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Background: Refinement types

♦ Types  endowed with first-order predicates

 
♦ Extended to dependent function types 𝒙𝒙:𝑻𝑻𝟏𝟏 → 𝑻𝑻𝟐𝟐

 

♦ Implementations on top of the existing languages
◊ RCaml for OCaml
◊ LiquidHaskell for Haskell

2

𝒙𝒙 ∶ 𝐁𝐁 𝝓𝝓
E.g. 𝒙𝒙: 𝐢𝐢𝐢𝐢𝐢𝐢 𝒙𝒙 ≠ 𝟎𝟎  for non-zero numbers

E.g. 𝒙𝒙 ∶ 𝐢𝐢𝐢𝐢𝐢𝐢 → {𝒚𝒚 ∶ 𝐢𝐢𝐢𝐢𝐢𝐢 ∣ 𝒚𝒚 > 𝒙𝒙} for
functions returning numbers larger than arguments



Contribution:
Refinement type system for algebraic effect handlers
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decide : 𝐮𝐮𝐮𝐮𝐮𝐮𝐮𝐮 → 𝐛𝐛𝐛𝐛𝐛𝐛𝐛𝐛

handle
  if decide() then n1 else n2
with
  return x    → x
  decide () k → (k true) + (k false)



Contribution:
Refinement type system for algebraic effect handlers
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decide : 𝐮𝐮𝐮𝐮𝐮𝐮𝐮𝐮 → 𝐛𝐛𝐛𝐛𝐛𝐛𝐛𝐛

handle
  if decide() then n1 else n2
with
  return x    → x
  decide () k → (k true) + (k false)

:  { 𝑧𝑧 ∶ 𝐢𝐢𝐢𝐢𝐢𝐢 ∣ z = n1 + n2 }



Contribution:
Refinement type system for algebraic effect handlers
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set : 𝐮𝐮𝐮𝐮𝐮𝐮𝐮𝐮 → 𝐢𝐢𝐢𝐢𝐢𝐢
get : 𝐢𝐢𝐢𝐢𝐢𝐢 → 𝐮𝐮𝐮𝐮𝐮𝐮𝐮𝐮

handle
  set n1;
  let x = get() in
  set n2;
  let y = get() in
  x + y
with
  return x → λ_. x
  set x  k → λ_. k () x
  get () k → λs. k s s



Contribution:
Refinement type system for algebraic effect handlers
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set : 𝐮𝐮𝐮𝐮𝐮𝐮𝐮𝐮 → 𝐢𝐢𝐢𝐢𝐢𝐢
get : 𝐢𝐢𝐢𝐢𝐢𝐢 → 𝐮𝐮𝐮𝐮𝐮𝐮𝐮𝐮

handle
  set n1;
  let x = get() in
  set n2;
  let y = get() in
  x + y
with
  return x → λ_. x
  set x  k → λ_. k () x
  get () k → λs. k s s

:  𝐢𝐢𝐢𝐢𝐢𝐢 → { 𝑧𝑧 ∶ 𝐢𝐢𝐢𝐢𝐢𝐢 ∣ 𝑧𝑧 = 𝑛𝑛1 + 𝑛𝑛2}



What is a challenge?

Naïve addition of refinement types doesn’t work well
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set : 𝑧𝑧 ∶ 𝐢𝐢𝐢𝐢𝐢𝐢 𝜙𝜙set → 𝐮𝐮𝐮𝐮𝐮𝐮𝐮𝐮
get : 𝐮𝐮𝐮𝐮𝐮𝐮𝐮𝐮 → 𝑧𝑧 ∶ 𝐢𝐢𝐢𝐢𝐢𝐢 𝜙𝜙get  

handle
  set n1;
  let x = get() in
  set n2;
  let y = get() in
  x + y
with …

:  𝐢𝐢𝐢𝐢𝐢𝐢 → { 𝑧𝑧 ∶ 𝐢𝐢𝐢𝐢𝐢𝐢 ∣ 𝑧𝑧 = 𝑛𝑛1 + 𝑛𝑛2}



What is a challenge?

Naïve addition of refinement types doesn’t work well
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set : 𝑧𝑧 ∶ 𝐢𝐢𝐢𝐢𝐢𝐢 𝜙𝜙set → 𝐮𝐮𝐮𝐮𝐮𝐮𝐮𝐮
get : 𝐮𝐮𝐮𝐮𝐮𝐮𝐮𝐮 → 𝑧𝑧 ∶ 𝐢𝐢𝐢𝐢𝐢𝐢 𝜙𝜙get  

handle
  set n1;
  let x = get() in
  set n2;
  let y = get() in
  x + y
with …

:  𝐢𝐢𝐢𝐢𝐢𝐢 → { 𝑧𝑧 ∶ 𝐢𝐢𝐢𝐢𝐢𝐢 ∣ 𝑧𝑧 = 𝑛𝑛1 + 𝑛𝑛2}

OK if x ∶ 𝑧𝑧 ∶ 𝐢𝐢𝐢𝐢𝐢𝐢 𝑧𝑧 = 𝑛𝑛1 ,𝑦𝑦 ∶ 𝑧𝑧 ∶ 𝐢𝐢𝐢𝐢𝐢𝐢 𝑧𝑧 = 𝑛𝑛2



What is a challenge?

Naïve addition of refinement types doesn’t work well
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set : 𝑧𝑧 ∶ 𝐢𝐢𝐢𝐢𝐢𝐢 𝜙𝜙set → 𝐮𝐮𝐮𝐮𝐮𝐮𝐮𝐮
get : 𝐮𝐮𝐮𝐮𝐮𝐮𝐮𝐮 → 𝑧𝑧 ∶ 𝐢𝐢𝐢𝐢𝐢𝐢 𝜙𝜙get  

handle
  set n1;
  let x = get() in
  set n2;
  let y = get() in
  x + y
with …

:  𝐢𝐢𝐢𝐢𝐢𝐢 → { 𝑧𝑧 ∶ 𝐢𝐢𝐢𝐢𝐢𝐢 ∣ 𝑧𝑧 = 𝑛𝑛1 + 𝑛𝑛2}

OK if x ∶ 𝑧𝑧 ∶ 𝐢𝐢𝐢𝐢𝐢𝐢 𝑧𝑧 = 𝑛𝑛1 ,𝑦𝑦 ∶ 𝑧𝑧 ∶ 𝐢𝐢𝐢𝐢𝐢𝐢 𝑧𝑧 = 𝑛𝑛1

𝜙𝜙𝑔𝑔𝑔𝑔𝑔𝑔 ⇒ 𝑧𝑧 = 𝑛𝑛1

𝜙𝜙𝑔𝑔𝑔𝑔𝑔𝑔 ⇒ 𝑧𝑧 = 𝑛𝑛2



What is a challenge?

Naïve addition of refinement types doesn’t work well
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set : 𝑧𝑧 ∶ 𝐢𝐢𝐢𝐢𝐢𝐢 𝜙𝜙set → 𝐮𝐮𝐮𝐮𝐮𝐮𝐮𝐮
get : 𝐮𝐮𝐮𝐮𝐮𝐮𝐮𝐮 → 𝑧𝑧 ∶ 𝐢𝐢𝐢𝐢𝐢𝐢 𝜙𝜙get  

handle
  set n1;
  let x = get() in
  set n2;
  let y = get() in
  x + y
with …

:  𝐢𝐢𝐢𝐢𝐢𝐢 → { 𝑧𝑧 ∶ 𝐢𝐢𝐢𝐢𝐢𝐢 ∣ 𝑧𝑧 = 𝑛𝑛1 + 𝑛𝑛2}

OK if x ∶ 𝑧𝑧 ∶ 𝐢𝐢𝐢𝐢𝐢𝐢 𝑧𝑧 = 𝑛𝑛1 ,𝑦𝑦 ∶ 𝑧𝑧 ∶ 𝐢𝐢𝐢𝐢𝐢𝐢 𝑧𝑧 = 𝑛𝑛1

𝜙𝜙𝑔𝑔𝑔𝑔𝑔𝑔 ⇒ 𝑧𝑧 = 𝑛𝑛1

𝜙𝜙𝑔𝑔𝑔𝑔𝑔𝑔 ⇒ 𝑧𝑧 = 𝑛𝑛2
No 𝝓𝝓𝒈𝒈𝒈𝒈𝒈𝒈 satisfying both! ☠



:  𝐢𝐢𝐢𝐢𝐢𝐢 → { 𝑧𝑧 ∶ 𝐢𝐢𝐢𝐢𝐢𝐢 ∣ 𝑧𝑧 = 𝑛𝑛1 + 𝑛𝑛2}

What is a challenge?

Naïve addition of refinement types doesn’t work well
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set : 𝑧𝑧 ∶ 𝐢𝐢𝐢𝐢𝐢𝐢 𝜙𝜙set → 𝐮𝐮𝐮𝐮𝐮𝐮𝐮𝐮
get : 𝐮𝐮𝐮𝐮𝐮𝐮𝐮𝐮 → 𝑧𝑧 ∶ 𝐢𝐢𝐢𝐢𝐢𝐢 𝜙𝜙get  

handle
  set n1;
  let x = get() in
  set n2;
  let y = get() in
  x + y
with …

Invoked in context 
(handle let x = [] in … with h) n1

Invoked in context 
(handle let y = [] in … with h) n2

No way to reason about 
contexts of operation calls



What is a challenge?

Naïve addition of refinement types doesn’t work well
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decide : 𝐢𝐢𝐢𝐢𝐢𝐢 → { z ∶ 𝐛𝐛𝐛𝐛𝐛𝐛𝐛𝐛 ∣ 𝜙𝜙 }

handle
  if decide() then n1 else n2
with
  return x    → x
  decide () k → (k true) + (k false)

:  { 𝑧𝑧 ∶ 𝐢𝐢𝐢𝐢𝐢𝐢 ∣ z = n1 + n2 }



What is a challenge?

Naïve addition of refinement types doesn’t work well
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decide : 𝐢𝐢𝐢𝐢𝐢𝐢 → { z ∶ 𝐛𝐛𝐛𝐛𝐛𝐛𝐛𝐛 ∣ 𝜙𝜙 }

handle
  if decide() then n1 else n2
with
  return x    → x
  decide () k → (k true) + (k false)

:  { 𝑧𝑧 ∶ 𝐢𝐢𝐢𝐢𝐢𝐢 ∣ z = n1 + n2 }

Cannot be of 𝑧𝑧 ∶ 𝐢𝐢𝐢𝐢𝐢𝐢 z = n1 + n2
because it comes from the if-expression☠



What is a challenge?

Naïve addition of refinement types doesn’t work well
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decide : 𝐢𝐢𝐢𝐢𝐢𝐢 → { z ∶ 𝐛𝐛𝐛𝐛𝐛𝐛𝐛𝐛 ∣ 𝜙𝜙 }

handle
  if decide() then n1 else n2
with
  return x    → x
  decide () k → (k true) + (k false)

:  { 𝑧𝑧 ∶ 𝐢𝐢𝐢𝐢𝐢𝐢 ∣ z = n1 + n2 }

No way to reflect the execution order 
of clauses in static reasoning

Cannot be of 𝑧𝑧 ∶ 𝐢𝐢𝐢𝐢𝐢𝐢 z = n1 + n2
because it comes from the if-expression☠



Our approach
♦ Adapting Answer-Type Modification (ATM) 
    to algebraic effect handlers
◊ Able to express pre- and post-states abouts contexts at operation calls
◊ Able to allow different clauses to have different (answer) types
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handle
  // 𝐢𝐢𝐢𝐢𝐢𝐢 → {𝑧𝑧 ∣ 𝑧𝑧 = 𝑛𝑛1 + 𝑛𝑛2}
  set n1;
  // 𝑥𝑥: 𝐢𝐢𝐢𝐢𝐢𝐢 → {𝑧𝑧 ∣ 𝑧𝑧 = 𝑥𝑥 + 𝑛𝑛2}
  let x = get() in
  // 𝐢𝐢𝐢𝐢𝐢𝐢 → {𝑧𝑧 ∣ 𝑧𝑧 = 𝑥𝑥 + 𝑛𝑛2}
  set n2;
  // 𝑦𝑦: 𝐢𝐢𝐢𝐢𝐢𝐢 → {𝑧𝑧 ∣ 𝑧𝑧 = 𝑥𝑥 + 𝑦𝑦}
  let y = get() in
  // 𝐢𝐢𝐢𝐢𝐢𝐢 → {𝑧𝑧 ∣ 𝑧𝑧 = 𝑥𝑥 + 𝑦𝑦}
  x + y
with …

handle
  if decide() then n1 else n2
with
  return x   → x : 𝐢𝐢𝐢𝐢𝐢𝐢
  decide ()
   (k : 𝑏𝑏 ∶ 𝐛𝐛𝐛𝐛𝐛𝐛𝐛𝐛 → {𝑧𝑧 ∣ 𝑏𝑏 ⇒ 𝑧𝑧 = 𝑛𝑛1 ∧ ¬𝑏𝑏 ⇒ 𝑧𝑧 = 𝑛𝑛2}))
             → (k true) + (k false) 
                 : {𝑧𝑧 ∣ 𝑧𝑧 = 𝑛𝑛1 + 𝑛𝑛2}



Language
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Syntax

  Values          v ∷= 𝑐𝑐 ∣ 𝑥𝑥 ∣ 𝜆𝜆𝜆𝜆. 𝑒𝑒
  Expressions  𝑒𝑒 ∷= 𝑣𝑣 ∣ 𝑣𝑣1 𝑣𝑣2 ∣ 𝐥𝐥𝐥𝐥𝐥𝐥 𝑥𝑥 = 𝑒𝑒1 𝐢𝐢𝐢𝐢 𝑒𝑒2 ∣ op 𝑣𝑣 ∣ 𝐡𝐡𝐡𝐡𝐡𝐡𝐡𝐡𝐡𝐡𝐡𝐡 𝑒𝑒 𝐰𝐰𝐰𝐰𝐰𝐰𝐰𝐰 ℎ
  Handlers      ℎ ∷= 𝐫𝐫𝐫𝐫𝐫𝐫𝐫𝐫𝐫𝐫𝐫𝐫 𝑥𝑥 ↦ 𝑒𝑒 ∣ ℎ ⊎ op 𝑥𝑥 𝑘𝑘 ↦ 𝑒𝑒
  Pure evaluation contexts
                      ℰ ∷= [] ∣ 𝐥𝐥𝐥𝐥𝐥𝐥 𝑥𝑥 = ℰ 𝐢𝐢𝐢𝐢 𝑒𝑒

Dynamic semantics (excerpt)

 𝐡𝐡𝐡𝐡𝐡𝐡𝐡𝐡𝐡𝐡𝐡𝐡 𝑣𝑣 𝐰𝐰𝐰𝐰𝐰𝐰𝐰𝐰 ℎ −→  𝑒𝑒 𝑥𝑥 ↦ 𝑣𝑣  (𝐫𝐫𝐫𝐫𝐫𝐫𝐫𝐫𝐫𝐫𝐫𝐫 𝑥𝑥 ↦ 𝑒𝑒 ∈ ℎ) 
 𝐡𝐡𝐡𝐡𝐡𝐡𝐡𝐡𝐡𝐡𝐡𝐡 ℰ op 𝑣𝑣  𝐰𝐰𝐰𝐰𝐰𝐰𝐰𝐰 ℎ −→  𝑒𝑒 𝑥𝑥 ↦ 𝑣𝑣,𝑘𝑘 ↦ 𝜆𝜆𝜆𝜆.𝐡𝐡𝐡𝐡𝐡𝐡𝐡𝐡𝐡𝐡𝐡𝐡 ℰ 𝑥𝑥  𝐰𝐰𝐰𝐰𝐰𝐰𝐰𝐰 ℎ
                                                                   (op 𝑥𝑥 𝑘𝑘 ↦ 𝑒𝑒 ∈ ℎ)



Answer types = Types for contexts
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Evaluation contexts
 𝒞𝒞 ∷= [] ∣ 𝐥𝐥𝐥𝐥𝐥𝐥 𝑥𝑥 = ℰ 𝐢𝐢𝐢𝐢 𝑒𝑒 ∣ 𝐡𝐡𝐡𝐡𝐡𝐡𝐡𝐡𝐡𝐡𝐡𝐡 𝒞𝒞 𝐰𝐰𝐰𝐰𝐰𝐰𝐰𝐰 ℎ

Pure evaluation contexts
 ℰ ∷= [] ∣ 𝐥𝐥𝐥𝐥𝐥𝐥 𝑥𝑥 = ℰ 𝐢𝐢𝐢𝐢 𝑒𝑒𝒞𝒞[ 𝐡𝐡𝐡𝐡𝐡𝐡𝐡𝐡𝐡𝐡𝐡𝐡 ℰ  𝑒𝑒 𝐰𝐰𝐰𝐰𝐰𝐰𝐰𝐰 ℎ ]



Answer types = Types for contexts
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Evaluation contexts
 𝒞𝒞 ∷= [] ∣ 𝐥𝐥𝐥𝐥𝐥𝐥 𝑥𝑥 = ℰ 𝐢𝐢𝐢𝐢 𝑒𝑒 ∣ 𝐡𝐡𝐡𝐡𝐡𝐡𝐡𝐡𝐡𝐡𝐡𝐡 𝒞𝒞 𝐰𝐰𝐰𝐰𝐰𝐰𝐰𝐰 ℎ

Pure evaluation contexts
 ℰ ∷= [] ∣ 𝐥𝐥𝐥𝐥𝐥𝐥 𝑥𝑥 = ℰ 𝐢𝐢𝐢𝐢 𝑒𝑒𝒞𝒞[ 𝐡𝐡𝐡𝐡𝐡𝐡𝐡𝐡𝐡𝐡𝐡𝐡 ℰ  𝑒𝑒 𝐰𝐰𝐰𝐰𝐰𝐰𝐰𝐰 ℎ ]



Answer types = Types for contexts
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Evaluation contexts
 𝒞𝒞 ∷= [] ∣ 𝐥𝐥𝐥𝐥𝐥𝐥 𝑥𝑥 = ℰ 𝐢𝐢𝐢𝐢 𝑒𝑒 ∣ 𝐡𝐡𝐡𝐡𝐡𝐡𝐡𝐡𝐡𝐡𝐡𝐡 𝒞𝒞 𝐰𝐰𝐰𝐰𝐰𝐰𝐰𝐰 ℎ

For expression 𝑒𝑒,
♦ Initial answer type = return type of cont. 𝐡𝐡𝐡𝐡𝐡𝐡𝐡𝐡𝐡𝐡𝐡𝐡 ℰ  𝐰𝐰𝐰𝐰𝐰𝐰𝐰𝐰 ℎ
                                      = assumption on cont.
♦ Final answer type  = argument type of meta-cont. 𝒞𝒞  
                                      = guarantee for meta-cont.

Pure evaluation contexts
 ℰ ∷= [] ∣ 𝐥𝐥𝐥𝐥𝐥𝐥 𝑥𝑥 = ℰ 𝐢𝐢𝐢𝐢 𝑒𝑒𝒞𝒞[ 𝐡𝐡𝐡𝐡𝐡𝐡𝐡𝐡𝐡𝐡𝐡𝐡 ℰ  𝑒𝑒 𝐰𝐰𝐰𝐰𝐰𝐰𝐰𝐰 ℎ ]



Answer types in ordinary type systems
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Γ ⊢ 𝑒𝑒 ∶ 𝐶𝐶1 Γ ⊢ ℎ ∶ 𝐶𝐶1 ⇝ 𝐶𝐶2
Γ ⊢ 𝐡𝐡𝐡𝐡𝐡𝐡𝐡𝐡𝐡𝐡𝐡𝐡 𝑒𝑒 𝐰𝐰𝐰𝐰𝐰𝐰𝐰𝐰 ℎ ∶ 𝐶𝐶2

Value types           𝑇𝑇, 𝑆𝑆 ∷= 𝐁𝐁 ∣ 𝑇𝑇 → 𝐶𝐶
Computation types  C ∷= Σ ⊳ 𝑇𝑇
Signatures                Σ ∷=  op𝑖𝑖 ∶ 𝑇𝑇𝑖𝑖 ↠ 𝑆𝑆𝑖𝑖  𝑖𝑖

Γ ⊢ 𝑒𝑒 ∶ 𝐶𝐶

Γ ⊢ ℎ ∶ 𝐶𝐶1 ⇝ 𝐶𝐶2 Γ, 𝑥𝑥𝑟𝑟 ∶ 𝑇𝑇𝑟𝑟 ⊢ 𝑒𝑒𝑟𝑟 ∶ 𝐶𝐶
∀𝑖𝑖.  Γ, 𝑥𝑥 ∶ 𝑇𝑇𝑖𝑖 ,𝑘𝑘 ∶ 𝑆𝑆𝑖𝑖 → 𝐶𝐶 ⊢ 𝑒𝑒 ∶ 𝐶𝐶

𝐫𝐫𝐫𝐫𝐫𝐫𝐫𝐫𝐫𝐫𝐫𝐫 𝑥𝑥𝑟𝑟 ↦ 𝑒𝑒𝑟𝑟
                                ⊎  𝐨𝐨𝐩𝐩𝑖𝑖 𝑥𝑥 𝑘𝑘 ↦ 𝑒𝑒𝑖𝑖 𝑖𝑖

Γ ⊢ ∶ 𝑜𝑜𝑝𝑝𝑖𝑖 ∶ 𝑇𝑇𝑖𝑖 → 𝑆𝑆𝑖𝑖 𝑖𝑖 ⊳ 𝑇𝑇𝑟𝑟 ⇝ 𝐶𝐶 

Γ ⊢ 𝑣𝑣: Σ ⊳ 𝑇𝑇 op ∶ 𝑇𝑇𝑖𝑖 ↠ 𝑆𝑆𝑖𝑖 ∈ Σ
Γ ⊢ op 𝑣𝑣 ∶ Σ ⊳ 𝑆𝑆
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Γ ⊢ 𝑒𝑒 ∶ 𝐶𝐶

Γ ⊢ ℎ ∶ 𝐶𝐶1 ⇝ 𝐶𝐶2 Γ, 𝑥𝑥𝑟𝑟 ∶ 𝑇𝑇𝑟𝑟 ⊢ 𝑒𝑒𝑟𝑟 ∶ 𝐶𝐶
∀𝑖𝑖.  Γ, 𝑥𝑥 ∶ 𝑇𝑇𝑖𝑖 ,𝑘𝑘 ∶ 𝑆𝑆𝑖𝑖 → 𝐶𝐶 ⊢ 𝑒𝑒 ∶ 𝐶𝐶

𝐫𝐫𝐫𝐫𝐫𝐫𝐫𝐫𝐫𝐫𝐫𝐫 𝑥𝑥𝑟𝑟 ↦ 𝑒𝑒𝑟𝑟
                                ⊎  𝐨𝐨𝐩𝐩𝑖𝑖 𝑥𝑥 𝑘𝑘 ↦ 𝑒𝑒𝑖𝑖 𝑖𝑖

∶ 𝑜𝑜𝑝𝑝𝑖𝑖 ∶ 𝑇𝑇𝑖𝑖 → 𝑆𝑆𝑖𝑖 𝑖𝑖 ⊳ 𝑇𝑇𝑟𝑟 ⇝ 𝑪𝑪 Γ ⊢ 

Final answer type

Γ ⊢ 𝑒𝑒 ∶ 𝐶𝐶1 Γ ⊢ ℎ ∶ 𝐶𝐶1 ⇝ 𝐶𝐶2
Γ ⊢ 𝐡𝐡𝐡𝐡𝐡𝐡𝐡𝐡𝐡𝐡𝐡𝐡 𝑒𝑒 𝐰𝐰𝐰𝐰𝐰𝐰𝐰𝐰 ℎ ∶ 𝐶𝐶2

Value types           𝑇𝑇, 𝑆𝑆 ∷= 𝐁𝐁 ∣ 𝑇𝑇 → 𝐶𝐶
Computation types  C ∷= Σ ⊳ 𝑇𝑇
Signatures                Σ ∷=  op𝑖𝑖 ∶ 𝑇𝑇𝑖𝑖 ↠ 𝑆𝑆𝑖𝑖  𝑖𝑖

Γ ⊢ 𝑣𝑣: Σ ⊳ 𝑇𝑇 op ∶ 𝑇𝑇𝑖𝑖 ↠ 𝑆𝑆𝑖𝑖 ∈ Σ
Γ ⊢ op 𝑣𝑣 ∶ Σ ⊳ 𝑆𝑆
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Γ ⊢ 𝑒𝑒 ∶ 𝐶𝐶

Γ ⊢ ℎ ∶ 𝐶𝐶1 ⇝ 𝐶𝐶2 Γ, 𝑥𝑥𝑟𝑟 ∶ 𝑇𝑇𝑟𝑟 ⊢ 𝑒𝑒𝑟𝑟 ∶ 𝑪𝑪
∀𝑖𝑖.  Γ, 𝑥𝑥 ∶ 𝑇𝑇𝑖𝑖 ,𝑘𝑘 ∶ 𝑆𝑆𝑖𝑖 → 𝐶𝐶 ⊢ 𝑒𝑒 ∶ 𝑪𝑪

𝐫𝐫𝐫𝐫𝐫𝐫𝐫𝐫𝐫𝐫𝐫𝐫 𝑥𝑥𝑟𝑟 ↦ 𝑒𝑒𝑟𝑟
                                ⊎  𝐨𝐨𝐩𝐩𝑖𝑖 𝑥𝑥 𝑘𝑘 ↦ 𝑒𝑒𝑖𝑖 𝑖𝑖

Γ ⊢ ∶ 𝑜𝑜𝑝𝑝𝑖𝑖 ∶ 𝑇𝑇𝑖𝑖 → 𝑆𝑆𝑖𝑖 𝑖𝑖 ⊳ 𝑇𝑇𝑟𝑟 ⇝ 𝑪𝑪 

Γ ⊢ 𝑒𝑒 ∶ 𝐶𝐶1 Γ ⊢ ℎ ∶ 𝐶𝐶1 ⇝ 𝐶𝐶2
Γ ⊢ 𝐡𝐡𝐡𝐡𝐡𝐡𝐡𝐡𝐡𝐡𝐡𝐡 𝑒𝑒 𝐰𝐰𝐰𝐰𝐰𝐰𝐰𝐰 ℎ ∶ 𝐶𝐶2

Value types           𝑇𝑇, 𝑆𝑆 ∷= 𝐁𝐁 ∣ 𝑇𝑇 → 𝐶𝐶
Computation types  C ∷= Σ ⊳ 𝑇𝑇
Signatures                Σ ∷=  op𝑖𝑖 ∶ 𝑇𝑇𝑖𝑖 ↠ 𝑆𝑆𝑖𝑖  𝑖𝑖

Γ ⊢ 𝑣𝑣: Σ ⊳ 𝑇𝑇 op ∶ 𝑇𝑇𝑖𝑖 ↠ 𝑆𝑆𝑖𝑖 ∈ Σ
Γ ⊢ op 𝑣𝑣 ∶ Σ ⊳ 𝑆𝑆

Final answer type

Final answer type
for 𝐨𝐨𝐩𝐩𝑖𝑖 call

Final answer type
for pure comp.
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Γ ⊢ 𝑒𝑒 ∶ 𝐶𝐶

Γ ⊢ ℎ ∶ 𝐶𝐶1 ⇝ 𝐶𝐶2 Γ, 𝑥𝑥𝑟𝑟 ∶ 𝑇𝑇𝑟𝑟 ⊢ 𝑒𝑒𝑟𝑟 ∶ 𝑪𝑪
∀𝑖𝑖.  Γ, 𝑥𝑥 ∶ 𝑇𝑇𝑖𝑖 ,𝑘𝑘 ∶ 𝑆𝑆𝑖𝑖 → 𝑪𝑪 ⊢ 𝑒𝑒 ∶ 𝐶𝐶

𝐫𝐫𝐫𝐫𝐫𝐫𝐫𝐫𝐫𝐫𝐫𝐫 𝑥𝑥𝑟𝑟 ↦ 𝑒𝑒𝑟𝑟
                                ⊎  𝐨𝐨𝐩𝐩𝑖𝑖 𝑥𝑥 𝑘𝑘 ↦ 𝑒𝑒𝑖𝑖 𝑖𝑖

Γ ⊢ ∶ 𝑜𝑜𝑝𝑝𝑖𝑖 ∶ 𝑇𝑇𝑖𝑖 → 𝑆𝑆𝑖𝑖 𝑖𝑖 ⊳ 𝑇𝑇𝑟𝑟 ⇝ 𝐶𝐶 

Γ ⊢ 𝑒𝑒 ∶ 𝐶𝐶1 Γ ⊢ ℎ ∶ 𝐶𝐶1 ⇝ 𝐶𝐶2
Γ ⊢ 𝐡𝐡𝐡𝐡𝐡𝐡𝐡𝐡𝐡𝐡𝐡𝐡 𝑒𝑒 𝐰𝐰𝐰𝐰𝐰𝐰𝐰𝐰 ℎ ∶ 𝐶𝐶2

Value types           𝑇𝑇, 𝑆𝑆 ∷= 𝐁𝐁 ∣ 𝑇𝑇 → 𝐶𝐶
Computation types  C ∷= Σ ⊳ 𝑇𝑇
Signatures                Σ ∷=  op𝑖𝑖 ∶ 𝑇𝑇𝑖𝑖 ↠ 𝑆𝑆𝑖𝑖  𝑖𝑖

Γ ⊢ 𝑣𝑣: Σ ⊳ 𝑇𝑇 op ∶ 𝑇𝑇𝑖𝑖 ↠ 𝑆𝑆𝑖𝑖 ∈ Σ
Γ ⊢ op 𝑣𝑣 ∶ Σ ⊳ 𝑆𝑆Initial answer type

for 𝐨𝐨𝐩𝐩𝑖𝑖 call

Initial answer type
for pure comp.



Example with different Initial and final answer types
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op : 𝐮𝐮𝐮𝐮𝐮𝐮𝐮𝐮 → 𝐮𝐮𝐮𝐮𝐮𝐮𝐮𝐮
 

handle
  op()
with
  return () → “foo”
  op () _   → 1



Example with different Initial and final answer types
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♦ Initial answer type is 𝐬𝐬𝐬𝐬𝐬𝐬𝐬𝐬𝐬𝐬𝐬𝐬 because                                    returns “foo”

♦ Final answer type is 𝐢𝐢𝐢𝐢𝐢𝐢 because 𝒞𝒞[ ] takes 1         

handle [ ] with
  return () → “foo”
  op () _   → 1

𝒞𝒞[ ]         

op : 𝐮𝐮𝐮𝐮𝐮𝐮𝐮𝐮 → 𝐮𝐮𝐮𝐮𝐮𝐮𝐮𝐮
 

handle
  op()
with
  return () → “foo”
  op () _   → 1



Ours: endowed with answer-type modification (ATM)
[Danvy&Fillinski’90] for shift/reset, [Materzok&Biernacki’11] for shift0/reset0

♦ Allowing initial and final answer types to be different
     for precise tracking of value flow

26

Γ ⊢ 𝑒𝑒 ∶ Σ ⊳ 𝑇𝑇 / 𝑪𝑪𝑰𝑰 ⇒ 𝑪𝑪𝑭𝑭
◊ Evaluating 𝑒𝑒 may perform effect operations in Σ and return a value of 𝑇𝑇 
◊ If expression 𝑒𝑒 is evaluated under 𝒞𝒞  𝐡𝐡𝐡𝐡𝐡𝐡𝐡𝐡𝐡𝐡𝐡𝐡 ℰ  𝐰𝐰𝐰𝐰𝐰𝐰𝐰𝐰 ℎ such that

𝜆𝜆𝜆𝜆.𝐡𝐡𝐡𝐡𝐡𝐡𝐡𝐡𝐡𝐡𝐡𝐡 ℰ  𝑥𝑥 𝐰𝐰𝐰𝐰𝐰𝐰𝐰𝐰 ℎ ∶ 𝑇𝑇 → 𝑪𝑪𝑰𝑰, 
    then the delimiter will evaluate to an expression 𝑒𝑒′ of 𝑪𝑪𝑭𝑭

𝒞𝒞[ 𝐡𝐡𝐡𝐡𝐡𝐡𝐡𝐡𝐡𝐡𝐡𝐡 ℰ  𝑒𝑒 𝐰𝐰𝐰𝐰𝐰𝐰𝐰𝐰 ℎ ] −→∗ 𝒞𝒞[ 𝑒𝑒𝑒 ]



Changes in typing
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Γ ⊢ 𝑒𝑒 ∶ 𝐶𝐶

Γ ⊢ ℎ ∶ 𝐶𝐶1 ⇝ 𝐶𝐶2
Γ, 𝑥𝑥𝑟𝑟 ∶ 𝑇𝑇𝑟𝑟 ⊢ 𝑒𝑒𝑟𝑟 ∶ 𝑪𝑪𝑰𝑰
𝐫𝐫𝐫𝐫𝐫𝐫𝐫𝐫𝐫𝐫𝐫𝐫 𝑥𝑥𝑟𝑟 ↦ 𝑒𝑒𝑟𝑟

                                ⊎  𝐨𝐨𝐩𝐩𝑖𝑖 𝑥𝑥 𝑘𝑘 ↦ 𝑒𝑒𝑖𝑖 𝑖𝑖
Γ ⊢ Σ ⊳ 𝑇𝑇𝑟𝑟 / 𝑪𝑪𝑰𝑰 ⇒ 𝑪𝑪𝑭𝑭

Γ ⊢ 𝑒𝑒 ∶ 𝐶𝐶1 Γ ⊢ ℎ ∶ 𝐶𝐶1 ⇝ 𝐶𝐶2
Γ ⊢ 𝐡𝐡𝐡𝐡𝐡𝐡𝐡𝐡𝐡𝐡𝐡𝐡 𝑒𝑒 𝐰𝐰𝐰𝐰𝐰𝐰𝐰𝐰 ℎ ∶ 𝐶𝐶2

Γ ⊢ 𝑣𝑣: Σ ⊳ 𝑇𝑇 𝑇𝑇 ↠ 𝑆𝑆 / 𝑪𝑪𝑰𝑰 ⇒ 𝑪𝑪𝑭𝑭 ∈ Σ
Γ ⊢ op 𝑣𝑣 ∶ Σ ⊳ 𝑆𝑆 / 𝑪𝑪𝑰𝑰 ⇒ 𝑪𝑪𝑭𝑭

⇝ 𝑪𝑪𝑭𝑭 

∶
 

…

Computation types  C ∷= Σ ⊳ 𝑇𝑇 / 𝐴𝐴     Control effects  𝐴𝐴 ∷= □ ∣ 𝑪𝑪𝑰𝑰 ⇒ 𝑪𝑪𝑭𝑭
Signatures                Σ ∷=  op𝑖𝑖 ∶ 𝑇𝑇𝑖𝑖 ↠ 𝑆𝑆𝑖𝑖  / 𝑪𝑪𝑰𝑰,𝒊𝒊 ⇒ 𝑪𝑪𝑭𝑭,𝒊𝒊 𝑖𝑖
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Computation types  C ∷= Σ ⊳ 𝑇𝑇 / 𝐴𝐴     Control effects  𝐴𝐴 ∷= □ ∣ 𝑪𝑪𝑰𝑰 ⇒ 𝑪𝑪𝑭𝑭
Signatures                Σ ∷=  op𝑖𝑖 ∶ 𝑇𝑇𝑖𝑖 ↠ 𝑆𝑆𝑖𝑖  / 𝑪𝑪𝑰𝑰,𝒊𝒊 ⇒ 𝑪𝑪𝑭𝑭,𝒊𝒊 𝑖𝑖

Γ ⊢ 𝑒𝑒 ∶ 𝐶𝐶

Γ ⊢ ℎ ∶ 𝐶𝐶1 ⇝ 𝐶𝐶2
Γ, 𝑥𝑥𝑟𝑟 ∶ 𝑇𝑇𝑟𝑟 ⊢ 𝑒𝑒𝑟𝑟 ∶ 𝑪𝑪𝑰𝑰
𝐫𝐫𝐫𝐫𝐫𝐫𝐫𝐫𝐫𝐫𝐫𝐫 𝑥𝑥𝑟𝑟 ↦ 𝑒𝑒𝑟𝑟

                                ⊎  𝐨𝐨𝐩𝐩𝑖𝑖 𝑥𝑥 𝑘𝑘 ↦ 𝑒𝑒𝑖𝑖 𝑖𝑖
Γ ⊢ Σ ⊳ 𝑇𝑇𝑟𝑟 / 𝑪𝑪𝑰𝑰 ⇒ 𝑪𝑪𝑭𝑭

Γ ⊢ 𝑒𝑒 ∶ 𝐶𝐶1 Γ ⊢ ℎ ∶ 𝐶𝐶1 ⇝ 𝐶𝐶2
Γ ⊢ 𝐡𝐡𝐡𝐡𝐡𝐡𝐡𝐡𝐡𝐡𝐡𝐡 𝑒𝑒 𝐰𝐰𝐰𝐰𝐰𝐰𝐰𝐰 ℎ ∶ 𝐶𝐶2

Γ ⊢ 𝑣𝑣: Σ ⊳ 𝑇𝑇 𝑇𝑇 ↠ 𝑆𝑆 / 𝑪𝑪𝑰𝑰 ⇒ 𝑪𝑪𝑭𝑭 ∈ Σ
Γ ⊢ op 𝑣𝑣 ∶ Σ ⊳ 𝑆𝑆 / 𝑪𝑪𝑰𝑰 ⇒ 𝑪𝑪𝑭𝑭

⇝ 𝑪𝑪𝑭𝑭 

∶
 

∀𝑖𝑖. Γ, 𝑥𝑥 ∶ 𝑇𝑇𝑖𝑖 ,𝑘𝑘 ∶ 𝑆𝑆𝑖𝑖 → 𝑪𝑪𝑰𝑰,𝒊𝒊 ⊢ 𝑒𝑒𝑖𝑖 ∶ 𝑪𝑪𝑭𝑭,𝒊𝒊

Σ =  op𝑖𝑖 ∶ 𝑇𝑇𝑖𝑖 ↠ 𝑆𝑆𝑖𝑖 / 𝑪𝑪𝑰𝑰,𝒊𝒊 ⇒ 𝑪𝑪𝑭𝑭,𝒊𝒊 𝑖𝑖
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Γ ⊢ 𝑒𝑒 ∶ 𝐶𝐶 Γ ⊢ 𝑣𝑣 ∶ 𝑇𝑇
Γ ⊢ 𝑣𝑣 ∶ Σ ⊳ 𝑇𝑇 / 𝑪𝑪 ⇒ 𝑪𝑪

 Γ ⊢ 𝑒𝑒1 ∶ Σ ⊳ 𝑆𝑆 / 𝑪𝑪 ⇒ 𝑪𝑪𝑭𝑭 Γ, 𝑥𝑥: 𝑆𝑆 ⊢ 𝑒𝑒2 ∶ Σ ⊳ 𝑇𝑇 / 𝑪𝑪𝑰𝑰 ⇒ 𝑪𝑪 
Γ ⊢ 𝐥𝐥𝐥𝐥𝐥𝐥 𝑥𝑥 = 𝑒𝑒1 𝐢𝐢𝐢𝐢 𝑒𝑒2 ∶ Σ ⊳ 𝑇𝑇 / 𝑪𝑪𝑰𝑰 ⇒ 𝑪𝑪𝑭𝑭

𝑥𝑥 ∉ fv 𝑇𝑇 ∪ fv(𝑪𝑪𝑰𝑰)

1. Final answer type 𝑪𝑪𝑭𝑭 comes from pre-computation 𝑒𝑒1
2. Initial answer type 𝑪𝑪𝑰𝑰 comes from post-computation 𝑒𝑒2
3. Initial answer type of 𝑒𝑒1 and final one of 𝑒𝑒2 need to agree

Computation types  C ∷= Σ ⊳ 𝑇𝑇 / 𝐴𝐴     Control effects  𝐴𝐴 ∷= □ ∣ 𝑪𝑪𝑰𝑰 ⇒ 𝑪𝑪𝑭𝑭
Signatures                Σ ∷=  op𝑖𝑖 ∶ 𝑇𝑇𝑖𝑖 ↠ 𝑆𝑆𝑖𝑖  / 𝑪𝑪𝑰𝑰,𝒊𝒊 ⇒ 𝑪𝑪𝑭𝑭,𝒊𝒊 𝑖𝑖
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Γ ⊢ 𝑒𝑒 ∶ 𝐶𝐶 Γ ⊢ 𝑣𝑣 ∶ 𝑇𝑇
Γ ⊢ 𝑣𝑣 ∶ Σ ⊳ 𝑇𝑇 / 𝑪𝑪 ⇒ 𝑪𝑪

 Γ ⊢ 𝑒𝑒1 ∶ Σ ⊳ 𝑆𝑆 / 𝑪𝑪 ⇒ 𝑪𝑪𝑭𝑭 Γ, 𝑥𝑥: 𝑆𝑆 ⊢ 𝑒𝑒2 ∶ Σ ⊳ 𝑇𝑇 / 𝑪𝑪𝑰𝑰 ⇒ 𝑪𝑪 
Γ ⊢ 𝐥𝐥𝐥𝐥𝐥𝐥 𝑥𝑥 = 𝑒𝑒1 𝐢𝐢𝐢𝐢 𝑒𝑒2 ∶ Σ ⊳ 𝑇𝑇 / 𝑪𝑪𝑰𝑰 ⇒ 𝑪𝑪𝑭𝑭

𝑥𝑥 ∉ fv 𝑇𝑇 ∪ fv(𝑪𝑪𝑰𝑰)

1. Final answer type 𝑪𝑪𝑭𝑭 comes from pre-computation 𝑒𝑒1
2. Initial answer type 𝑪𝑪𝑰𝑰 comes from post-computation 𝑒𝑒2
3. Initial answer type of 𝑒𝑒1 and final one of 𝑒𝑒2 need to agree

// 𝑪𝑪𝑭𝑭
 𝐥𝐥𝐥𝐥𝐥𝐥 𝑥𝑥 = 𝑒𝑒1 𝐢𝐢𝐢𝐢 
// 𝑪𝑪
𝑒𝑒2
// 𝑪𝑪𝑰𝑰

Computation types  C ∷= Σ ⊳ 𝑇𝑇 / 𝐴𝐴     Control effects  𝐴𝐴 ∷= □ ∣ 𝑪𝑪𝑰𝑰 ⇒ 𝑪𝑪𝑭𝑭
Signatures                Σ ∷=  op𝑖𝑖 ∶ 𝑇𝑇𝑖𝑖 ↠ 𝑆𝑆𝑖𝑖  / 𝑪𝑪𝑰𝑰,𝒊𝒊 ⇒ 𝑪𝑪𝑭𝑭,𝒊𝒊 𝑖𝑖
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open  : 𝐮𝐮𝐮𝐮𝐮𝐮𝐮𝐮 → 𝐮𝐮𝐮𝐮𝐮𝐮𝐮𝐮
read  : 𝐮𝐮𝐮𝐮𝐮𝐮𝐮𝐮 → 𝐢𝐢𝐢𝐢𝐢𝐢
close : 𝐮𝐮𝐮𝐮𝐮𝐮𝐮𝐮 → 𝐮𝐮𝐮𝐮𝐮𝐮𝐮𝐮

type state = C | R

 𝐴𝐴 𝑠𝑠1 ↪ 𝑠𝑠2 ≡ 𝑧𝑧 ∶ 𝐬𝐬𝐬𝐬𝐬𝐬𝐬𝐬𝐬𝐬 𝑧𝑧 = 𝑠𝑠2 → 𝐢𝐢𝐢𝐢𝐢𝐢 ⇒
         𝑧𝑧 ∶ 𝐬𝐬𝐬𝐬𝐬𝐬𝐬𝐬𝐬𝐬 𝑧𝑧 = 𝑠𝑠1 → 𝐢𝐢𝐢𝐢𝐢𝐢

           { open ∶ 𝐮𝐮𝐮𝐮𝐮𝐮𝐮𝐮 ↠ 𝐮𝐮𝐮𝐮𝐮𝐮𝐮𝐮 / 𝐴𝐴 C ↪ R,
 Σ ≡  read ∶ 𝐮𝐮𝐮𝐮𝐮𝐮𝐮𝐮 ↠ 𝐢𝐢𝐢𝐢𝐢𝐢 / 𝐴𝐴 R ↪ R,
      close ∶ 𝐮𝐮𝐮𝐮𝐮𝐮𝐮𝐮 ↠ 𝐮𝐮𝐮𝐮𝐮𝐮𝐮𝐮 / 𝐴𝐴 R ↪ C }

Aim: To verify that the program uses 
the operations according the following DFA

C

R

close open

read

handle
  // 𝑧𝑧 ∶ 𝐬𝐬𝐬𝐬𝐬𝐬𝐬𝐬𝐬𝐬 𝑧𝑧 = C → 𝐢𝐢𝐢𝐢𝐢𝐢
  let _ = open() in
  // 𝑧𝑧 ∶ 𝐬𝐬𝐬𝐬𝐬𝐬𝐬𝐬𝐬𝐬 𝑧𝑧 = R → 𝐢𝐢𝐢𝐢𝐢𝐢
  let x = read() in
  // 𝑧𝑧 ∶ 𝐬𝐬𝐬𝐬𝐬𝐬𝐬𝐬𝐬𝐬 𝑧𝑧 = R → 𝐢𝐢𝐢𝐢𝐢𝐢
  let _ = close() in

  // 𝑧𝑧 ∶ 𝐬𝐬𝐬𝐬𝐬𝐬𝐬𝐬𝐬𝐬 𝑧𝑧 = C → 𝐢𝐢𝐢𝐢𝐢𝐢
  x
  // 𝑧𝑧 ∶ 𝐬𝐬𝐬𝐬𝐬𝐬𝐬𝐬𝐬𝐬 𝑧𝑧 = C → 𝐢𝐢𝐢𝐢𝐢𝐢
with
  return x → λ_. x : 

𝑧𝑧 ∶ 𝐬𝐬𝐬𝐬𝐬𝐬𝐬𝐬𝐬𝐬 𝑧𝑧 = C → 𝐢𝐢𝐢𝐢𝐢𝐢
  open  () k → λs. k () R
  read  () k → λs. k 42 R
  close () k → λs. k () C
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open  : 𝐮𝐮𝐮𝐮𝐮𝐮𝐮𝐮 → 𝐮𝐮𝐮𝐮𝐮𝐮𝐮𝐮
read  : 𝐮𝐮𝐮𝐮𝐮𝐮𝐮𝐮 → 𝐢𝐢𝐢𝐢𝐢𝐢
close : 𝐮𝐮𝐮𝐮𝐮𝐮𝐮𝐮 → 𝐮𝐮𝐮𝐮𝐮𝐮𝐮𝐮

type state = C | R

 𝐴𝐴 𝑠𝑠1 ↪ 𝑠𝑠2 ≡ 𝑧𝑧 ∶ 𝐬𝐬𝐬𝐬𝐬𝐬𝐬𝐬𝐬𝐬 𝑧𝑧 = 𝑠𝑠2 → 𝐢𝐢𝐢𝐢𝐢𝐢 ⇒
         𝑧𝑧 ∶ 𝐬𝐬𝐬𝐬𝐬𝐬𝐬𝐬𝐬𝐬 𝑧𝑧 = 𝑠𝑠1 → 𝐢𝐢𝐢𝐢𝐢𝐢

           { open ∶ 𝐮𝐮𝐮𝐮𝐮𝐮𝐮𝐮 ↠ 𝐮𝐮𝐮𝐮𝐮𝐮𝐮𝐮 / 𝐴𝐴 C ↪ R,
 Σ ≡  read ∶ 𝐮𝐮𝐮𝐮𝐮𝐮𝐮𝐮 ↠ 𝐢𝐢𝐢𝐢𝐢𝐢 / 𝐴𝐴 R ↪ R,
      close ∶ 𝐮𝐮𝐮𝐮𝐮𝐮𝐮𝐮 ↠ 𝐮𝐮𝐮𝐮𝐮𝐮𝐮𝐮 / 𝐴𝐴 R ↪ C }

C

R

close open

read

handle
  // 𝑧𝑧 ∶ 𝐬𝐬𝐬𝐬𝐬𝐬𝐬𝐬𝐬𝐬 𝑧𝑧 = C → 𝐢𝐢𝐢𝐢𝐢𝐢
  let _ = open() in
  // 𝑧𝑧 ∶ 𝐬𝐬𝐬𝐬𝐬𝐬𝐬𝐬𝐬𝐬 𝑧𝑧 = R → 𝐢𝐢𝐢𝐢𝐢𝐢
  let x = read() in
  // 𝑧𝑧 ∶ 𝐬𝐬𝐬𝐬𝐬𝐬𝐬𝐬𝐬𝐬 𝑧𝑧 = R → 𝐢𝐢𝐢𝐢𝐢𝐢
  

  
  x
  // 𝑧𝑧 ∶ 𝐬𝐬𝐬𝐬𝐬𝐬𝐬𝐬𝐬𝐬 𝑧𝑧 = R → 𝐢𝐢𝐢𝐢𝐢𝐢
with
  return x → λ_. x : 

𝑧𝑧 ∶ 𝐬𝐬𝐬𝐬𝐬𝐬𝐬𝐬𝐬𝐬 𝑧𝑧 = C → 𝐢𝐢𝐢𝐢𝐢𝐢
  open  () k → λs. k () R
  read  () k → λs. k 42 R
  close () k → λs. k () C

≠

Finishes at 
the state R 

Aim: To verify that the program uses 
the operations according the following DFA
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open  : 𝐮𝐮𝐮𝐮𝐮𝐮𝐮𝐮 → 𝐮𝐮𝐮𝐮𝐮𝐮𝐮𝐮
read  : 𝐮𝐮𝐮𝐮𝐮𝐮𝐮𝐮 → 𝐢𝐢𝐢𝐢𝐢𝐢
close : 𝐮𝐮𝐮𝐮𝐮𝐮𝐮𝐮 → 𝐮𝐮𝐮𝐮𝐮𝐮𝐮𝐮

type state = C | R

 𝐴𝐴 𝑠𝑠1 ↪ 𝑠𝑠2 ≡ 𝑧𝑧 ∶ 𝐬𝐬𝐬𝐬𝐬𝐬𝐬𝐬𝐬𝐬 𝑧𝑧 = 𝑠𝑠2 → 𝐢𝐢𝐢𝐢𝐢𝐢 ⇒
         𝑧𝑧 ∶ 𝐬𝐬𝐬𝐬𝐬𝐬𝐬𝐬𝐬𝐬 𝑧𝑧 = 𝑠𝑠1 → 𝐢𝐢𝐢𝐢𝐢𝐢

           { open ∶ 𝐮𝐮𝐮𝐮𝐮𝐮𝐮𝐮 ↠ 𝐮𝐮𝐮𝐮𝐮𝐮𝐮𝐮 / 𝐴𝐴 C ↪ R,
 Σ ≡  read ∶ 𝐮𝐮𝐮𝐮𝐮𝐮𝐮𝐮 ↠ 𝐢𝐢𝐢𝐢𝐢𝐢 / 𝐴𝐴 R ↪ R,
      close ∶ 𝐮𝐮𝐮𝐮𝐮𝐮𝐮𝐮 ↠ 𝐮𝐮𝐮𝐮𝐮𝐮𝐮𝐮 / 𝐴𝐴 R ↪ C }

C

R

close open

read

handle
  // 𝑧𝑧 ∶ 𝐬𝐬𝐬𝐬𝐬𝐬𝐬𝐬𝐬𝐬 𝑧𝑧 = C → 𝐢𝐢𝐢𝐢𝐢𝐢
  let _ = open() in
  // 𝑧𝑧 ∶ 𝐬𝐬𝐬𝐬𝐬𝐬𝐬𝐬𝐬𝐬 𝑧𝑧 = R → 𝐢𝐢𝐢𝐢𝐢𝐢
  let x = read() in
  // 𝑧𝑧 ∶ 𝐬𝐬𝐬𝐬𝐬𝐬𝐬𝐬𝐬𝐬 𝑧𝑧 = R → 𝐢𝐢𝐢𝐢𝐢𝐢
  let _ = close() in

  // 𝑧𝑧 ∶ 𝐬𝐬𝐬𝐬𝐬𝐬𝐬𝐬𝐬𝐬 𝑧𝑧 = C → 𝐢𝐢𝐢𝐢𝐢𝐢
  x
  // 𝑧𝑧 ∶ 𝐬𝐬𝐬𝐬𝐬𝐬𝐬𝐬𝐬𝐬 𝑧𝑧 = C → 𝐢𝐢𝐢𝐢𝐢𝐢
with
  return x → λ_. x : 

𝑧𝑧 ∶ 𝐬𝐬𝐬𝐬𝐬𝐬𝐬𝐬𝐬𝐬 𝑧𝑧 = C → 𝐢𝐢𝐢𝐢𝐢𝐢
  open  () k → λs. k () R
  read  () k → λs. k 42 R
  close () k → λs. k () C

The initial state is R Aim: To verify that the program uses 
the operations according the following DFA
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Γ ⊢ 𝑒𝑒 ∶ Σ ⊳ 𝑇𝑇 / 𝒙𝒙.𝑪𝑪𝑰𝑰 ⇒ 𝑪𝑪𝑭𝑭
◊ Expression 𝑒𝑒 is assumed to be evaluated under 
𝒞𝒞  𝐡𝐡𝐡𝐡𝐡𝐡𝐡𝐡𝐡𝐡𝐡𝐡 ℰ  𝐰𝐰𝐰𝐰𝐰𝐰𝐰𝐰 ℎ such that 𝜆𝜆𝜆𝜆.𝐡𝐡𝐡𝐡𝐡𝐡𝐡𝐡𝐡𝐡𝐡𝐡 ℰ  𝑥𝑥 𝐰𝐰𝐰𝐰𝐰𝐰𝐰𝐰 ℎ ∶ (𝒙𝒙 ∶ 𝑇𝑇 → 𝑪𝑪𝑰𝑰)

Signatures                Σ ∷=  op𝑖𝑖 ∶ 𝑇𝑇𝑖𝑖 ↠ 𝑆𝑆𝑖𝑖  /𝒙𝒙.𝑪𝑪𝑰𝑰,𝒊𝒊 ⇒ 𝑪𝑪𝑭𝑭,𝒊𝒊 𝑖𝑖

Γ, 𝑥𝑥𝑟𝑟 ∶ 𝑇𝑇𝑟𝑟 ⊢ 𝑒𝑒𝑟𝑟 ∶ 𝑪𝑪𝑰𝑰

𝐫𝐫𝐫𝐫𝐫𝐫𝐫𝐫𝐫𝐫𝐫𝐫 𝑥𝑥𝑟𝑟 ↦ 𝑒𝑒𝑟𝑟
                                ⊎  𝐨𝐨𝐩𝐩𝑖𝑖 𝑥𝑥 𝑘𝑘 ↦ 𝑒𝑒𝑖𝑖 𝑖𝑖

Γ ⊢ Σ ⊳ 𝑇𝑇𝑟𝑟 / 𝑪𝑪𝑰𝑰 ⇒ 𝑪𝑪𝑭𝑭 ⇝ 𝑪𝑪𝑭𝑭 ∶
 

∀𝑖𝑖. Γ, 𝑥𝑥 ∶ 𝑇𝑇𝑖𝑖 ,𝑘𝑘 ∶ (𝒙𝒙 ∶ 𝑆𝑆𝑖𝑖) → 𝑪𝑪𝑰𝑰,𝒊𝒊 ⊢ 𝑒𝑒𝑖𝑖 ∶ 𝑪𝑪𝑭𝑭,𝒊𝒊

Σ =  op𝑖𝑖 ∶ 𝑇𝑇𝑖𝑖 ↠ 𝑆𝑆𝑖𝑖 /𝒙𝒙.𝑪𝑪𝑰𝑰,𝒊𝒊 ⇒ 𝑪𝑪𝑭𝑭,𝒊𝒊 𝑖𝑖
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𝚺𝚺 = { 𝐝𝐝𝐝𝐝𝐝𝐝𝐝𝐝𝐝𝐝𝐝𝐝 ∶ 𝐮𝐮𝐮𝐮𝐮𝐮𝐮𝐮 → 𝐛𝐛𝐛𝐛𝐛𝐛𝐛𝐛 / 
                                 𝑏𝑏. {𝑧𝑧 ∣ 𝑏𝑏 ⇒ 𝑧𝑧 = 𝑛𝑛1 ∧ ¬𝑏𝑏 ⇒ 𝑧𝑧 = 𝑛𝑛2} ⇒
                                     {𝑧𝑧 ∣ 𝑧𝑧 = 𝑛𝑛1 + 𝑛𝑛2} 
        }
handle
  // {𝑧𝑧 ∣ 𝑧𝑧 = 𝑛𝑛1 + 𝑛𝑛2}
  let b = decide() in
  // {𝑧𝑧 ∣ 𝑏𝑏 ⇒ 𝑧𝑧 = 𝑛𝑛1 ∧ ¬𝑏𝑏 ⇒ 𝑧𝑧 = 𝑛𝑛2}
  let x = if b then n1 else n2 in
  // {𝑧𝑧 ∣ 𝑧𝑧 = 𝑥𝑥}
  x
with
  return x    → x : {𝑧𝑧 ∣ 𝑧𝑧 = 𝑥𝑥}
  decide () k → (k true) + (k false)
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𝚺𝚺 = { 𝐝𝐝𝐝𝐝𝐝𝐝𝐝𝐝𝐝𝐝𝐝𝐝 ∶ 𝐮𝐮𝐮𝐮𝐮𝐮𝐮𝐮 → 𝐛𝐛𝐛𝐛𝐛𝐛𝐛𝐛 / 
                                 𝑏𝑏. {𝑧𝑧 ∣ 𝑏𝑏 ⇒ 𝑧𝑧 = 𝑛𝑛1 ∧ ¬𝑏𝑏 ⇒ 𝑧𝑧 = 𝑛𝑛2} ⇒
                                     {𝑧𝑧 ∣ 𝑧𝑧 = 𝑛𝑛1 + 𝑛𝑛2} 
        }
handle
  // {𝑧𝑧 ∣ 𝑧𝑧 = 𝑛𝑛1 + 𝑛𝑛2}
  let b = decide() in
  // {𝑧𝑧 ∣ 𝑏𝑏 ⇒ 𝑧𝑧 = 𝑛𝑛1 ∧ ¬𝑏𝑏 ⇒ 𝑧𝑧 = 𝑛𝑛2}
  let x = if b then n1 else n2 in
  // {𝑧𝑧 ∣ 𝑧𝑧 = 𝑥𝑥}
  x
with
  return x    → x : {𝑧𝑧 ∣ 𝑧𝑧 = 𝑥𝑥}
  decide () k → (k true) + (k false)

𝑏𝑏 ∶ 𝐛𝐛𝐛𝐛𝐛𝐛𝐛𝐛 → {𝑧𝑧 ∣ 𝑏𝑏 ⇒ 𝑧𝑧 = 𝑛𝑛1 ∧ ¬𝑏𝑏 ⇒ 𝑧𝑧 = 𝑛𝑛2}
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Signatures   Σ ∷=  op𝑖𝑖 ∶ ∀𝑿𝑿: �𝐁𝐁.  𝑇𝑇𝑖𝑖 ↠ 𝑆𝑆𝑖𝑖  /𝑥𝑥.𝐶𝐶𝐼𝐼,𝑖𝑖 ⇒ 𝐶𝐶𝐹𝐹,𝑖𝑖  𝑖𝑖

Γ, 𝑥𝑥𝑟𝑟 ∶ 𝑇𝑇𝑟𝑟 ⊢ 𝑒𝑒𝑟𝑟 ∶ 𝐶𝐶𝐼𝐼

𝐫𝐫𝐫𝐫𝐫𝐫𝐫𝐫𝐫𝐫𝐫𝐫 𝑥𝑥𝑟𝑟 ↦ 𝑒𝑒𝑟𝑟
                                ⊎  𝐨𝐨𝐩𝐩𝑖𝑖 𝑥𝑥 𝑘𝑘 ↦ 𝑒𝑒𝑖𝑖 𝑖𝑖

Γ ⊢ Σ ⊳ 𝑇𝑇𝑟𝑟 / 𝐶𝐶𝐼𝐼 ⇒ 𝐶𝐶𝐹𝐹 ⇝ 𝐶𝐶𝐹𝐹  ∶
 

∀𝑖𝑖. Γ,𝑿𝑿: �𝐁𝐁, 𝑥𝑥 ∶ 𝑇𝑇𝑖𝑖 ,𝑘𝑘 ∶ (𝑥𝑥 ∶ 𝑆𝑆𝑖𝑖) → 𝐶𝐶𝐼𝐼,𝑖𝑖 ⊢ 𝑒𝑒𝑖𝑖 ∶ 𝐶𝐶𝐹𝐹,𝑖𝑖

Σ =  op𝑖𝑖 ∶ ∀𝑿𝑿: �𝐁𝐁.𝑇𝑇𝑖𝑖 ↠ 𝑆𝑆𝑖𝑖  /𝑥𝑥.𝐶𝐶𝐼𝐼,𝑖𝑖 ⇒ 𝐶𝐶𝐹𝐹,𝑖𝑖 𝑖𝑖

Γ ⊢ 𝑣𝑣: Σ ⊳ 𝑇𝑇 ∀𝑿𝑿: �𝐁𝐁.𝑇𝑇 ↠ 𝑆𝑆 /𝑥𝑥.𝐶𝐶𝐼𝐼 ⇒ 𝐶𝐶𝐹𝐹 ∈ Σ Γ ⊢ 𝑷𝑷 ∶ �𝐁𝐁
Γ ⊢ op 𝑣𝑣 ∶ Σ ⊳ (𝑆𝑆 / 𝑥𝑥.𝐶𝐶𝐼𝐼 ⇒ 𝐶𝐶𝐹𝐹)[𝑿𝑿 ↦ 𝑷𝑷]
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𝚺𝚺 = { 𝐬𝐬𝐬𝐬𝐬𝐬 ∶ ∀𝑿𝑿: 𝐢𝐢𝐢𝐢𝐢𝐢, 𝐢𝐢𝐢𝐢𝐢𝐢 . 𝑥𝑥 ∶ 𝐢𝐢𝐢𝐢𝐢𝐢 → 𝐮𝐮𝐮𝐮𝐮𝐮𝐮𝐮 / _.  𝑠𝑠: 𝐢𝐢𝐢𝐢𝐢𝐢 → 𝑧𝑧: 𝐢𝐢𝐢𝐢𝐢𝐢 𝑿𝑿 𝑧𝑧, 𝑠𝑠 ⇒  
                                                                     s′: 𝐢𝐢𝐢𝐢𝐢𝐢 → {𝑧𝑧: 𝐢𝐢𝐢𝐢𝐢𝐢 ∣ 𝑿𝑿 𝑧𝑧, 𝑥𝑥 } ,

             𝐠𝐠𝐠𝐠𝐠𝐠 ∶ ∀𝒀𝒀: 𝐢𝐢𝐢𝐢𝐢𝐢, 𝐢𝐢𝐢𝐢𝐢𝐢, 𝐢𝐢𝐢𝐢𝐢𝐢 .𝐮𝐮𝐮𝐮𝐮𝐮𝐮𝐮 → 𝐢𝐢𝐢𝐢𝐢𝐢 / 𝑦𝑦. 𝑠𝑠: 𝐢𝐢𝐢𝐢𝐢𝐢 → 𝑧𝑧: 𝐢𝐢𝐢𝐢𝐢𝐢 𝒀𝒀 𝑧𝑧, 𝑠𝑠,𝑦𝑦 ⇒  
 s′: 𝐢𝐢𝐢𝐢𝐢𝐢 → {𝑧𝑧: 𝐢𝐢𝐢𝐢𝐢𝐢 ∣ 𝑿𝑿 𝑧𝑧, 𝑠𝑠𝑠, 𝑠𝑠𝑠 }          }
handle
  // 𝐢𝐢𝐢𝐢𝐢𝐢 → {𝑧𝑧 ∣ 𝑧𝑧 = 𝑛𝑛1 + 𝑛𝑛2}
  set n1;          (* 𝑋𝑋 ↦ 𝜆𝜆𝜆𝜆, 𝑠𝑠.  𝑧𝑧 = 𝑠𝑠 + 𝑛𝑛2 *)
  // 𝑠𝑠: 𝐢𝐢𝐢𝐢𝐢𝐢 → {𝑧𝑧 ∣ 𝑧𝑧 = 𝑠𝑠 + 𝑛𝑛2}
  let x = get() in (* 𝑌𝑌 ↦ 𝜆𝜆𝜆𝜆, 𝑠𝑠, 𝑦𝑦.  𝑧𝑧 = 𝑦𝑦 + 𝑛𝑛2} *)
  // 𝐢𝐢𝐢𝐢𝐢𝐢 → {𝑧𝑧 ∣ 𝑧𝑧 = 𝑥𝑥 + 𝑛𝑛2}
  set n2;          (* 𝑋𝑋 ↦ 𝜆𝜆𝜆𝜆, 𝑠𝑠.  𝑧𝑧 = 𝑥𝑥 + 𝑠𝑠} *)
  // s: 𝐢𝐢𝐢𝐢𝐢𝐢 → {𝑧𝑧 ∣ 𝑧𝑧 = 𝑥𝑥 + 𝑠𝑠}
  let y = get() in (* 𝑌𝑌 ↦ 𝜆𝜆𝜆𝜆, 𝑠𝑠, 𝑦𝑦.  𝑧𝑧 = 𝑥𝑥 + 𝑦𝑦} *)
  // 𝐢𝐢𝐢𝐢𝐢𝐢 → {𝑧𝑧 ∣ 𝑧𝑧 = 𝑥𝑥 + 𝑦𝑦}
  x + y
with …



Open Questions

♦ Modularity
◊ Adding effect polymorphism is challenging (due to ATM)

♦ Abstraction versus Preciseness

♦ Lexical handlers

♦ Scalability for real programs
◊ Preliminary experiments for OCaml 5

♦ More dependency?
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