of
the transition matrix.
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3. Conclusion
We investigated the transition matrix of the WS model

and focused on the distribution of eigenvalues and NNES’s.
In particular, the distribution of NNES changes from a
level-crossing to an avoided-crossing type with increasing
of the rewiring ratio p. In the small-world state, we found
that �ν1,2 is proportional to p, and we derived this relation-
ship on the basis of two characteristic time scales of the WS
model. This is an example of the relationship between a
network structure and a random walk on the network.
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