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Random walk on a real social networking service consisting of 2271 nodes is analyzed on
the basis of the statistical-thermodynamics formalism to find phase transitions in network
structure. Each phase can be related to a characteristic local structure of the network such as
a cluster or a hub. For this purpose, the generalized transition matrix is introduced, whose
largest eigenvalue yields statistical structure functions. The weighted visiting frequency
related to the Gibbs probability measure, which is useful for extracting characteristic local
structures, is obtained from the products of the right and left eigenvectors corresponding
to the largest eigenvalue. An algorithm to extract the characteristic local structure of each
phase is also suggested on the basis of this weighted visiting frequency.

Subject Index: 034

§1. Introduction

The statistical-thermodynamics formalism has been successfully applied to tem-
poral fluctuations caused by chaotic or stochastic dynamics. In chaotic dynamical
systems, local expansion rates that indicate an orbital instability fluctuate largely
over time, reflecting a complex structure in the phase space. Its average is called
the Lyapunov exponent, whose positive sign is a practical criterion of chaos. There
have been numerous investigations based on large-deviation statistics in which one
considers distributions of coarse-grained expansion rates (finite-time Lyapunov ex-
ponent) in order to extract large deviations caused by non-hyperbolicities or long
correlations in the vicinity of bifurcation points.1)–3) In general, statistical structure
functions consisting of weighted averages, variances, and these partition functions as
well as fluctuation spectra of coarse-grained dynamic variables can be obtained by
processing the time series numerically. In some cases, we can obtain these structure
functions by matrix calculations. We herein attempt to apply to network analy-
sis4) an approach based on a weighted visiting frequency corresponding to the Gibbs
probability measure5) and large-deviation statistics in the research field of chaotic
dynamical systems. Along this line, graphs and networks can be related to chaotic
dynamics.6)–8)

This paper is organized as follows. In §2, we describe the details of the statistical-
thermodynamics formalism. In §3, we introduce the generalized transition matrix
to obtain statistical structure functions of the discrete-time finite-state Markovian
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28 T. Takaguchi, K. Ejima and S. Miyazaki

process, concretely given by a random walk on networks, and illustrate our method
using a simple example in §4. In §5, we apply the method to social networking
service (SNS) data and derive a characteristic local structure of the network of each
phase of statistical structure functions in §6. In §7, we introduce partial fluctuation
spectra and mention the analogy between these local structures and those of the
phase space of a one-dimensional chaotic map near bifurcation points. Finally, we
conclude the paper in §8.

§2. Statistical-thermodynamics formalism for temporal fluctuations

For stationary discrete-time signals ũs (s = 0, 1, 2, · · · ), we consider the following
local average over n steps ūn = 1

n

∑n−1
s=0 ũs. For n → ∞, ūn coincides with the long-

time average 〈u〉. For a large but finite n, ūn fluctuates and distributes. Let the
distribution function be Pn(u). Even for a random or chaotic time series, there exists
a characteristic time scale nc of correlation decay. For n � nc, the following scaling
holds:

Pn(u) ∝ exp(−nS(u)), (2.1)

where S(u) in Eq. (2.1) is called the fluctuation spectrum or rate function. Note
that the following limit holds:

P∞(u) = δ(u − ū∞), ū∞ = 〈u〉 . (2.2)

For a real parameter q, we define the following generating function Mq(n):

Mq(n) ≡ 〈eqnūn
〉

=
∫ ∞

−∞
Pn(u)eqnudu. (2.3)

For n � nc, the following scaling holds:

Mq(n) ∝ exp
(
nφ(q)

)
, (2.4)

where the characteristic function φ(q) is introduced in the limit of n → ∞. Substi-
tuting Eq. (2.1) into Eq. (2.3), we have

Mq(n) ∝
∫ ∞

−∞
e−[S(u)−qu]ndu (2.5)

for large n. Assuming the concavity of S(u) (S′′(u) > 0), we can apply the saddle-
point method to the integral and we have the following Legendre transformation
between φ(q) and S(u):

φ(q) = −min
u′ [S(u′) − qu′] (2.6)

for large n. Since the integrand S(u′) − qu′ takes minimum at u′ = u(q), we have

dS(u(q))
du(q)

= q, (2.7)

φ(q) = −S(u(q)) + qu(q), (2.8)
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Network Analysis Based on Statistical-Thermodynamics Formalism 29

where φ(q) is convex downward and φ(q)/q is monotonically increasing with respect
to q. Differentiating Eq. (2.8) with respect to q, we have

u(q) =
dφ(q)

dq
= lim

n→∞
〈ūneqnūn〉

Mq(n)
= lim

n→∞ 〈ūn; q〉n , (2.9)

where the weighted average 〈...; q〉n = 〈...eqnūn〉 /Mq(n) is defined. Using u(q), we
can extract larger (smaller) local averages than the long-time average for q > 0
(q < 0) from among various local averages. The long-time average corresponds to
u(q = 0). The weighted variance

χ(q) =
du(q)

dq
= lim

n→∞n
〈
(ūn − u(q))2; q

〉
n

(2.10)

=
1

S′′(u(q))
(2.11)

corresponds to a fluctuation intensity as a function of q. The functions φ(q), u(q),
χ(q), and S(u) are called statistical structure functions characterizing temporal fluc-
tuations. The relationship among the parameter q and the statistical structure func-
tions is similar to that among several quantities and the thermodynamic functions of
the ferromagnet below the Curie temperature, where the magnet field, the magneti-
zation, and the susceptibility correspond respectively to q, u(q), and χ(q). One may
also relate the inverse temperature to q. The name, “statistical-thermodynamics
formalism”, comes from this analogy.

§3. Transition matrix and its generalization

Let us consider the discrete-time N -state Markovian process given by the evo-
lution equation

P (n + 1) = HP (n), (n = 0, 1, 2, · · · ) (3.1)

where P (n) = (P1(n), P2(n), · · · , PN (n))T consists of the probability Pj(n) that the
system is in the jth state at time n, and H denotes the transition matrix with jk
element Hjk being equal to the transition probability from the kth state to the jth
one. The transition probability satisfies the normalization

∑N
j=1 Hjk = 1. Let us

consider the time series {ũn}, which takes the value aj if the system is in the jth
state. The generating function Mq(n) for the time series {ũn} is given by

Mq(n) =

〈
exp

(
q

n−1∑
s=0

ũs

)〉
=

N∑
j=1

(
Hn

q P ∗
)
j
, (3.2)

where P ∗ is the steady probability density, and is commercially valuable information
in the World Wide Web (WWW).9) The generalized transition matrix Hq is defined
by

Hq = HeqU , (3.3)

where U is the diagonal matrix with the jk element being equal to Ujk = ajδjk.
For large n, we have Mq(n) ∝ exp (nφ(q)). Thus, with Eq. (3.2), we find that the
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30 T. Takaguchi, K. Ejima and S. Miyazaki

characteristic function φ(q) is identical to the logarithm of the largest eigenvalue νq

of Hq as

φ(q) = log νq. (3.4)

Note that ν0 = 1 holds. The other statistical structure functions can be obtained
analytically from Eq. (3.4) using Eqs. (2.8), (2.9), and (2.11).

§4. Simple example

Let us consider the undirected graph consisting of three nodes, where node 3 is
linked with nodes 1 and 2, as shown in Fig. 1(a). The transition matrix is given by

H =

⎛
⎝ 0 0 1/2

0 0 1/2
1 1 0

⎞
⎠ , (4.1)

where we assume that a transition probability from a node with n degrees to an
adjacent node is equal to 1/n.

One can define a node-dependent quantity aj at node j for j = 1, 2, 3. When
the random walker stays on node j at time n, ũn is equal to aj . Random walks on
a network yield a random sequence of {ũn}, which can be regarded as a dynamic
quantity, and the fluctuation of the local average ūn is characterized by the statis-
tical structure functions, which are determined by the largest eigenvalue ν(q) of the

(a) (b)

Fig. 1. (a) Example network consisting of three nodes. Node-dependent quantities are, respectively,

1, 0, and 0 on nodes 1, 2, and 3. (b) Piecewise linear map corresponding to (a).
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Network Analysis Based on Statistical-Thermodynamics Formalism 31

generalized transition matrix given by

Hq =

⎛
⎝ 0 0 1/2

0 0 1/2
1 1 0

⎞
⎠
⎛
⎝ eqa1 0 0

0 eqa2 0
0 0 eqa3

⎞
⎠ . (4.2)

Let us assume a1 = 1, a2 = 0, and a3 = 0. The largest eigenvalue of Hq is given
by νq =

√
(eq + 1)/2 so that we have φ(q) = log νq = 1

2 log(eq + 1) − 1
2 log 2. The

weighted average is given by u(q) = dφ(q)
dq = eq

2eq+2 . The inequality 0 = u(−∞) <

u(q) < u(∞) = 1/2 holds. The smallest local average u(−∞) = 0 corresponds to
the bouncing motion between nodes 2 and 3 with the sequence of {ũn} as 0000 · · · .
The largest local average u(∞) = 1/2 corresponds to the bouncing motion between
nodes 1 and 3 with the sequence of {ũn} as 1010 · · · . The long-time average of {ũ}
is equal to u(0) = 1/4. The weighted variance χ(q) is given by χ(q) = du(q)

dq =
eq

2(eq+1)2
taking the maximum value at q = 0, which implies that the unweighted

variance is larger than any weighted variances around the long-time (unweighted)
average, which is not always the case in general. The Legendre transform yields
S(u) = 1

2 log(1 − 2u) + 1
2 log 2 + u log 2u

1−2u . Expanding S(u) around the long-time
average u = 1/4 up to the second order, we have S(u) ≈ 4(u − 1/4)2, which implies
the central limit theorem and that the distribution Pn(u) is approximated with a
Gaussian form. The statistical structure functions are shown in Fig. 2.

The left eigenvector satisfying (v1(q), v2(q), v3(q))Hq = νq(v1(q), v2(q), v3(q)) is
given by

(v1(q), v2(q), v3(q)) = (1/(2 + νq), 1/(2 + νq), νq/(2 + νq)) (4.3)

with the normalization
∑3

i=1 vi(q) = 1. The right eigenvector satisfying

Hq(h1(q), h2(q), h3(q))T = νq(h1(q), h2(q), h3(q))T (4.4)

is given by

(h1(q), h2(q), h3(q))T =
(

eq

2
2 + νq

eq + ν2
q

,
eq

2
2 + νq

eq + ν2
q

, νq
2 + νq

eq + ν2
q

)
(4.5)

with the normalization
∑3

i=1 vi(q)hi(q) = 1. One can relate vi(q) and hi(q) respec-
tively to the width and height of the ith bar constituting a histogram of the weighted
visiting frequency. The stationary unweighted visiting frequency is obtained from
the right and left eigenvectors corresponding to the unit eigenvalue of the transition
matrix (Eq. (4.1)) as

(v1(0)h1(0), v2(0)h2(0), v3(0)h3(0)) = (1/4, 1/4, 1/2). (4.6)

Thus, we see that the long-time average ū∞ = 1/4 is also equal to the average
with respect to the invariant density a1v1(0)h1(0) + a2v2(0)h2(0)g + a3v3(0)h3(0) =
1 × 1/4 + 0 × 1/4 + 0 × 1/2 = 1/4, which is used as a basic part of PageRank for
the web network. A specific probability density function corresponding to the Gibbs
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32 T. Takaguchi, K. Ejima and S. Miyazaki

probability measure

(v1(q)h1(q), v2(q)h2(q), v3(q)h3(q)) =
(

eq

3eq + 1
,

eq

3eq + 1
,

eq + 1
3eq + 1

)
, (4.7)

yields a weighted average u(q). The smallest local average u(−∞) = 0 is given by
the average with the density

(v1(−∞)h1(−∞), v2(−∞)h2(−∞), v3(−∞)h3(−∞)) = (0, 0, 1) (4.8)

as
∑3

i=1 aivi(−∞)hi(−∞) = 0.
As shown in the previous studies,6)–8) the three-state Markov chain corresponds

to the following piecewise linear chaotic map with Markov partitions. This map f
from unit interval I = [0, 1) to I is given by f(x) = x+2/3 (x ∈ I1), x+1/3 (x ∈ I2),

(a) (b)

(c)

Fig. 2. (a) Characteristic function φ(q). (b) Weighted average u(q) (solid line) and weighted vari-

ance χ(q) (dashed line). (c) Fluctuation spectrum S(u) (solid line) with asymptotes u = 0 and

u = 1/2 and parabola corresponding to the central limiting theorem (dashed line). For the

sake of comparison, the parabola is plotted beyond the applicable range of the central limiting

theorem.
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Network Analysis Based on Statistical-Thermodynamics Formalism 33

and 2x−4/3 with I1 = [0, 1/3), I2 = [1/3, 2/3), and I3 = [2/3, 1) shown in Fig. 1(b),
where f(I1) = I3, f(I2) = I3, and f(I3) = I1 ∪ I2 are satisfied. The subinterval Ij

corresponds to node j for j = 1, 2, 3.

§5. Application to an SNS network

We apply our analysis based on the statistical-thermodynamics formalism to real
social networking service (SNS) data. Our analysis object is constructed in such a
way that we choose all users within second-neighbor distance from a specific user
belonging to the largest SNS in Japan called mixi.10) Let us regard a user as a node,
my-mixi relation indicating a friendship on the SNS as an undirected link, so that we
have an undirected graph with 2271 nodes, among which 11559 undirected links exist
as shown in Fig. 3 using the program called Pajek for the analysis and visualization of
large networks.11) The mixi users specify some keywords such as fashion or cooking as
their topics of interest. For a fixed keyword, we assign the node-dependent quantity
a = 1, when the node (user) chooses the keyword, and a = 0 otherwise. Random
walk on the object graph yields a random sequence of 0 and 1 denoted by {ũ}.

The statistical structure functions are obtained from the largest eigenvalue of the
2271 × 2271 matrix Hq. In the case of the simple undirected graph described in the
preceding section, the statistical structure functions are very smooth. In contrast,
there are some remarkable nonanalytical behaviors, which imply the presence of q-
phase transitions, as shown in Figs. 4(a) and (b). In this figure, we see that stepwise

Fig. 3. The analysis object constructed from a social networking service with 2271 nodes is drawn.

Here, the keyword is fixed to cooking. The node-dependent quantity 0 (1) is indicated by a white

(black) circle.
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34 T. Takaguchi, K. Ejima and S. Miyazaki

discontinuous leaps are observed in the weighted average u(q) of the analysis object,
which separate five phases. Four eminent sharp peaks are also observed in the q-
dependence of the weighted variance χ(q) at the q-phase transition points. The
entire graph is not uniform and is separated into some local structures which can be
characterized by the same fluctuation property of the node-dependent quantity a, so
that such a local structure appears as a phase in the q-phase transition. Although
the link structure of the graph is identical, a different choice of the node-dependent
quantity yields different q-phase transitions, as shown in Figs. 4(c) and (d), which
implies that our method can be used to characterize simultaneously both the link
structure and the distribution of the node-dependent quantity.

The weighted visiting frequency vi(q)hi(q) (i = 1, 2, · · · , 2271) given by the left
and right eigenvectors corresponding to the largest eigenvalue νq of the generalized
transition matrix Hq also reflects the phase. The top hundred nodes of the weighted
visiting frequency vi(q)hi(q) differ from phase to phase, as shown Fig. 5.

In the context of the WWW, a node is regarded as a web site with a uniform

(a) (b)

(c) (d)

Fig. 4. (a) Weighted average u(q) and (b) weighted variance χ(q) with the keyword cooking obtained

from the network shown in Fig. 3. (c) Weighted average u(q) and (d) weighted variance χ(q) with

the keyword fashion obtained from the same network shown in Fig. 3 except for the arrangement

of the symbols • and ◦.
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Network Analysis Based on Statistical-Thermodynamics Formalism 35

resource locator. The node-dependent quantity 1 (0) is assigned in such a way
that the corresponding web site contains (does not contain) a fixed search term.
The unweighted visiting frequency vi(0)hi(0) is commercially used to estimate the
levels of importance of the web site,9) where the web sites with the node-dependent
quantity 1 are listed in descending order of vi(0)hi(0). We give two series of ranks
of the node in descending order of the weighted visiting frequency vi(0.1)hi(0.1) and
the unweighted one vi(0)hi(0), and plot the two ranks of the nodes with the node-
dependent quantity 1 against the node index i in Fig. 6(a). Note that the top fifty
nodes with large weighted visiting frequencies for q = 0.1 are quite different from
those with large unweighted visiting frequencies. We also give two series of ranks
of the node in descending order of the weighted visiting frequency vi(−0.1)hi(−0.1)
and the unweighted one vi(0)hi(0), and plot the two ranks of the nodes with the
node-dependent quantity 0 against the node index i in Fig. 6(b). In a sense, these
two phases are degenerated at q = 0.

Although the maxima around q = 0 shown in Figs. 4(b) and (d) seem very steep,
these transitions are not exactly discontinuous, as illustrated in Appendix A with
a simple graph. It is shown that the value of the maximum at q = 0 is inversely

Fig. 5. Weighted visiting frequencies vi(q)hi(q) plotted against q for i = 1, 2, · · · , 2271 in the case of

the network shown in Fig. 3. The weighted visiting frequencies of identical nodes are connected

with a line. In total, 2271 lines are drawn. For a fixed value of q, vi(q)hi(q) are nearly equal to

zero for most nodes, and only a few nodes have finite values, which are distinguishable from the

horizontal axis (vi(q)hi(q) = 0). The node-dependent quantity 0 (1) is indicated by a dashed

(solid) line. Multiple nodes may degenerate into a single line. For q & 2.2, for example, the

lower line corresponds to two nodes.
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36 T. Takaguchi, K. Ejima and S. Miyazaki

(a) (b)

Fig. 6. Node index of top fifty nodes of the weighted visiting frequencies vi(q)hi(q) is plotted against

its rank. (a) Nodes with the node-dependent quantity a = 1 for q = 0.1(N) are compared with

those for q = 0(
J

), and (b) nodes with a = 0 for q = −0.1(•) are compared with those for

q = 0(
J

).

proportional to a roughly estimated transition probability between two neighboring
phases around q = 0, which is also finite in the case of Fig. 4, so that these transitions
are not discontinuous, but may be called quasi-discontinuous. Other transitions at
q �= 0 are considered to be quasi-discontinuous because of a similar reason.

The absence of rigorous discontinuous transitions can be proved with the fol-
lowing Bernoulli-shift structure embedded in the network including a distribution of
node-dependent quantities. If the network of concern contains the local structure
shown in Fig. 7, it yields an arbitrary series of 0 and 1 corresponding to an arbitrary
value of the local average between 0 and 1, so that it is impossible to create a dis-
continuous leap in the weighted average. Our network shown in Fig. 3 is surprisingly
so loopy that it contains as many as 1071 nodes constructing Bernoulli-shift struc-
tures. Thus, the leaps observed in Fig. 4(b) seem indeed discontinuous but these
are continuously precipitous only. Figure 8 shows the 1071 nodes and only the links
constructing the Bernoulli-shift loop shown in Fig. 7. Note that about half of all the
nodes construct the loop mentioned above, however, several intervals of the local av-
erage of the node-dependent quantity are rarely realized to yield quasi-discontinuous
transitions.

§6. Community structure as a phase of the statistical structure
functions

We extract community structure as a phase of the statistical structure functions
shown in Fig. 4. We hereafter focus on the case wherein the keyword is cooking. We
find five phases in Figs. 4(a) and (b), whose transition points are given by

−∞ = q0 < q1 < q2 < q3 < q4 < q5 = ∞. (6.1)
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Network Analysis Based on Statistical-Thermodynamics Formalism 37

We call the phase corresponding to q ∈ [qα−1, qα) (α = 1, 2, 3, 4, 5) phase α, which is
extracted by the following procedures:

1. Calculate the phase-averaged weighted visiting frequencies of each node

p̄(i)
α ≡ 1

qα − qα−1

∫ qα

qα−1

vi(q)hi(q)dq, (6.2)

where q0 = −∞ and q5 = ∞ are replaced by suitable finite cutoff values in
numerical estimations.

2. Sort p̄
(i)
α in descending order and choose m nodes, such that m is the minimum

Fig. 7. A local structure that yields an arbitrary series of 0 and 1 corresponding to an arbitrary

value of the local average between 0 and 1. The node-dependent quantity 0 (1) is indicated by

a white (black) circle.

Fig. 8. Bernoulli-shift loops (Fig. 7) found in our network shown in Fig. 3. The 1071 nodes and only

the links constructing the Bernoulli-shift loop between them are depicted. The node-dependent

quantity 0 (1) is indicated by a white (black) circle.

D
ow

nloaded from
 https://academ

ic.oup.com
/ptp/article/124/1/27/1861608 by guest on 29 M

ay 2022



38 T. Takaguchi, K. Ejima and S. Miyazaki

number satisfying
∑

m p̄
(im)
α ≥ P , where P (0 ≤ P ≤ 1) is a ratio of the chosen

nodes to the total nodes contained in phase α called the contribution rate in
the following.

When P is equal to unity, all the nodes are chosen. Note that an identical node
may have a large value of the weighted visiting frequency and may be chosen in
different phases according to our procedures. Although many known methods divide
a network into subnetworks,12)–14) our method does not make a complete division.

In the case of the network shown in Fig. 3, community structure as a phase is
obtained for P = 0.7 and shown in Fig. 9. When q is nearly equal to zero, the
node-dependent quantities consist of zeros and ones, and the networks between such
nodes have a few hubs and many satellites, as shown in Figs. 9(b) and (c). For
large (small) q, all the node-dependent quantities are equal to one (zero), and the
networks are tightly clustered, as shown in Figs. 9(a), (d), and (e).

(a) Phase 1 (b) Phase 2 (c) Phase 3

(d) Phase 4 (e) Phase 5

Fig. 9. Community structure of the network shown in Fig. 3 with P = 0.7. Each of the five

subnetworks is extracted as a phase according to our procedures. The node-dependent quantity

0 (1) is indicated by a white (black) circle.
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Network Analysis Based on Statistical-Thermodynamics Formalism 39

Fig. 10. Adjacency matrix A of the network of Fig. 3 is visualized for the contribution ratio P = 0.7.

The indices (i, j) of Aij specify the two-dimensional position. The position (i, j) is painted in

black (white) for Aij = 1 (0). Phases 1, 2, 3, 4, and 5 appear as five blocks from the top left to

the bottom right along the diagonal.

Let Vα be a set consisting of the nodes chosen as phase α for a fixed contribution
rate P . We separate

⋃5
α=1 Vα into five subsets V1, (V2 \ V1), (V3 \ (V1 ∪ V2)), (V4 \

(V1 ∪V2 ∪V3)), and (V5 \ (V1 ∪V2 ∪V3 ∪V4)) with N1, N2, N3, N4, and N5 elements,
respectively. These five subsets possess no common element. In each subset, an index
is given in descending order of the weighted visiting frequency. One can construct an
adjacency matrix A with these indices. The matrix element Aij is specified by the
indices i and j, both of which run from 1 via 2, · · · , N1, N1 +1, N1 +2, · · · , N1 +N2,
N1 + N2 + 1, N1 + N2 + 2, · · · , N1 + N2 + N3, N1 + N2 + N3 + 1, N1 + N2 + N3 + 2,
· · · , N1 + N2 + N3 + N4, N1 + N2 + N3 + N4 + 1, N1 + N2 + N3 + N4 + 2, · · · ,
N1 + N2 + N3 + N4 + N5 − 1 through N1 + N2 + N3 + N4 + N5. For P = 0.7,
Vα ∩ Vβ = φ with α �= β, so that the adjacency matrix A consists of five diagonal
blocks coming from the five subsets Vα (α = 1, 2, · · · , 5), which is shown in Fig. 10.
For a larger value of P , the adjacency matrix A has, in general, diagonal blocks with
some off-diagonal elements.

The ratio Ncommunity/N of the number Ncommunity =
∑5

α=1 Nα of nodes cho-
sen using our procedures to the whole number of nodes N is plotted as a function
of the contribution ratio P shown in Fig. 11. For P = 0.7, for example, we have
Ncommunity/N ≈ 0.1, which implies that the top 70% of the weighted visiting fre-
quency is governed by one-tenth of the total nodes, which reflects the fact that the
degree distribution of the network of Fig. 3 has a long tail, as shown in Fig. 12. The
reason why the three nodes are chosen for the phase q � 2.2 is provided in Appendix
B.
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40 T. Takaguchi, K. Ejima and S. Miyazaki

Fig. 11. Ratio Ncommunity/N of the number Ncommunity =
P5

α=1 Nα of nodes chosen using our

procedures to the whole number of nodes N is plotted as a function of the contribution ratio P .

Fig. 12. Degree distribution of the network shown in Fig. 3 is plotted in a single logarithmic plot.

§7. Partial fluctuation spectra corresponding to local network structure

A random walker starting from a set of nodes corresponding to a phase of the
statistical structure functions stays on the nodes belonging to this set for some time
and eventually leaves these nodes. Let M be the number of these nodes, each of
which is numbered from 1 to M . Let r

(i)
n be the number of random walkers on node

i at time n. Temporal evolution of this number at time n is given by

rn = H̃nr0 (7.1)

with

rn =
(
r(1)
n , r(2)

n , · · · r(M)
n

)T
, (7.2)

where H̃ij (i, j = 1, 2, · · · , M) denotes a transition probability between the nodes
belonging to the set of concern. Let L̃ be the counterpart of the network Laplacian
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Network Analysis Based on Statistical-Thermodynamics Formalism 41

to H̃ with
H̃ = D(I − L̃)D−1, (7.3)

where I is the M ×M unit matrix, and the element of the M × M diagonal matrix
D is given by Dii =

√
di with degree di of node i. The element of L̃ is explicitly

given by

L̃ij =

⎧⎨
⎩

1, (i = j)

− Ãij√
didj

, (i �= j)
(7.4)

where the adjacency matrix Ã belonging to the set of concern is a real symmetric
matrix, since the network is undirected, and so is I− L̃. Hence, all the eigenvalues of
H̃ are real because it relates to I−L̃ through a similarity transformation (Eq. (7.3)).
Thus, expanding r0 with right eigenvectors of H̃ in Eq. (7.1), we have

rn = H̃nr0 =
M∑
i=1

aiν
n
i hi = νn

1

(
a1h1 +

M∑
i=2

ai (νi/ν1)
n hi

)
, (7.5)

where νi and hi are respectively the ith eigenvalue and right eigenvectors of H̃, and
ai is the expansion coefficient. When n is sufficiently large, we have

rn ∼ νn
1 a1v1 = a1v1 · exp (n log ν1) . (7.6)

A random walker eventually leaves the nodes of concern and the temporal evolution
given by Eq. (7.5) ignores reinjection from outside, so that the elements of rn are
nonincreasing functions of time n yielding log ν1 < 0. We call − log ν1 > 0 the escape
rate.

Let us define a partial pseudo-transition matrix H by H ≡ (1/ν1)H̃, where H̃
is compensated by the largest eigenvalue ν1, so that the largest eigenvalue of H is
unity and the corresponding right eigenvector estimates the visiting frequency of
the nodes of concern before escape. H is generalized to Hq, as explained in the
preceding sections, the largest eigenvalue of which yields the statistical structure
function of each phase. Let Sα(u) be the partial fluctuation spectrum corresponding
to phase α (α = 1, 2, 3, 4, 5), which is obtained from Eqs. (2.8), (3.4), and the largest
eigenvalue of Hq. The partial fluctuation spectrum modified by the escape rate
Sα(u)− log ν1,α is a good approximation of the whole fluctuation spectrum S(u) for
u(qα−1) < u < u(qα), where ν1,α is the largest eigenvalue of Hq of phase α.

For P = 0.9, five partial fluctuation spectra are obtained and compared with the
whole fluctuation spectrum in Fig. 13. Note that only the escape rate at u = 0 (1)
is plotted with a symbol for phase 1 (5), since the node-dependent quantity takes
the same value 0 (1) leading to no fluctuation. Good agreements with the whole
spectrum are observed for phases 3, 4, and 5. For phases 1 and 2, Sα(u) − log ν1,α

with α = 1 and 2 approach the whole spectrum S(u), as the contribution rate P is
increased, as shown in Figs. 14 and 15.

Such a situation described in this section is very similar to the q-phase transi-
tions of the chaotic dynamics at the band crisis or the band merging, where a chaotic
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42 T. Takaguchi, K. Ejima and S. Miyazaki

Fig. 13. Partial fluctuation spectra modified by the escape rate Sα(u) − log ν1,α with P = 0.9 for

phases 1 (˜), 2 (dashed line), 3 (dotted line), 4 (dashed-dotted line), and 5 (◦) compared with

the whole fluctuation spectrum S(u) (•).

Fig. 14. Escape rate of phase 1 (− log ν1,1) for the contribution rates P = 0.85 (˜), 0.9 (◦), and

0.95 (�) compared with the whole fluctuation spectrum S(u) (•).

attractor collides with another attractor or repeller.15) The characteristic local struc-
ture of the graph in our case corresponds to the former attractor or repeller of the
whole attractor at the band crisis.

In the case of the band crisis, the whole fluctuation spectrum is given by the
minimum convex envelope containing the partial fluctuation spectra corresponding
to chaotic attractors and repellers. In the case of the network, note that the partial
spectra are only approximations, since the chosen nodes with P < 1 at a fixed value
of q are not isolated in the network, but are connected to the rest, which is also
phenomenologically illustrated using a simple directed graph in Appendix A. The
random walker escapes from the chosen nodes to the rest, and is reinjected from
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Network Analysis Based on Statistical-Thermodynamics Formalism 43

Fig. 15. Partial fluctuation spectrum modified by the escape rate of phase 2 S2(u) − log ν1,2 for

the contribution rates P = 0.85 (dashed line), 0.9 (dotted line), and 0.95 (dashed-dotted line)

compared with the whole fluctuation spectrum S(u) (•).

the rest to the chosen nodes. The escape rate ignores these reinjections. As P
is increased, the partial spectrum approaches the corresponding part of the whole
spectrum. In the limit of P → 1, however, the partial spectrum coincides with the
whole.

§8. Concluding remarks

We analyzed a real social networking service consisting of 2271 nodes on the
basis of the statistical-thermodynamics formalism to find phase transitions in net-
work structure. Each phase can be related to a characteristic local structure of the
network.

We observed in Fig. 5 eminent large values of vi(q)hi(q) of one node for the
phase −0.5 � q � 0, one for 0 � q � 0.8, which might be regarded as hubs yielding
the corresponding value of the local average of the node-dependent quantity ũ or
equivalently of the weighted average u(q). In particular, the node with a large
weighted visiting frequency for −0.5 � q � 0 bridges between two parts, as shown
in Fig. 9(b). It implies that the weighted betweenness can be introduced in the
framework of large-deviation statistics. It will be a future problem.

We drew a graph on the basis of the value of maxqvi(q)hi(q) using the graph
drawing software Pajek. One can also draw a graph with node-dependent quantities,
on the basis of the weighted average only. Let Q be the real positive, which is so
large that the range −Q < q < Q contains all the phases of the q-phase transition.
Let q∗i be the value of q ∈ [−Q, Q] at which vi(q)hi(q) takes the maximum for a
fixed node index i. When we plot a symbol indicating the node-dependent quan-
tity at (q∗i , vi(q∗i )hi(q∗i )) for all indices i and draw a line from (q∗i , vi(q∗i )hi(q∗i )) to
(q∗j , vj(q∗j )hj(q∗j )), if the node i is linked to the node j, we will have a treelike graph,
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in which each phase appears as a main trunk.
It should be noted that we have q-phase transition points at q = 0 in many

cases, whose examples are shown in Fig. 4, so that the PageRank, the unweighted
visiting frequency vi(0)hi(0), is a special case in our formalism. The weighted visit-
ing frequencies vi(q)hi(q) just before and after the transition point q = 0 are quite
different, as shown in Figs. 5 and 6. In a sense, the unweighted visiting frequency
vi(0)hi(0) is degenerated. Regarding the standard and generalized transition ma-
trices H and Hq as unperturbed and perturbed Hamiltonian, respectively, we can
break the degeneracy using the perturbation. Such a quantum dynamics-like analog
of our statistical thermodynamical formalism called level dynamics was developed
by Fujisaka and Yamada.16)

We showed the absence of rigorous discontinuous transitions using the Bernoulli-
shift loop in §5 and the four-node directed graph in Appendix A. Although the dis-
tinction between quasi-discontinuous transitions and rigorous discontinuous ones is
indeed mathematically interesting, the difference is not so important for real network
data without any control parameter such as ε of the four-node graph. We consider
that square or other periodic lattices and complete graphs with an arbitrary distri-
bution of the node-dependent quantity barely yield q-phase transitions. It would be
interesting to know what type of network geometry causes the quasi-discontinuous
transition, which is still unknown.
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Appendix A
Discontinuous and Quasi-Discontinuous Transitions

for a Simple Graph

The q-phase transitions described in §5 are phenomenologically explained using a
diagonal block structure of the generalized transition matrix. It consists of dominant
diagonal blocks given by a directed graph and weak all-to-all contributions and is
exemplified by the following form,9) Hq = (1 − ε)H̃q + εJ with

H̃q =
(

HB 0
0 HB

)(
W1 0
0 W2

)
, (A.1)

HB =
(

1/2 1
1/2 0

)
, W1 =

(
e0·q 0
0 e1·q

)
, W2 =

(
e1·q 0
0 e0·q

)
(A.2)

and Jij = 1/4 for all i and j, which run from 1 to 4. Two blocks HBW1 and HBW2

correspond to two asymmetric coin-tossing processes, which are illustrated in the
upper and lower graphs shown in Fig. 16(a).

Let ν
(1)
q and ν

(2)
q be the largest eigenvalues of HBW1 and HBW2, respectively.
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(a) (b)

Fig. 16. (a) Two asymmetric coin tossing processes. (b) Largest eigenvalues ν
(1)
q (solid line) and

ν
(2)
q (dashed line) as a function of q.

These are given by

ν(1)
q =

1 +
√

1 + 8eq

4
, (A.3)

ν(2)
q =

eq + eq
√

1 + 8e−q

4
, (A.4)

which are shown as a function of q in Fig. 16(b). It should be mentioned that
the magnitude relation between the largest eigenvalues is switched at q = 0, where
ν

(1)
0 = ν

(2)
0 = 1, so that the largest value νq of the whole system is given by νq = ν

(1)
q

for q < 0 and νq = ν
(2)
q for q > 0 in the limit ε → +0. The weighted average is

obtained from u(q) = dφ(q)
dq with φ(q) = log νq, which is explicitly given by

u(q) =
d

dq
log ν(1)

q =
4eq

1 + 8eq +
√

1 + 8eq
, (q < 0) (A.5)

u(q) =
d

dq
log ν(2)

q = 1 − 4e−q

1 + 8e−q +
√

1 + 8e−q
(q > 0) (A.6)

in the limit ε → +0. Note that the weighted average has a discontinuous leap
between u(−0) = 1/3 and u(+0) = 2/3 at q = 0, as shown in Fig. 17(a). The
weighted variance is obtained from χ(q) = d2φ(q)

dq2 , which is explicitly given by

χ(q) =
d2

dq2
log ν(1)

q =
4eq(

√
1 + 8eq + 1 + 4eq)√

1 + 8eq(1 + 8eq +
√

1 + 8eq)2
, (q < 0) (A.7)

χ(q) =
d2

dq2
log ν(2)

q =
4e−q(

√
1 + 8e−q + 1 + 4e−q)√

1 + 8e−q(1 + 8e−q +
√

1 + 8e−q)2
(q > 0) (A.8)

in the limit ε → +0 as shown in Fig. 17(b). Note that the weighted variance diverges
at q = 0.
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(a) (b)

Fig. 17. (a) Weighted average u(q) (solid line) as a function of q. The weighted average d
dq

log ν
(1)
q

of the block HBW1 (dashed line) and d
dq

log ν
(2)
q of HBW2 (dash-dotted line) are also plotted.

(b) Weighted variance χ(q) (solid line) as a function of q. The weighted variance d2

dq2 log ν
(1)
q of

the block HBW1 (dashed line) and d2

dq2 log ν
(2)
q of HBW2 (dash-dotted line) are also plotted.

The inverse function of Eq. (A.5) is given by q(u) = log u+log(1−u)−2 log(1−
2u) − log 2, so that the fluctuation spectrum S1(u) of the block HBW1 is also given
by

S1(u) = (1 − 2u) log(1 − 2u) − (1 − u) log(1 − u) + u log u + (1 − u) log 2. (A.9)

The inverse function of Eq. (A.6) is given by q(u) = − log u− log(1−u)+2 log(2u−
1) + log 2, so that the fluctuation spectrum S2(u) of the block HBW2 is also given
by

S2(u) = (2u − 1) log(2u − 1) + (1 − u) log(1 − u) − u log u + u log 2. (A.10)

The fluctuation spectrum S(u) in the limit ε → +0 is obtained from the minimum
convex envelope of the two partial spectra S1(u) and S2(u), which is explicitly given
by

S(u) = S1(u), (0 < u < 1/3) (A.11)
S(u) = 0, (1/3 < u < 2/3) (A.12)
S(u) = S2(u), (2/3 < u < 1) (A.13)

as shown in Fig. 18(a). The weighted visiting frequency h1(q)v1(q) of node 1 and
h2(q)v2(q) of node 2 in the limit of ε → +0 are obtained from the right and left
eigenvectors of HBW1 corresponding to the largest eigenvalue ν

(1)
q for q < 0, which

are given by

h1(q)v1(q) =
1 +

√
1 + 8eq + 4eq

1 +
√

1 + 8eq + 8eq
, (q < 0) (A.14)
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h1(q)v1(q) = 0, (q > 0) (A.15)

h2(q)v2(q) =
4eq

1 +
√

1 + 8eq + 8eq
, (q < 0) (A.16)

h2(q)v2(q) = 0. (q > 0) (A.17)

The weighted visiting frequency h3(q)v3(q) of node 3 and h4(q)v4(q) of node 4 in
the limit of ε → +0 are obtained from the right and left eigenvectors of HBW2

corresponding to the largest eigenvalue ν
(2)
q for q > 0, which are given by

h3(q)v3(q) = 0, (q < 0) (A.18)

h3(q)v3(q) =
1 +

√
1 + 8e−q + 4e−q

1 +
√

1 + 8e−q + 8e−q
, (q > 0) (A.19)

h4(q)v4(q) = 0, (q < 0) (A.20)

h4(q)v4(q) =
4e−q

1 +
√

1 + 8e−q + 8e−q
. (q > 0) (A.21)

These weighted visiting frequencies h1(q)v1(q), h2(q)v2(q), h3(q)v3(q), and h4(q)v4(q)
are depicted as a function of q in Fig. 18(b).

Let νq(ε) be the largest eigenvalue of Hq = (1 − ε)H̃q + εJ , which satisfies the
eigenvalue equation

[νq(ε)]4 + Aq(ε)[νq(ε)]3 + Bq(ε)[νq(ε)]2 + Cq(ε)νq(ε) + Dq(ε) = 0, (A.22)

Aq(ε) = −eq + 1
2

+
eq − 1

2
ε, (A.23)

Bq(ε) =
3
4
eq +

3
2
eqε − 3

4
eqε2, (A.24)

(a) (b)

Fig. 18. (a) The fluctuation spectrum S(u) (solid line) is plotted against u. The partial spectra

S1 (dashed line) and S2 (dotted line) corresponding respectively to HBW1 and HBW2 are also

plotted. (b) The weighted visiting frequencies h1(q)v1(q) (solid line), h2(q)v2(q) (dashed line),

h3(q)v3(q) (dash-dotted line), and h4(q)v4(q) (dotted line) are depicted as a function of q.
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Cq(ε) =
eq + e2q

4
+

1 − 2eq − 5e2q

8
ε − 1 + eq − 2e2q

4
ε2 +

1 + 2eq − e2q

8
ε3, (A.25)

Dq(ε) =
e2q

4
+

eq − 7e2q

8
ε − 3eq − 9e2q

8
ε2 +

3eq − 5e2q

8
ε3 − eq − e2q

8
ε4. (A.26)

It is possible to express νq(ε) as an analytic solution of the above quartic equation.
We denote the derivative with respect to q by the prime (′) in the following. The sta-
tistical structure functions are given by φ(q, ε) = log νq(ε), u(q, ε) = ν ′

q(ε)/νq(ε), and

χ(q, ε) = ν′′
q (ε)νq(ε)−[ν′

q(ε)]2

[νq(ε)]2
= ν ′′

q (ε)/νq(ε) − [u(q, ε)]2. From the eigenvalue equation,
we obtain

ν ′
q(ε) = −A′

q(ε)[νq(ε)]3 + B′
q(ε)[νq(ε)]2 + C ′

q(ε)νq(ε) + D′
q(ε)

4[νq(ε)]3 + 3Aq(ε)[νq(ε)]2 + 2Bq(ε)νq(ε) + Cq(ε)
. (A.27)

Substituting q = 0 into the above equation, we have

u(0, ε) = ν ′
q(ε)

∣∣
q=0

=
1
2
− 1

2
ε, (A.28)

where the fact that ν0(ε), the largest eigenvalue of a standard transition matrix, is
always unity is used. From Eq. (A.27), we obtain

ν ′′
q (ε)

(
4[νq(ε)]3 + 3Aq(ε)[νq(ε)]22Bq(ε)νq(ε) + Cq(ε)

)
= −[ν ′

q(ε)]
2
(
12[νq(ε)]2 + 6Aq(ε) + 2Bq(ε)

)
−2ν ′

q(ε)
(
3A′

q(ε)[νq(ε)]2 + 2B′
q(ε)νq(ε) + C ′

q(ε)
)

− (A′′
q (ε)[νq(ε)]3 + B′′

q (ε)[νq(ε)]2 + C ′′
q (ε)νq(ε) + D′′

q (ε)
)
. (A.29)

Substituting q = 0 into the above equation, we have

χ(0, ε) = ν ′′
q (ε)

∣∣
q=0

− [u(0, ε)]2 =
2 − 3ε + 14ε2 − 20ε3 + 8ε4 − ε5

4ε(9 − 6ε + ε2)
. (A.30)

We see that χ(0, ε) ∝ 1/ε holds for small ε, i.e., the weighted variance at the transition
point is inversely proportional to ε, which roughly estimates a transition probability
between the two blocks HBW1 and HBW2. Each of the maxima of the weighted vari-
ances shown in Fig. 4 is also considered to be inversely proportional to escape rates
between the subnetworks corresponding to the neighboring phases at the q-phase
transition point, so that the transitions described in §5 are not exactly discontinuous
due to small but finite escape rates. The fluctuation spectrum S(u, ε) for finite ε is ob-
tained from a parametric plot (u(q, ε), S(u(q, ε)) with S(u(q, ε)) = −φ(q, ε)+qu(q, ε),
where q is varied from −∞ to ∞.

Two matrices (1− ε)HBW1 + εJ̃ and (1− ε)HBW2 + εJ̃ with J̃ =
(

1/4 1/4

1/4 1/4

)

are equal to H =
(

1
2 − ε

4 1 − 3
4ε

1
2 − ε

4
ε
4

)
, whose eigenvalue equation at q = 0 is given

by

ν2 − ν

2
− 1

2
+

3
4
ε − ε2

4
= {ν − (1 − ε/2)} {ν − (−1/2 + ε/2)} = 0, (A.31)
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so that the largest eigenvalue is equal to 1− ε/2 and is less than unity. Let κ be the
escape rate with exp(−κ) ≡ 1− ε/2. It is shown that H

m(n1 n2)T ∼ κm(n1 +n2) for
large integer m, where n1 and n2 are the numbers of random walkers starting from
the two nodes of the block of concern. We have κ = − log(1− ε/2) ∼ ε/2 for small ε,
which is consistent with the aforementioned fact that the weighted variance χ(0, ε)
is inversely proportional to ε, a roughly estimated transition probability between the
two blocks HBW1 and HBW2.

We introduce the following two compensated matrices:

H1 ≡ 1
1 − ε/2

(
(1 − ε)HBW1 + εJ̃

)
, (A.32)

H2 ≡ 1
1 − ε/2

(
(1 − ε)HBW2 + εJ̃

)
, (A.33)

the largest eigenvalues of which are equal to unity for q = 0. Let ν1(q, ε) and ν2(q, ε)
be the largest eigenvalues of H1 and H2, respectively, which are given by

ν1(q, ε) =
1 +

√
1 + 8eq − 12eqε + 4eqε2

2(2 − ε)
, (A.34)

ν2(q, ε) =
eq + (1 − eq)ε +

√
8eq + e2q + 2(2 − 7eq − e2q)ε + (−3 + 6eq + e2q)ε2

2(2 − ε)
.

(A.35)

Note that ν1(0, ε) = ν2(0, ε) = 1. The partial characteristic functions are given by
φ1(q, ε) = log ν1(q, ε) and φ2(q, ε) = log ν2(q, ε). The partial weighted averages are
given by

u1(q, ε) = φ′
1(q, ε)

=
2eq(2 − 3ε + ε2)√

1 + 8eq − 12eqε + 4eqε2(1 +
√

1 + 8eq − 12eqε + 4eqε2)
, (A.36)

whose average and asymptotic values are given by u1(0, ε) = 1−ε
3−2ε , u1(−∞, ε) = 0

and u1(∞, ε) = 1/2. Note that the function form of u1(q, 0) coincides with that given
by Eq. (A.5). In the same way, we calculate

φ′
2(q, ε) =

eq − eqε +
{
4eq + e2q − (7eq + 2e2q)ε + (3eq + e2q)ε2

}
/f(q)

eq − eqε + ε + f(q)
, (A.37)

f(q) =
√

8eq + e2q + 2(2 − 7eq − e2q)ε + (−3 + 6eq + e2q)ε2. (A.38)

However, this expression is a bad approximation of the partial weighted average of
the block H2, reflecting a random walk only on the weak all-to-all links between
nodes with the node-dependent quantity a = 0, which corresponds to an asymptotic
behavior u(q) → 0 for q → −∞, as shown in Fig. 19, so that we redefine u2(q, ε)
using a symmetric relation between Eqs. (A.5) and (A.6) as

u2(q, ε) ≡ 1 − u1(−q, ε). (A.39)
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(a) (b)

Fig. 19. (a) The partial weighted averages of H1 and H2 are plotted against q for ε = 10−5.

One of these u1(q, ε) = φ′
1(q) (dot-dashed line) is obtained from the direct calculation of H1.

The symmetrized partial weighted average u2(q, ε) = 1 − u1(−q, ε) (solid line) and the direct

calculation φ′
2(q) (dashed line) of H2 are also plotted. (b) The whole fluctuation spectrum

S(u) (solid line) and the partial fluctuation spectra S1(u, ε) + κ (dashed line) and S2(u, ε) + κ

(dot-dashed line) with the escape rate κ = log(1 − ε/2) are plotted against u for ε = 0.1.

The Legendre transform yields the partial fluctuation spectrum of H1

S1(u, ε) = (1 − 2u) log(1 − 2u) − (1 − u) log(1 − u) + u log u

+(1 − u) log(2 − ε) − u log(1 − ε), (A.40)

and we define that of H2 using a symmetry between Eqs. (A.9) and (A.10) as

S2(u, ε) = S1(1 − u, ε), (A.41)
= (2u − 1) log(2u − 1) − u log u + (1 − u) log(1 − u)

+u log(2 − ε) − (1 − u) log(1 − ε). (A.42)

We plot S(u, ε), S1(u, ε) + κ, and S2(u, ε) + κ with κ = − log(1 − ε/2), which is
the escape rate, in Fig. 19. Note that the partial fluctuation spectra are obtained
approximately and that the whole spectrum is not given by the minimum convex
envelope.

Appendix B
The Reason Why the Three Nodes Are Chosen for the Phase q � 2.2

As shown in Fig. 5, three nodes have large values of the weighted visiting fre-
quency and the rest have negligibly small values for the phase q � 2.2. The local
structure around the three nodes is shown in Fig. 20. The three nodes connect the
rest through a single node only, whose degree dap is obtained as dap = 52. Let ε be
ε ≡ 1/dap. We simplify the local structure shown in Fig. 20 and the rest into the
reduced structure shown in Fig. 21.
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Fig. 20. Local structure around the three nodes (three • nodes at the left side) having large weighted

visiting frequency for q & 2.2. Nodes with the node-dependent quantities 1 and 0 correspond

respectively to the symbols • and ◦.

Fig. 21. Reduced network focusing around the three nodes representing the phase q & 2.2.

The transition matrix H and the generalized one Hq of the reduced network are
given by

H =

⎛
⎜⎜⎜⎜⎝

0 1/3 0 ε 0
1/2 0 1/2 ε 0
0 1/3 0 ε 0

1/2 1/3 1/2 0 ε
0 0 0 1 − 3ε 1 − ε

⎞
⎟⎟⎟⎟⎠ , (B.1)

Hq = H

⎛
⎜⎜⎜⎜⎝

eq·1
eq·1

eq·1
eq·0

eq〈u〉

⎞
⎟⎟⎟⎟⎠ (B.2)

=

⎛
⎜⎜⎜⎜⎝

0 (1/3)eq 0 ε 0
(1/2)eq 0 (1/2)eq ε 0

0 (1/3)eq 0 ε 0
(1/2)eq (1/3)eq (1/2)eq 0 εeq〈u〉

0 0 0 1 − 3ε (1 − ε)eq〈u〉

⎞
⎟⎟⎟⎟⎠ . (B.3)
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The eigenvalue equation Φ(νq) = |Hq − νqE| = 0 is approximated by

Φ(νq)

= νq

(
−ν4

q + (1 − ε)eq〈u〉ν3
q + ε

(
1
3
eq + eq〈u〉

)
ν2

q − 1
3
εeq(1+〈u〉)νq − 1

3
εeq(2+〈u〉)

)
= 0, (B.4)

where higher-order terms of ε are ignored. When q and dap are sufficiently large, we
have

Φ(ν) → −ν4
(
ν − eq〈u〉

)
(B.5)

for ε → 0, so that the largest eigenvalue is given by νq = eq〈u〉. The corresponding
left and right eigenvectors are given by

(
1 2

3eq(1−〈u〉) 1 0 0
)
,

⎛
⎜⎜⎜⎜⎜⎝

1
3eq(〈u〉−1)

1
1 + eq(1−〈u〉)

1+eq(1−〈u〉)
1−eq〈u〉

⎞
⎟⎟⎟⎟⎟⎠ . (B.6)

The products of the elements at the same index of these two eigenvectors yield the
weighted visiting frequency

(1/4, 1/2, 1/4, 0, 0) , (B.7)

which coincides with the result obtained from the whole 2271 × 2271 generalized
transition matrix Hq.
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