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Global Bifurcations and Fluctuation Spectra of 
Local Expansion Rates in Nonlinear Dynamical Systems 

Takeshi YOSHIDA and Syuji MIYAZAKI 

Department of Physics, Kyushu University 33, Fukuoka 812 

The definition of the fluctuation spectrum of local expansion rates of nearby orbits is 
extended to a global region of phase space. It contains information on repellers as well as 
attractors coexisting in the region. Lyapunov exponents of attractors and repellers, the 
escape rates for repellers and some structures of these invariant sets are represented by this 
spectrum. Creations and annihilations of these invariant sets, the change of their nature and 
interrelations, occurring through global bifurcations when a control parameter value is 
varied, can be seen clearly in terms of this spectrum. On the basis of the statistical· 
mechanical formalism for this spectrum, some of the invariant sets coexisting in phase space 
for a fixed value of control parameter are interpreted as in phase equilibrium under the 
weighted average. At the bifurcation points the present first order phase transitions coincide 
with those for attractors found in previous papers. 

§ 1. Introduction 

Long-term behaviors in nonlinear dynamical systems are understood on the basis 
of invariant sets under the time evolution in phase space. In particular, an attractor 
plays an essential role in dissipative systems because the asymptotic motion follows 
the attractor. However, when a value of control parameter is varied, an attractor or 
a part of it may change into a repeller, or a repeller may change into an attractor by 
bifurcations. A strange repeller is particularly important in understanding a chaotic 
transient, a presage of sustained chaos, the latter being caused by the strange 
attractor into which the former repeller changes. (An invariant set of saddle type is 
also called a repeller in this paper since it repels almost every point near it quickly 
or eventually.) Some changes are triggered by a collision of the attractor with a 
coexisting invariant set, which is a repeller in many cases. Moreover, there often 
exist two or more attractors for a fixed value of control parameter and their basins 
of attraction intermingle with each other in a very complicated manner. 

All these facts show that it is desirable that we take into consideration all the 
relevant invariant sets coexisting in an extended region of phase space. In the 
present paper, this will be done by extending the definition of the fluctuation spectrum 
of local expansion rates of nearby orbits to a global region of phase space. The 
exponential expansion of nearby orbits is an essential mechanism of chaos, and 
therefore this fluctuation spectrum is an important quantity characterizing chaotic 
states. 

Recently the fluctuation spectrum and directly related properties of chaotic 
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Global Bifurcations and Fluctuation Spectra 65 

attractors have received much attention and the statistical-mechanical formalism for 
them has been developed by several authors in their respective contexts.1H 4> In 
particular, it has been revealed by numerical and theoretical studies that this spec
trum exhibits first order phase transitions, called the q-phase transition, at bifurcation 
points.15>-24> This transition reflects structural instability of the attractor at the 
bifurcation point. Each phase of the transition represents each of eminent local 
structures of the attractor. 

These studies, however, are restricted to specific attractors, and the present paper 
aims at a generalization to all the relevant attractors and repellers existing in an 
extended region of phase space. We show in the following how structures and 
properties of these invariant sets are represented by the fluctuation spectrum defined 
in the extended region. Changes of this spectrum at some global bifurcations are also 
investigated. We also develop the statistical-mechanical formalism for this spec
trum, and from this point of view, we give the interpretation that some of the 
invariant sets coexisting in phase space are in phase equilibrium under the weighted 
average, corresponding formally to one in thermodynamic systems. The emphasis of 
this paper is put on general understandings of structures and properties of chaos in 
terms of the fluctuation spectrum and therefore critical scaling laws near bifurcation 
points, which have been discussed in Refs. 22)'""'-'24), will not be taken up here. 

In §2, the definition is given of the fluctuation spectrum of local expansion rates 
for coexisting invariant sets and the statistical-mechanical formalism for it is present
ed. In §3, we take the asymmetric tent map as an exactly solvable model and explain 
the ideas of the present paper. The corresponding cases for the logistic map are 
studied numerically in § 4. In § 5, the Lorenz system is considered and the bifurca
tions leading to the Lorenz attractor are investigated numerically in terms of the 
fluctuation spectrum. The last section is devoted to conclusions. 

§ 2. The fluctuation spectrum and its statistical-mechanical formalism 

We consider a dynamical system described by iterations of a d-dimensional map 

(t=O, 1, 2, ···) (2·1) 

where rt and f are d -dimensional vectors. In the case of systems described by 
differential equations, we refer to their Poincare maps. This paper deals with the 
cases d=1 and d=2. The local expansion rate of an orbit {rt} is defined by12> 

n-1 
An(ro)=(1/n) ~ A(rt), 

t=O 
(2·2) 

where A(rt) is the expansion rate of nearby orbits at rt along the local unstable 
manifold. For d=1, A(xt)=loglf'(xt)l, where the prime denotes the derivative. 

We assume that there exist L relevant invariant sets (attractors and repellers) 
under f in a region of the phase space in which motions are bounded. The adjective 
relevant is used here from a viewpoint of resolution of observations. We start with 
a uniform distribution of initial points on the bounded region and consider the 
measure developed by an application of the map (2 ·1) n times to each of small 
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66 T. Yoshida and S. Miyazaki 

neighborhoods of the invariant sets. (Any initial distribution with continuous density 
would lead to the same results in the following.) Let us denote the average with this 
measure by <···>t.n, where l indicates the l-th invariant set. For an attractor the 
measure is so normalized that <D t,n = 1, and this measure becomes a natural invariant 
measure on the attractor in the limit n~=. For a repeller, since <Dt,n is the amount 
of mass that has not left its neighborhood by time n, we have <Dt,n::::::exp( -nKt) 
normally for large n, where Kt is the escape rate for the repeller. In the limit n~=. 
this measure, when compensated by multiplication of exp(nKt), will converge to a 
natural invariant measure on the repeller. We assume the existence of such natural 
measures as defined above operationally and their ergodicity on each invariant set. 

Let Pt(A;n) be the distribution of An(r) for the l-th invariant set defined by 

Pt(A;n)={< B(A- An(r)) > t,oo 
< B(A- An(r)) > t,n 

for attractor, 
for repeller, 

where B is Dirac's 8-function. We put for the whole system 

L 

P(A;n)= :l: CtPt(A;n), 
1=1 

(2·3) 

(2·4) 

where Ct is an appropriate weight of 0(1), its explicit value being irrelevant to the 
subsequent discussion. On the assumption that 

Pt(A;n)~n 11exp[ -n¢t(A)] (2·5) 

for n~=. where l.l is normally equal to 1/2 but may depend on l and take other 
values, we have from (2·4) 

P(A;n)~n11exp[ -n¢(A)], 

¢(A)=min¢t(A). 
l 

We call ¢(A) the fluctuation spectrum of local expansion rates. 

(2·6) 

(2·7) 

Introducing a variable q( -=< q< +=)conjugate to A, we define the partition 
function for the l-th invariant set: 

Zt(q;n)=<exp[ -n(q-1)An(r)]>t.m= jdAPt(A;n)exp[ -n(q-1)A], (2·8) 

where m== for attractor and m=n for repeller. The partition function for the 
whole system is given by 

Z(q;n)=~ctZt(q;n)= jdAP(A;n)exp[ -n(q-1)A]. 

In view of (2 · 5) we may define 

f/)((q )= -lim(1/n)logZt(q;n). 
n-oo 

(2·9) 

(2·10) 

The existence of this limit corresponds formally to the existence of a free energy per 
particle in the usual statistical mechanics. An asymptotic estimate of the integral in 
(2·8) leads to 
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Global Bifurcations and Fluctuation Spectra 67 

(/)z(q)=min{¢z(A)+(q-1)A}, 
A 

(2·11) 

¢z(A)=max{ (/)z(q)-(q-1)A} (2·12) 
q 

for n-H:xJ. The functions (/)z(q) and ¢z(A) are thus related to each other by the 
Legendre transformation. 

From (2·10) and the first equality of (2·9) we get for the free energy of the whole 
system 

(l)(q )= -lim(1/n)logZ(q;n)=min (/)z(q) . 
n-oo l 

The second equality of (2·9) with (2·6) and (2·13) yields 

(l)(q)=min{¢(A)+(q-1)A}. 
A 

From this (l)(q) we have 

(b(A)=max{ (/)(q)-(q-1)A}, 
q 

(2·13) 

(2·14) 

(2·15) 

where (b(A) is given by the minimum of ¢z(A) with respect to l including common 
tangents between them, as shown, for example, in Figs. 3(b) and (c). The spectrum 
(b(A) leads to the same (l)(q) through the same equation as (2 ·14), (l)(q) and (b(A) 
being the Legendre transform of each other. 

The appearance of common tangents in ¢(A) corresponds formally to first order 
phase transitions in thermodynamic systems. The q-weighted average of the local 
expansion rate, A(q)=d(/)(q)/dq, corresponds to an order parameter in thermo
dynamic systems, and a(q)=-dA(q)/dq, its susceptibility. When q is varied, the 
present phase transition occurs at q=qc, where 1-qc is equal to the slope of the 
common tangent in (b(A), at which the order parameter A(q) changes discontinuously. 
The free energy (l)(q) is continuous at q=qc as for the chemical potential in the usual 
phase transitions. This transition may be considered to be induced between two 
invariant sets by the introduction of the q-dependent weight exp[- n(q-1)A] in (2·8). 

§ 3. Some global bifurcations in the asymmetric tent map 

We begin with the asymmetric tent map defined by 

!(x)={ax+(a+b-ab)/b, 
b(1-x), 

(o:::;;x:::;;c) 

(c:::;;x:::;;1) (3·1) 

where c=(b-1)/b and a, bare control parameters such that a>O, b > 1 and a+ bzab. 
The complete phase diagram in the a-b plane has been obtained by Ito, Tanaka and 
Nakada.25' The phase diagram in the region near the period-3 window is depicted in 
Fig. 1.23' We consider the region WsUJs,2Uls,1 and its boundary. Here Ws={(a, b)lb 
> 1 +a-I,a2b< 1}, in which the attractor is the periodic orbit of period 3 given by {x1*, 
x2*, xs*}, xJ+l=!(xi*)(mod 3) and x2*=a(ab-a-1)/(a2b+1). For (a, b) on the 
boundary line b=1 + 1/a, a pair of periodic orbits of period 3 appear by 'tangent' 
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Fig. 1. Phase diagram of the tent map (3·1) near 
the period-3 window Ws. The attractor is a 
periodic orbit of period 3 in Ws, of six chaotic 
bands in Is,2 and of three chaotic bands in I,,,, 
The dotted region indicates the single band 
chaos and the hatched region the 2"-bands 
chaos. A: a+b=ab. B: b=l+a-'+a-2• 

C: a+b=a2 b2 (the band-crisis line). D: a+b 
=a4 b3• E: a2b=l. F: b=l+a-1• G: a+b 
=ab2• H: ab=l. 

bifurcation: One is {xi*, x2*, Xg*} and the 
other, being unstable, {xi t, X2 t, X3 t}, x}+I 
=/(x/)(mod 3) and X2t=b(ab-a-1) 
/(ab2 -1). The chaotic attractor existing 
for b < 1 + 1/a changes into two invariant 
sets, the periodic attractor {xi*, x2*, Xg*} 
and a chaotic repeller (a Cantor set) 
in Ws. 

The periodic orbit {xi*, x2*, Xg*} 
becomes unstable when crossing the line 
a2 b=l. On this line the attractor is 
composed of nonchaotic three bands 
[x4, XI], [x2, xs] and [xg, xs], where Xn 
= r(c), r being the nth iterate of /. 
Every point in these bands is a marginal 
periodic point of period-6 except XI*, x2*, 
X3 *. A point crossing the line a2 b = 1 in 
the a-b plane is a degenerate version in 
the tent map of the onset point of chaos 
through period-doubling bifurcation.26> 

The attractor consists of six chaotic 
bands in the region /g,2={(a,b)lb>1 
+a-\ a2b>1, a+b>a4 b3}, and of three 
chaotic bands in the region /3,I={(a,b)lb 
>1+a-I, a+b<a 4 b3, a+b>a2b2}. 
Throughout these regions and their 

boundaries the chaotic repeller exists with no qualitative change. 
On the boundary line a+ b=a4b3, the unstable periodic orbit {xi*, x2*, Xg*} col

lides with the chaotic attractor consisting of the six bands AI =[x7, XI], A2=[x2, xa], A3 
=[x3, Xs], A=[x4, xw], As=[xu, Xs] and As=[XI2, Xs], where Xn= rCc), and the 
6-bands attractor merges into the 3-bands attractor. That is, xj*=xJ+sU=1, 2, 3) at 
the band merging point. At the corresponding bifurcation point in two-dimensional 
maps, if any, the unstable manifold and the stable manifold of the corresponding 
(saddle) periodic point of period 3 will have homoclinic tangencies. Such an 
attractor-merging is a global bifurcation. 

On the boundary line a+ b=a2b2, called the band-crisis line,23> the unstable 
periodic orbit {xi t, X2 t, Xg t} collides with the chaotic attractor consisting of the three 
bands AI=[x4, XI], A2=[x2, xs] and &=[x3, xs], namely, x/=XJ+3(j=1, 2, 3) and the 
3-bands attractor suddenly widens into a single band attractor which occupies the 
entire interval J=[O, 1]. The chaotic repeller existing in gaps between bands 
becomes embedded in the attractor. At the corresponding bifurcation point in two
dimensional maps, if any, the unstable manifold of the periodic orbit of period 3 
corresponding to {xi*, x2*, Xg*} will have heteroclinic tangencies with the stable 
manifold of the period-3 orbit corresponding to {xi t, x2 t, X3 t}. Such a crisis point is 
another global bifurcation point. 
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Global Bifurcations and Fluctuation Spectra 69 

We now proceed to calculations of the fluctuation spectra in these regions of the 
a-b plane_ When (a, b)E Wa, the invariant density for the periodic attractor is given 
by p(x)=(l/3)~~=1C5'(x-xj*), where o is Dirac's a-function, and therefore we have 

<Pa(q)= -lim(l/n)logZa(q;n)=(q-l)Aa, (3·2) 
n~oo 

where Aa=(l/3)log(a2b) is the Lyapunov exponent of the periodic attractor. Hence 

{
0 (A=Aa), 

¢'a(A)=max{ <Pa(q)-(q-l)A}= ( th . ) 
q +oo o erw1se . (3·3) 

Also for (a, b) on the line a2b=l, the fluctuation spectrum for the attractor is given 
by (3·3) with Aa=O because the Lyapunov exponents of all the marginal period-6 
orbits are equal to Aa=(l/3)log(a2b)=O. 

On the band-merging line a+b=a4b3, we have for the 6-bands attractor the 
Markov partition being composed of the six intervals ]I =[x7, x1], h=[x2, xs], !a=[xa, 
Xg], ]4=[x4, x10], ]s=[xu, xs] and ]s=[x12, xs], for which /:Jr-~Jz---+Ja~Jr-+Js~Js~h. 
Therefore, the extended Frobenius-Perron operator JC q defined by 23>·27> 

(3·4) 

is represented by a 6 x 6 matrix Hq and its eigenvalue equation is found to be 

(3·5) 

where a=a-q and /3=b-q. The absolute values of the 6 roots to Eq. (3·5) are equal 
to v(q)=[a3/32(a+ /3))116• Using v(q), we have 

<Pa(q)= -logv(q)=[3qlogab-log(l + Cq)]/6, 

Aa(q)=d<ba(q)jdq=[2loga2b+(logC)/(1 + Cq)]/6, 

6a(q)= -dAa(q)jdq=(logC)2Cq/[6(1 + Cq)2], 

where C=b/a. Eliminating q with use of A=Aa(q), we get 

¢'a(A)= fba(q)-(q-l)A 

=l_[s( 3logab- 6A) + s( 6A- 2loga2 b)]+ A 
6 logC logC ' 

(3·6) 

(3·7) 

(3·8) 

(3·9) 

where S(x)=xlogx. The spectrum ¢a(A) takes the minimum ¢a(Aa)=O at A=Aa 
=[3alogab+2bloga2b]/6(a+ b)=Aa(q=l), Aa being the Lyapunov exponent for the 
attractor. 

On the band-crisis line a+ b=a2b2, we have for the 3-bands attractor the Markov 
partition consisting of the three intervals ]I= [x4, xd, !2 = [x2, xs], ]a= [xs, xs], for 
which /:]I~ Jz~ !a~ h. The operator JC q is represented by a 3 X 3 matrix Hq, its 
eigenvalue equation being 

(3 ·10) 
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Using the absolute value v(q)=[a.B(a+.8)] 113 of the 3 roots to Eq. (3·10), we have23> 

qJa(q)= -logv(q)=[qlogab2-log(1 + Cq)]/3, 

Aa(q)=[loga2b+(logC)/(1 + Cq)]/3, 

O"a(q)=(logC)2Cq/[3(1 + Cq)2] 

(3·11) 

(3·12) 

(3·13) 

and 

¢ (A) =l._[s( 3logab2
- 3A ) + s( 3A -loga2 b)]+ A . 

a 3 logC logC (3·14) 

The spectrum ¢a(A) takes the minimum ¢a(.ifa)=O at A=Aa=[alogab2 +bloga2 b]/3(a 
+ b)=Aa(q=1), the Lyapunov exponent for the attractor. 

We next calculate the fluctuation spectrum of the repeller existing as an invariant 
set under I throughout the region in the a-b plane concerned here. As seen in the 
following, the repeller is a Cantor set lying within the intervals Io= [xz t, .Xs] and It 
=[x3 t, Xt 1], where xs is the preimage of Xt t other than X3 t. See Fig. 2. Note that 
f(Io)=It, f(It)=I, where I =IoUKsUit. and interior points of Ks=[£3, xs 1] escape 
from I through the single mapping and never return to IoUit under/. Therefore, the 
repeller is given by R=limn~coRn, where Rn={xEIIP(x)EI for j=O, 1, 2, ···, n}. The 
set Rn consists of Fn closed subintervals, where Fn is the Fibonacci number defined by 
Fo=1, Ft=2, Fn+l=Fn+Fn-t. 

This repeller has the same structure as one existing for (a, b) on the band-crisis 
line a+b=a2 b2 , where x/=xHs(j=1, 2, 3) and £s=X3, and the latter has been con

1 

_ __! ____ L.....!I __ I 

* 2 

I I II I 

: XJ: :: 

Fig. 2. Tent map (3·1) in the region {(a, b)lb>l 
+a-1,a+b;;:,a2b2}. {xt*,xz*,xs*} and {xt 1 , 

xz 1, xs 1} are a pair of periodic orbits of period 
3. xn=!"(c)(n=l, 2, 3). The attractor is 
contained in KtUKzUKs and the repeller in 
IoUlt. Note that /(Kt)=Kz,/(Kz)=[xs, Xs 1] 

cK., f(Ks)=Kt, f(lo)=lt and f(lt)=IoUK.Ult. 

sidered in the Appendix of the previous 
paper.23> The fluctuation spectrum of 
the present repeller, therefore, can be 
obtained in the same manner. Noticing 
that the probability of finding in It a 
randomly chosen point in I is b-1 and 
one in Io is (ab )-I, we first calculate the 
partition function Zr(q;n) for Rn, and 
then we have 23> 

qJr(q )= -lim(1/n)logZr(q;n) 
n~co 

=log2+qlogb 

-log[1 + (1 +4 Cq)t12], 

(3 ·15) 
Ar(q )= dqJr(q)/dq=[logab 

+(logC)/(1 +4Cq)t12]/2, 
(3·16) 

O"r(q)= -dAr(q)jdq 

=(logC)2Cq/(1 +4Cq)312 

(3·17) 
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and 

if!r(A)= (/)r(q)-(q-1)A 

=s(2A -logab)-s(A -loga)+s(logb-A )+A 
logC logC logC (3 ·18) 

for the repeller R. 
At A=Ar=Ar(q=1), the spectrum ¢r(A) has the minimum 

¢r(Ar)=log[J a2+4ab -a]-log 2, (3 ·19) 

which is positive in the region {(a, b)lb>1+a-I, a+b2a2b2}. The escape rate K for 
the repeller is defined on the assumption that the probability that a randomly chosen 
point in I has not yet escaped from I after n iterations of mapping decreases 
exponentially e-'en for large n. Thus we have 23> 

(3·20) 

and Ar is the Lyapunov exponent for the repeller R. 
If we approach the 'tangent' bifurcation line b = 1 + a-I, K tends to zero. This 

means that the repeller changes into an attractor. Indeed, we have X1 t =x1*=x1 =1, 
X2t=x2*=x2=0, Xgt=xg*=xg=xg=c for (a, b) on the line b=1+a-\ and the 
attractor occupies the entire interval [0, 1]. This attractor has the Markov partition 
consisting of the two intervals ]I =[x3, xd and h=[x2, Xg] for which /(]I)= hUh and 
!(h)=h Therefore, the operator .JCq is represented by a 2X2 matrix Hq and its 
eigenvalue equation is 

detiHq-vii= v2 - (:Jv- a(:J=O. (3. 21) 

Using the positive root to this equation, we obtain (/)a(q), Aa(q), (Ja(q) and if!a(A) for 
the attractor, which are equal to those given in (3·15)~(3·18) with b=1+a-1. 

Figure 3 shows the fluctuation spectra for some representative points (a, b) in the 
region {(a, b)lb>1+a-1, a+b2a2b2}. We take b=4 in Fig. 3. Then the 'tangent' 
bifurcation point is given by at=1/(b-1)=1/3, the band-merging point ab 
=0.5153812··· and the band-crisis point ac=0.5322256···. The fluctuation spectra at a 
=0.4(E Wa), a=ab and a=ac are plotted in Figs. 3(a), (b) and (c), respectively. The 
spectrum ¢a(A) for attractor is given by (3·3) at a=0.4, (3·9) at a=ab, and (3·14) at 
a=ac, while the spectrum ¢r(A) for repeller by (3·18) for all these values of a. 

The free energy (J)(q)=min{(J)a(q), (/)r(q)} is depicted in Figs. 3(a-1), (b-1) and (c-1) 
for these values of a. The spectra ¢(A) obtained from these (J)(q) by (2·15) include 
common tangents shown in Figs. 3(a), (b) and (c), exhibiting a first order phase 
transition. The order parameter A(q) and the susceptibility (J(q) are also shown in 
Fig. 3. Such a phase transition is present for every value of a between at and ac. 

As we approach the 'tangent' point from above for a fixed value of b, we have K 

=(b-1)€/(2b-1), where e=(a-at)!at, and the system exhibits transient chaos with 
a long average decay time to the periodic attractor {x1*, x2*, Xg*}. At a= at the 
repeller changes into the chaotic attractor stated above. 

Precisely speaking, 'at a=ac' in the foregoing means 'at the crisis point when 
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Fig. 3. ¢(A), (J)(q), A(q) and a(q) for the tent map (3·1), where b=4 as an example. (a) (a·1), 
(a-2), (a-3) show those at a=0.4 in the period-3 window, (b) (b-1), (b-2), (b-3) at a=ab (the 
band-merging point), and (c) (c-1), (c-2), (c-3) at a=ac (the band-crisis point). The subscript a 
stands for attractor and r for repeller. 
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approached from below'. At a=ac the 3-bands attractor suddenly widens into a 
single-band attractor and the repeller becomes embedded in the attractor. In the 
previous paper,23l we have obtained ¢(A) and (f)(q) for the attractor at the crisis point 
when approached from above. The present f(A) and (f)(q) in the limit a--+ac-0 
coincide with them. If we are concerned only with the attractor, ¢(A) changes 
drastically at a=ac.23l The system shows characteristic critical behaviors when ac is 
approached from above,23l while there are no critical behaviors when ac is approached 
from below. 

§ 4. The corresponding cases in the logistic map 

In this section we consider the logistic map 

!(x)=1-ax2 (4·1) 

near the period-3 window, and show how the fluctuation spectra, corresponding to 
those obtained analytically for the tent map, can be observed numerically. 

The logistic map (4·1) has the tangent bifurcation at a=at=l.75, at which a pair 
of period-3 orbits {x1*, xz*, xs*} and {x1 t, xz t, xs t} appear, one being stable and the 
other unstable. The stable one suffers period-doubling bifurcations as a is increased, 
and the band chaos appears at the accumulation point. After that a number of 
band-merging bifurcations occur and the crisis point is reached at a=ac=l.7903274···. 
The band-merging from the 6-bands to the 3-bands attractor occurs at a=ab 
=1.7822332···. At a=ab and ac, the band attractors and the two period-3 orbits have 
the same relations in the phase space as those for the tent map stated in the preceding 
section. For at< a~ac, there exists a chaotic repeller as an invariant set, which has 
a Cantor-set structure similar to one for the tent map. 

The numerical method we use is very simple. Since we are concerned with all the 
relevant invariant sets under/, we take a large number of initial points distributed 
uniformly on the interval (/(0), P(0))=(1, 1-a). For each initial point Xo, m+ n 
iterations of Xo are evaluated under /, and the last n iterations are used to calculate 
the local expansion rate 

i=m+n 
An=(1/n) 2: log//'(xj)l, 

i=m+l 
(4·2) 

where xi= P(xo). Too small An's are discarded because such events are very rare 
and give rise to a large error in the calculation of distribution of An for a large but 
finite number of initial points. From the distribution P(A;n) of An over N events, N 
being the original number No of initial points minus the number of the discarded 
events, we obtain the fluctuation spectrum: 

¢(A)= -(1/n)log[P(A;n)/Pm], (4 ·3) 

where Pm=maxAP(A;n). The value of A which gives Pm should be a good approx
imation to the Lyapunov exponent .ifa for the present attractor. 

The results ¢(A) at a=l.760724, a=ab and a=ac are shown in Figs. 4(a), (b) and 
(c), respectively, where we take No=8 X 105, n=30 and m= 15. The attractor is the 
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Fig. 4. Numerical fluctuation spectra ¢(A) for the logistic map (4·1). (a) a=l.760724 in the period-
3 window. (b) a=ab (the band-merging point). (c) a=ac (the band-crisis point). They show 
double minima. The V-shaped curves on the left-hand side represent the spectra for attractor 
and the U-shaped curves on the right-hand side represent the spectra for repeller. 

period-3 orbit {xr*, xz*, xa*} at a=l.760724, and these figures correspond to Figs. 3(a), 
(b) and (c) for the tent map. They have clearly double minima, though there are 
some fluctuations due to the fact that No is not large enough. 

To ascertain that the minimum on the right-hand side arises from the repeller, we 
have obtained ¢r(A) separately. The method is as follows: We take a large number 
of initial points distributed uniformly on the intervals Io and Ir, where Io= [x2 t, xa] and 
Ir = [xa t, Xr t ], defined likewise to the tent map. For each initial point Xo, we evaluate 
n iterations of Xo, but if the trajectory escapes from IoUir on the way, it is omitted. 
The local expansion rate An is calculated only for surviving trajectories by use of 
(4·2) with m=O. In this case, too small An's do not appear because the maximum 
point of /(x) where /'(x)=O is not contained in IoUir. 

Let Nn be the number of surviving trajectories at the nth step. Then, if the 
number No of initial points is sufficiently large, the escape rate K is given by K= -(1/n) 
log(Nn/No) for large n. From the distribution P(A;n) of An over Nn events, we obtain 

¢r(A)=K-(1/n)log[P(A;n)/Pm] (4·4) 

for the repeller, where Pm=maxAP(A;n), and the value of A giving Pm should be a 
good approximation to the Lyapunov exponent Ar for the repeller. 

The U-shaped curves on the right-hand side of Figs. 4(a), (b) and (c) are the 
results ¢r(A) obtained at a=l.760724, a=ab and a=ac, respectively, where we take 
No=l.2 X 106 and n=30. They are in good agreement with the repeller parts of ¢(A) 
obtained formerly. The fact that ¢r(A) is of a simple U-shape is considered to 
indicate that the repeller is a hyperbolic set. We have K=0.0441, 0.0710, 0.0789, and 
Ar=0.519, 0.551, 0.558 at a=1.760724, a=ab and a=ac, respectively. It may be noted 
that for the repeller at a=1.75487767, at which the period-3 orbit is superstable, Kantz 
and Grassberger have found numerically the escape rate 0.0327 and the Lyapunov 
exponent 0.4886.28) 

The minimum ¢(A)=O on the left-hand side in Fig. 4 comes from the attractor. 
At a=l.760724 the attractor is the stable period-3 orbit {xr*, x2*, xa*}, and its 
Lyapunov exponent is equal to Aa= -0.2300. The spectrum ¢(A) in Fig. 4(a) takes 
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the minimum ¢(A)=O exactly at A= -0.2300. To make sure of the contribution 
from the attractor at a=ab and ac, we have obtained ¢'a(A) separately. We choose 
any point xo within the attractor composed of bands, and evaluate No+ n-1 iterations 
of xo under /, calculating the local expansion rate 

i=k+n-1 

An=(1/n) ~ logl/'(xj)l. 
j=k 

(k=1 2 3 ··· Mo) ' ' ' ' 
(4·5) 

The spectrum for the attractor is obtained through the distribution P(A;n) of An over 
No: 

¢'a(A)= -(1/n)log[P(A;n)/Pm], (4·6) 

where Pm=maxAP(A;n) and the value of A giving Pm should be a good approximation 
to the Lyapunov exponent Aa for the attractor. 

The V-shaped curves on the left-hand side of Figs. 4(b) and (c) are the results 
¢a(A) obtained at a=ab and a=ac, where we take No=l.2X106 and n=30. They 
agree very well with the attractor parts of ¢(A) obtained formerly. We have Aa 
=0.1142 and 0.2309 at a=ab and a=ac. They are close to (1/6)log2=0.1155 and (1/3) 
log2=0.2310, which implies that the attractors consist of 6 bands and 3 bands, re
spectively, and are in their fully developed states (the band-merging point and the 
band-crisis point). The V -shaped spectra have been observed commonly for critical 
attractors in one- and two-dimensional maps and differential equations and have been 
argued as the Qa· and qp-phase transition for the attractors.15H 1> Here, by critical 
attractors we mean the attractors just before the band-merging point or the band
crisis point or the merging point of two attractors. 

From the present spectrum ¢(A) with the double minima, the free energy fP(q) can 
be evaluated by use of (2 ·14), which exhibits a phase transition at q = Qc similar to one 
shown in Figs. 3(a-1), (b-1) and (c-1) for the tent map. The spectrum ¢(A) given by 
(2 ·15) includes the common tangent to the V -shaped ¢a(A) and the U -shaped ¢r(A). 

§ 5. Global bifurcations leading to the Lorenz attractor 

The Lorenz attractor appears through global bifurcations quite different from 
those mentioned in §§3 and 4. In this section, we investigate how the global bifurca
tions and the attractor itself can be observed in terms of the fluctuation spectrum. 
The Lorenz system is described by the equations 

dx/dt=-6x+6y, dy/dt=rx-y-xz, dz/dt=-bz+xy, (5·1) 

where we take 6=10 and b=8/3 as has often been done since the original study by 
Lorenz,29> and consider the range of r, O< r~28. We first give a brief review on 
behaviors of the Lorenz system.30>·31> 

The system (5·1) always has the fixed point 0=(0, 0, 0), which is globally attract
ing for r < 1. At r = 1, the fixed point suffers a supercritical pitchfork bifurcation and 
a pair of stable fixed points C = ( c, c, r -1) and C' = (- c, - c, r- 1) are produced, 
where c=./b(r-1). They lose linear stability at r= r2= 6(6+ b+3)/(6- b-1) 
=24.736···, where each gives rise to a subcritical Hopf bifurcation, a periodic orbit P 
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of saddle type collapsing onto C and P' onto C'. 
For r > 1, the fixed point 0 has a two-dimensional stable manifold and a one

dimensional unstable manifold. The first homoclinic explosion occurs at r = ro 
=13.926···, at which two homoclinic orbits appear, each having the same forward and 
backward limit point, the fixed point 0. This is a global bifurcation. For r< ro 
there are no periodic orbits, while for r > ro there is a strange invariant set which 
includes an infinite number of distinct periodic orbits and an uncountable number of 
aperiodic orbits which do not tend asymptotically to any fixed point or periodic orbit. 
All of these orbits are of saddle type, and the set of the initial points has vanishing 
Lebesgue measure. A Poincare section of the strange invariant set looks like a 
Cantor set crossed with a Cantor set. 

As r increases from ro the strange invariant set grows in size without any change 
in its topology and suddenly becomes a strange attractor at r = r1:::::: 24.06, a global 
bifurcation point, at which the system (5 ·1) possesses a pair of heteroclinic orbits, the 
two branches of the one-dimensional unstable manifold of the fixed point 0 whose 
forward limit sets are the saddle-type periodic orbits P and P', respectively. For r1 
< r < r2 there exist three attractors: One is the strange attractor and the remaining 
two are the fixed points C and C'. There are no stable fixed points for r > r2. 

Let us now proceed to the calculation of fluctuation spectra of local expansion 
rates. We define the Poincare map in a region on the plane z= r -1 containing C and 
C', where trajectories obeying the Lorenz equations (5·1) are moving downward. 
Thus we may consider the square region S on the plane whose diagonal vertices are 
C and C'. We take a large number of initial points distributed uniformly on the 
square. 

For values of r considered here, the flow, linearlized around C and C', has one 
negative real eigenvalue of large magnitude and a complex conjugate pair of 
eigenvalues, the real part of which changes from a negative to a positive value at r 
= r2. It turns out that trajectories starting from the initial points stated above are 
pulled quickly to two 'spiral planes' whose Poincare sections are such two 'curves' as 
shown in Fig. 5 for r=20.0, 24.4 and 28.0. Figure 5 plots the first intersections 

-8+--------r-------+ 
-8 o x- 8 
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0 

(b) / 

/'/ I #",·' 
.·/ 

I .. 

/ 
-8+--------r----~-+ 

-8 o x- 8 -9 o x- q 

Fig. 5. The first intersections (indicated by +'s) with the plane z= r-1 of the trajectories of the 
Lorenz system which start from 400 initial points distributed uniformly on S. S is the square 
region on the plane z= r -1 whose diagonal vertices are the fixed points C and C' repesented by 
X. (a) r=20.0, (b) r=24.4, (c) r=28.0. 

D
ow

nloaded from
 https://academ

ic.oup.com
/ptps/article/doi/10.1143/PTPS.99.64/1882214 by guest on 29 M

ay 2022
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(indicated by + 's) with the plane z= r -1 of the trajectories starting from 400 initial 
points distributed uniformly on S. Through successive iterations of the Poincare 
map, all these points eventually settle to C or C' (represented by X in Fig. 5) for r 
=20.0, but many points cross over and back repeatedly before settling down. For r 
=24.4 many points never settle to C or C' and no points do for r=28.0. We have 
integrated Eq. (5·1) numerically using a predictor-corrector method. 

Our numerical method for the calculation of the fluctuation spectrum ¢(A) is very 
simple. Noticing that the system (5·1) is invariant under the transformation (x, y, z) 
~( -x, -y, z), we choose No initial points distributed uniformly on the right half of 
the square S. For each initial point we take a nearby point, the distance between 
which on S is denoted by do. Equations (5 ·1) are integrated numerically for these 
two initial points until the trajectories intersect the square S m + n times, that is, n 
+ m iterations of the initial points are calculated under the Poincare map. Let dm 
and dm+n be the distances on S between the two trajectories at the m-th and (m+ n)-th 
step of the Poincare map respectively. Then the local expansion rate is evaluated by 

An=(1/n)log(dm+n/dm), (5·2) 

provided dm+n is still sufficiently small. The fluctuation spectrum ¢(A) is obtained by 
(4·3) through the distribution P(A;n) of An over No events. 

The resultant ¢(A) for several values of r concerning the appearance of the 
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Fig. 6. Numerical fluctuation spectra ¢(A) for the Lorenz system (5·1). (a) r=22.0, (b) r=24.0, (c) 
r=24.4, (d) r=24.8, (e) r=28.0. They show double minima. Sharp minima on the left-hand 
side come from the fixed points C and C', and broad minima on the right-hand side arise from 
the strange invariant sets (attractor or repeller)_ 
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Lorenz attractor are depicted in Fig. 6, where we take No=5000, m=2, n=15 and do 
=10-7• Quite a small m is allowed in view of the fact that all the initial points 
distributed uniformly on S approach the two 'curves' shown in Fig. 5 only by the 
single mapping. Quite a large No becomes prohibitive on account of a long computer 
time required. The number of bins in A for obtaining ¢(A) is 100, and smoothings 
over neighboring original five values are performed in order to restrain rapid fluctua
tions owing to No not being large enough. 

In Fig. 6, the minimum of ¢(A) on the left-hand side comes from the fixed points 
C and C'. This is seen as follows: First, this minimum takes zero in Figs. 6(a), (b) 
and (c), meaning that C and C' are attractors, and takes a positive value in Figs. 6(d) 
and (e), meaning that C and C' are saddles, which are consistent with the already 
known facts for r < r2 and r > r2. Secondly, from the complex eigenvalue a+ i/3 of 
the fixed point C, the expansion rate for Cis estimated as a·(27r//3), which is equal to 
-0.05961, -0.014915, -0.006724, 0.0012434 and 0.05791 for r=22.0, 24.0, 24.4, 24.8 and 
28.0, respectively. These values are very close to the values of A giving the above
mensioned minima of ¢(A). 

The part of ¢(A) with a broad minimum on the right-hand side in Fig. 6 is the 
contribution from the strange invariant set. This minimum takes a positive value in 
Figs. 6(a) and (b), implying that the invariant set is of saddle type, and takes zero in 
Figs. 6(c), (d) and (e), showing that the invariant set is an attractor. Figure 6(c) 
exhibits the coexistence of two types of attractors. The values of A corresponding 
to these broad minima are 0.718, 0.700, 0.709, 0.701 and 0.700 for r=22.0, 24.0, 24.4, 24.8, 
and 28.0, respectively, which provide an approximate Lyapunov exponent for the 
invariant set. The fact that this invariant set is chaotic is seen from the positiveness 
of the Lyapunov exponent and the broad minimum in ¢(A). According to Naga
shima and Shimada's numerical experiment,32l the Lyapunov exponent for the Lorenz 
attractor increases monotonically as r increases. The present values obtained from 
¢(A), though close to their values, include some errors arised from the fact that we 
have not taken large enough No and n. 

The positive minimum of ¢(A) gives the escape rate K for the chaotic repeller. 
We have K=0.098 and 0.0152 for r=22.0 and 24.0, respectively. As r tends to r1, K 
should vanish, and near n the system exhibits transient chaos associated with the 
chaotic repeller. Yorke and Yorke have studied the average decay time <n> from 
this transient chaos to the steady flow associated with the fixed points C and C', 
obtaining numerically <n>=22.0, 59.6 and 312.4 for r=21, 22 and 23, respectively.33l 

The average decay time estimated from the present escape rate are 10.2 and 65.8 for 
r=22.0 and 24.0, too short as compared to their values. We should take much larger 
No and n to obtain quantitatively correct values, but the emphasis here is laid upon 
general understandings of characteristic properties of invariant sets and their change 
through bifurcations in terms of the fluctuation spectrum ¢(A). 

From the present spectra ¢(A) having the double minima, tP(q) and f(A) can be 
obtained by (2 ·14) and (2 ·15). They show phase transitions, though one of the phases 
in the present case is represented by a single point in ¢(A) attributed to the fixed 
points C and C'. 
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§ 6. Conclusions 

We have considered the fluctuation spectrum ¢(A) of local expansion rates 
defined in an extended region of phase space. It contains information on repellers as 
well as attractors coexisting in this region. Through global bifurcations which occur 
when a value of control parameter is varied, some of the invariant sets may be created 
or annihilated, or their nature and interrelations may change. We have shown in 
noninvertible one-dimensional maps and a three dimensional flow that such circum
stances are represented very well in terms of ¢(A). It is worthwhile noting that ¢(A) 
is a 'macroscopic' quantity corresponding to a free energy or entropy in ther
modynamic systems. It does not depend on details of the time evolution equations. 

If ¢(A) has one vanishing minimum, we see that there exists one attractor or 
attractors of the same structure only. The number of vanishing minima is equal to 
the number of coexisting attractors with distinct structures. The values of A at 
which ¢(A)=O are the Lyapunov exponents of respective attractors. A positive 
minimum of ¢(A) implies the existence of a repeller, its value giving the escape rate 
for the repeller and the corresponding value of A being the Lyapunov exponent of the 
repeller. 

The structure of invariant sets is reflected in the shape of ¢(A). A fixed point or 
a periodic orbit is represented by a single point as shown in Fig. 3(a). Practically, it 
will show a sharp minimum as in Figs. 4(a) and 6. The sharpness depends on the 
accuracy of experiments. A chaotic invariant set presents a broad minimum. 
Smooth ]-shaped or U-shaped curves as in Figs. 3(a), (b), (c) and 4 indicate that the 
chaotic invariant sets are of hyperbolic type. The V-shaped curves in Figs. 4(b) and 
(c) which appear in fully developed chaotic states in the logistic map are an example 
for a nonhyperbolic set. It is interesting to investigate further relations between 
structures of chaos and shapes of ¢(A). 

As stated in § 2 and seen in §§3~5 by examples, some of the invariant sets 
coexisting in phase space for a fixed value of control parameter may be considered to 
be in phase equilibrium under the weighted average. The first order phase transition 
between two phases is induced by the introduction of the q-dependent weight exp 
[- n(q -l)A] in the present statistical-mechanical formalism. In practice, transitions 
from dynamics on an invariant set to another will be caused by some external 
disturbance. Practical means of bringing about the phase transition in the static 
manner or maintaining the phase equilibrium are unknown at present. 

The q-phase transitions in attractors at their bifurcation points have been report
ed in previous papers.15>-24> The phase transitions discussed in the present paper 
coincide with those transitions at the corresponding bifurcation points. 

Another important concept in chaos is the multifractality of chaotic invariant set 
with respect to their singular measures. It is described by the generalized 
dimensions34> and the spectrum of singularities,35> and the statistical-mechanical for
malism for them has been put forward in Ref. 35). Some nonanalytic behaviors in the 
generalized dimensions36> and in the generalized entropies37> have been found in 
nonhyperbolic systems and they are interpreted as a phase transition.36>-4o> It will be 
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possible to extend these concepts from the standpoint of the present paper. 
For certain kinds of chaos in hyperbolic sets the characteristic relations have 

been obtained between the fluctuation spectrum of local expansion rates and the 
spectrum of sirigularities.9>-14> A few investigations have been published on such 
relations for systems with phase transitions.39>'40> Further studies on these relations 
from the extended standpoint are expected for comprehensive understandings of 
chaos. 
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