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A B S T R A C T

Shift error of modulation frequency generated from the refractive-index dispersion of a transparent glass
plate and the nonlinear properties of phase modulation during wavelength tuning need to be suppressed for
determining the homogeneity in optical thickness of the glass plate with wavelength tuning. In this study,
we develop a new method to eliminate the dispersive error of refractive index and the nonlinear error of the
phase modulation simultaneously. Moreover, a new 21-sample phase-extraction algorithm is derived using the
proposed method. Characteristics of the newly designed algorithm are visualized in the frequency domain and
on the complex plane. Numerical analysis show that the 21-sample algorithm has a greater error-suppression
ability than other classical algorithms. The homogeneity in optical thickness of the transparent glass plate is
determined by combining the proposed 21-sample algorithm and Fizeau-type interferometer. The standard
deviation of thickness profiling measurement is 5.658 nm. This is significantly smaller than the standard
deviation of other algorithms. Furthermore, the two-dimensional thickness distributions demonstrated that the
proposed 21-sample algorithm can suppress residual ripples more effectively compared with other algorithms.
. Introduction

A glass plate is an essential optical component for precision in-
truments and lithography equipment used widely in semiconductor
ndustry. The homogeneity in optical thickness has a significant impact
n the characteristics and performance of lithography equipment [1,2].
herefore, precise measurement of the homogeneity in optical thickness

s necessary to produce fine-patterned and high-performance semicon-
uctors. The blank mask used in the lithography equipment has a
hickness of 1 mm to 8 mm, and the larger the mask size, the thicker the
hickness. Generally, the fused silica glass plates with a size of 152 mm

152 mm and a thickness of 6 mm have been widely used as blank
asks.

Several researchers have proposed optical thickness measurement
sing white-light interferometry [3–8]. However, For large-diameter
amples with a thickness of few millimeters, such as mask glass, the
easurement accuracy of the white light interferometer deteriorates

ecause of the wavelength dispersion and difficulty to move the sam-
le along the optical axis exactly, and lateral spatial scanning is re-
uired [4–6]. Furthermore, the measurement uncertainty increases cor-
esponding to the increase of the glass thickness in white-light inter-
erometry because of the dispersive error of the refractive index when
aser beam propagates inside the transparent glass plate [7,8]. The
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E-mail address: yangjin@pusan.ac.kr (Y. Kim).

wavelength-tuning technique combined with the Fizeau interferome-
ter has been widely used [9–13] in recent decades to overcome the
limitations of white-light interferometry and obtain accurate thickness
measurements. In wavelength-tuning interferometry, beams reflected
from the reference and sample surfaces interfere with each other.
The phase difference between two interfered beams changes linearly,
and the phase is determined by arctangent-type algorithm [12]. The
accuracy of the wavelength-tuning interferometry is greatly reliant on
the error compensation by the phase-extraction algorithm [14,15].

Possible errors due to the impact of harmonic elements from multi-
ple reflections and the nonlinear properties of phase modulation need
to be analyzed for increasing the thickness measurement accuracy of
wavelength-tuning interferometry [14,16,17]. The multiple reflections
on the reference and sample surfaces lead to the occurrence of unnec-
essary harmonic elements. Moreover, the nonlinear properties occurred
during the wavelength tuning can lead to inconsistency in phase-
modulation interval, nonlinear error in phase modulation. Therefore,
the phase-extraction algorithm should minimize the impact of harmonic
elements and nonlinear error in wavelength-tuning interferometry to
obtain nanometer-scale measurement uncertainty.

Furthermore, refractive-index dispersion inside the glass plate is an
important factor for accurately determining the homogeneity in the
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optical thickness of the glass plate with the wavelength tuning [9,11,
18–20]. The dispersive error of the refractive index inside the glass
plate and the nonlinear error of phase modulation cause the modulation
frequency to deviate from the ideal target value [18]. The deviation
of the modulation frequency is called shift error of the modulation
frequency. To reduce the dispersive error, the width of the scanning
range of the wavelength should be significantly smaller than the scan-
ning range of the laser wavelength [19]. However, decrease in the
width of the scanning range of the wavelength causes problems, such
as scattering of the target frequency and large sidelobe level between
the target and adjacent frequencies. To the best of our knowledge, no
existing phase-extraction algorithm analyzes the impact of dispersive
error and nonlinear error on optical thickness measurement.

Therefore, in this study, we design a new method to eliminate
the nonlinear error of phase modulation and dispersive error of the
refractive index in wavelength tuning for estimating the homogeneity
in the optical thickness of the glass plate. A new 21-sample algo-
rithm is derived using the proposed method. In Section 2, the mod-
ulation frequency is formulated based on the refractive-index disper-
sion and nonlinear property. Moreover, the five critical conditions are
derived for the development of the new 21-sample phase-extraction
algorithm by the Fourier analysis [21,22]. In Section 3, the newly
developed 21-sample algorithm is visualized in two different ways:
by the Fourier transform description [21] and characteristic poly-
nomial approach [23]. In Section 4, we numerically compare the
error-suppression ability of the proposed 21-sample algorithm using
dispersive error [24], signal-to-noise ratio (SNR) [24], and the non-
linear error [16] with the those of several other classical algorithms.
Finally, in Section 5, we measure the homogeneity in the optical
thickness of a BK7 glass plate by combining the proposed 21-sample
phase-extraction algorithm and the Fizeau-type wavelength-tuning in-
terferometry. The results of profiling measurement are compared with
other algorithms with respect to the standard deviation of the mea-
surement and the residual ripples of the two-dimensional thickness
distribution.

2. 21-Sample phase-extraction algorithm

2.1. Three-surface Fizeau interferometer

The optical thickness nT can be obtained using a simple two-surface
interferometer. However, for the separation of refractive index n and
eometric thickness T from the optical thickness nT, a multiple-surface
nterferometer should be considered [25] as illustrated in Fig. 1. In
ig. 1, the absolute distance 𝐿1 between the two reference surfaces is
easured by analyzing the signal frequency #1. And the accuracy of

he absolute distance measurement is determined by the used phase-
xtraction algorithm [25]. After the insertion of the sample plate, the
wo air gap distances 𝐿2, 𝐿3 and absolute optical thickness nT can
e measured by analyzing the signal frequencies #2, #3, and #4,
espectively. The geometric thickness of the sample T can be obtained
y the subtraction of three air-gap distance distributions (𝑇 = 𝐿1 - 𝐿2
𝐿3). The distribution of refractive index n can be determined from

he obtained absolute optical thickness nT and geometric thickness T.
Therefore, the thickness of a transparent glass plate should be measured
on the multiple-surface interferometer, shown in Fig. 2, for future
research expansion with suppressing the other frequencies.

In the geometric layout of Fig. 2, L and nT denote air-gap distance
and the optical thickness of the glass plate, respectively. In this study,
the air-gap distance L is triple the optical thickness nT to separate each
signal in the frequency domain (integer ratio).

The laser beam is reflected on the three surfaces of the Fizeau inter-
ferometer illustrated in Fig. 2, the reference surface, top, and bottom
surfaces of the sample. The fundamental modulation frequencies 𝜈1
orresponds to the optical thickness, and 𝜈3, and 𝜈4 correspond to the

op and bottom surfaces of the transparent glass plate respectively. In

2

Fig. 1. Geometric layout of multiple-surface Fizeau interferometer for separating the
refractive index and geometric thickness.

Fig. 2. Geometric layout of three-surface Fizeau interferometer for measuring the
optical thickness.

the three-surface interferometer as Fig. 2, the modulation frequencies
except three illustrated frequencies (𝜈1, 𝜈3, and 𝜈4) are generated by
the double reflection, the amplitudes of which are significantly smaller
than the amplitudes of the three illustrated frequencies (𝜈1, 𝜈3, and 𝜈4).

The signal intensity can be expressed with respect to time t as
follows [14]:

𝐼 (𝑥, 𝑦, 𝑡) = 𝐴0 +
∞
∑

𝑚=1
𝐴𝑚 cos

[

𝑣𝑚𝑡 + 𝜑𝑚 (𝑥, 𝑦)
]

, (1)

where 𝐴𝑚, 𝜈𝑚, and 𝜑𝑚 are magnitude, frequency, and phase of the
mth harmonic elements, respectively, and 𝐴0 is DC part of the signal
intensity. The fundamental phase 𝜑1 is the target phase to be extracted.

The optical path difference (OPD) 𝐷𝑚 generated from two interfered
beams can be expressed by integer multiples of L and nT as

𝐷𝑚 = 2 (𝑤𝐿 + 𝑘𝑛𝑇 ) , (2)

where w and k are integers that determine OPD 𝐷𝑚.
Table 1 shows the relative frequency, relative magnitude, and OPD

of the modulation frequencies when the optical setup is as Fig. 2 with
L = 3nT and the reflectivity R of each surface. In this study, for the
optical thickness profiling, the fundamental phase 𝜑1 is the target phase
to be extracted, so, the harmonic frequencies listed in Table 1 (except
𝜈1) should be effectively suppressed.

The harmonic elements listed in Table 1 (except 𝜈1) should be
effectively suppressed for the precise phase extraction of the target
phase 𝜑1.

2.2. Shift error of modulation frequency

The phase 𝜑𝑚 of the mth harmonic elements can be expressed
using the OPD (𝐷𝑚) of the corresponding interfered beam because the
wavelength tuned from the laser changes linearly [26].

𝜑 =
2𝜋𝐷𝑚 . (3)
𝑚 𝜆
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Table 1
Features of the modulation frequency during the wavelength tuning with optical setup as in Fig. 2.

Modulation frequency (𝜈𝑚) Relative frequency (𝜈𝑚∕𝜈1) Relative magnitude (𝐴𝑚∕𝐴1) OPD (𝐷𝑚)

𝜈1 1 1 2(𝑛𝑇 )
𝜈2 2 𝑅 2(2𝑛𝑇 )
𝜈3 3 1 2𝐿 =2(3𝑛𝑇 )
𝜈4 4 1 2(𝐿 + 𝑛𝑇 )=2(4𝑛𝑇 )
𝜈5 2 𝑅 2(𝐿 − 𝑛𝑇 )=2(2𝑛𝑇 )
𝜈6 5 2𝑅 2(𝐿 + 2𝑛𝑇 )=2(5𝑛𝑇 )
𝜈7 6 𝑅 4𝐿=2(6𝑛𝑇 )
𝜈8 7 2𝑅 2(2𝐿 + 𝑛𝑇 )=2(7𝑛𝑇 )
𝜈9 8 𝑅 2(2𝐿 + 2𝑛𝑇 )=2(8𝑛𝑇 )
𝑏
T
a
𝑏

𝑎

t
t

𝐹

𝐹

w
a
d
r

f

The modulation frequency 𝜈𝑚 can be obtained from the time differ-
ntiation of the phase 𝜑𝑚. Hence, the modulation frequency 𝜈𝑚 is
roportionate to the OPD of the respective interfered beam:

𝑚 = 1
2𝜋

𝑑𝜑𝑚
𝑑𝑡

=
2𝜋𝐷𝑚

𝜆20

(𝑑𝜆
𝑑𝑡

)

= 4𝜋
𝜆02

(

𝑤𝐿 + 𝑘𝑛0𝑇
)

(𝑑𝜆
𝑑𝑡

)

, (4)

where 𝜆0 is the center wavelength during the wavelength tuning. The
subscript 0 indicates value at the center wavelength 𝜆0. The fundamen-
tal frequency 𝜈1 representing the optical thickness of the glass plate is
expressed as follows:

𝑣1 =
4𝜋𝑛0𝑇
𝜆02

(𝑑𝜆
𝑑𝑡

)

. (5)

he refractive index (𝑛0) at the center wavelength 𝜆0 alters the group
efractive index (𝑛𝑔) corresponding to propagation of the interfered
eams into the transparent glass plate at a low velocity (𝑐𝑔) during
avelength tuning based on the refractive-index dispersion inside the

ransparent glass plate.

𝑔 = 𝑛0 − 𝜆0
( 𝑑𝑛
𝑑𝜆

)

0
, (6)

𝑐𝑔 = 𝑐
𝑛𝑔

= 𝑐

𝑛0 − 𝜆0
(

𝑑𝑛
𝑑𝜆

)

0

, (7)

where (dn/d𝜆)0 is the chromatic dispersion [27], and c is the speed of
light. The chromatic dispersion is negative in case of normal dispersion.
Therefore, the interfered beams propagate at a low group velocity
(𝑐𝑔) with refractive-index dispersion. Consequently, the modulation
frequencies deviate from the ideal set value. This is shift error of
modulation frequency. The modulation frequency can be redefined by
substituting Eq. (6) into Eq. (4) and replacing 𝑛0 with 𝑛𝑔 because OPD
is a function of the refractive index obtained from Eq. (2).

𝑣𝑚 = 4𝜋
𝜆02

{

𝑤𝐿 + 𝑘𝑛0𝑇
[

1 −
𝜆0
𝑛0

( 𝑑𝑛
𝑑𝜆

)

0

]}

(𝑑𝜆
𝑑𝑡

)

= 𝑣1

{

𝑤 𝐿
𝑛0𝑇

+ 𝑘
[

1 −
𝜆0
𝑛0

( 𝑑𝑛
𝑑𝜆

)

0

]}

, (8)

here -(𝜆0∕𝑛0)(dn/d𝜆)0 is the dispersion factor. Moreover, the disper-
ion inside the air gap can be neglected because it is minute compared
o the dispersion inside the transparent glass plate.

Moreover, the piezoelectric transducer (PZT) in the laser diode
ommonly has nonlinear properties [28] resulting in the shift error of
odulation frequency during wavelength tuning expressed as follows:

𝑚 = 𝑣1

(

𝑤 𝐿
𝑛0𝑇

+ 𝑘
)(

1 + 𝜀1 + 𝜀2
𝑣1𝑡
𝜋

+⋯
)

, (9)

where 𝜀𝑘 is the kth nonlinear property. In this study, we use first
nonlinear property 𝜀1.

Finally, the real modulation frequency 𝜈𝑚 based on the refractive-
index dispersion inside the glass plate and the first nonlinear property
of phase modulation can be defined as follows:

𝑣𝑚 = 𝑣1

{

𝑤 𝐿
𝑛0𝑇

+ 𝑘
[

1 −
𝜆0
𝑛0

( 𝑑𝑛
𝑑𝜆

)

0

]

+
(

𝑤 𝐿
𝑛0𝑇

+ 𝑘
)

𝜀1

}

. (10)

On the right-hand side of Eq. (10), the second term in the square
bracket denotes the dispersive error inside the glass plate, and the third
term denotes the nonlinear error of phase modulation.
 h

3

2.3. Derivation of 21-sample algorithm

The phase of signal intensity can be obtained by M -sample phase-
extraction algorithm. In the arctangent-type phase-extraction algo-
rithm, the signal intensity is captured (M – 1) times with constant
intervals 𝜈1𝛥t = 2π/N, where N is the phase-segmentation integer. The
target phase 𝜑1 can be calculated as follows: [14]

𝜑1(𝑥, 𝑦) = tan−1
(

∑𝑀
𝑟=1 𝑏𝑟𝐼(𝑥, 𝑦, 𝑡)

∑𝑀
𝑟=1 𝑎𝑟𝐼(𝑥, 𝑦, 𝑡)

)

, (11)

where 𝑎𝑟 and 𝑏𝑟 are the sampling amplitudes that determine the error-
suppression ability of the algorithm. The sampling amplitudes 𝑎𝑟 and
𝑟 have symmetric and asymmetric properties, respectively [17,29].
herefore, the sampling amplitudes can be expressed in symmetric and
symmetric forms with respect to the center values of 𝑎(𝑀+1)∕2 and
(𝑀+1)∕2, respectively, in the case of an odd numbered M as follows:

𝑟 =
(

𝑎1, 𝑎2,… , 𝑎𝑀+1
2

,… , 𝑎𝑀−1, 𝑎𝑀

)

=
(

𝑎1, 𝑎2,… , 𝑎𝑀+1
2

,… , 𝑎2, 𝑎1

)

, (12)

𝑏𝑟 =
(

𝑏1, 𝑏2,… , 𝑏𝑀+1
2

,… , 𝑏𝑀−1, 𝑏𝑀

)

=
(

𝑏1, 𝑏2,… , 𝑏𝑀+1
2

,… ,−𝑏2,−𝑏1

)

. (13)

Sampling functions of a new phase-extraction algorithm in the
frequency domain are utilized to manage the response of the algorithm
with suppression of the harmonic elements and the shift error of
modulation frequency [30]. The sampling functions can be obtained
from the Fourier transformation of the sampling amplitudes. To obtain
the sampling functions in the frequency domain, the sampling functions
in the time domain should be defined as follows: [22,29]

𝑓1(𝑡) =
𝑀
∑

𝑟=1
𝑏𝑟𝛿(𝑡 − 𝑡𝑟), (14)

𝑓2(𝑡) =
𝑀
∑

𝑟=1
𝑎𝑟𝛿(𝑡 − 𝑡𝑟), (15)

where 𝛿 is a delta function. We can then obtain the sampling func-
ions in the frequency domain with the Fourier transformation of the
ime-domain sampling functions in Eqs. (14) and (15):

1(𝑣) =
𝑀
∑

𝑟=1
𝑏𝑟 exp(−𝑖𝑣𝑡𝑟) = −𝑖

𝑀
∑

𝑟=1
𝑏𝑟 sin(𝑣𝑡𝑟), (16)

2(𝑣) =
𝑀
∑

𝑟=1
𝑎𝑟 exp(−𝑖𝑣𝑡𝑟) =

𝑀
∑

𝑟=1
𝑎𝑟 cos(𝑣𝑡𝑟), (17)

here i is an imaginary unit. Given that the sampling amplitudes 𝑎𝑟
nd 𝑏𝑟 have symmetrical and asymmetrical properties, the frequency-
omain sampling functions 𝐹1 and 𝐹2 are imaginary and real functions,
espectively.

The sampling functions should satisfy the following five conditions
or calculating the exact target phase 𝜑1 and eliminate the impact of the
armonic elements and the shift error of modulation frequency on the
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calculation. The phase-segmentation integer N should be larger than 11
to suppress up to the ninth harmonic elements listed in Table 1 [31].
In this study, the phase-segmentation number is 12 with a margin.

✓ Condition 1. The sampling functions should have matched value
at the fundamental frequency 𝜈1 to calculate the exact target
phase 𝜑1:

𝑖𝐹1
(

𝑣1
)

= 𝐹2
(

𝑣1
)

. (18)

✓ Condition 2. The sampling functions should have matched slope
at the fundamental frequency 𝜈1 to suppress the nonlinear error
in the target phase 𝜑1:
𝑑
𝑑𝑣

[

𝑖𝐹1 (𝑣)
]

𝑣=𝑣1
= 𝑑

𝑑𝑣
[

𝐹2 (𝑣)
]

𝑣=𝑣1
. (19)

✓ Condition 3. The sampling functions should have zero magnitudes
at 𝑚 = 2, 3, 4, . . . , 10 to suppress up to the tenth order harmonic
elements:

𝑖𝐹1
(

𝑣𝑚
)

= 𝐹2
(

𝑣𝑚
)

= 0, 𝑚 = 2, 3, 4,… , 10. (20)

✓ Condition 4. The sampling functions should have zero slope at
𝑚 = 2, 3, and 4 to suppress the nonlinear error at the harmonic
elements:
𝑑
𝑑𝑣

[

𝑖𝐹1 (𝑣)
]

𝑣=𝑣𝑚
= 𝑑

𝑑𝑣
[

𝐹2 (𝑣)
]

𝑣=𝑣𝑚
= 0, 𝑚 = 2, 3, 4. (21)

✓ Condition 5. The sidelobes between the third and fourth as well
as between the fourth and fifth harmonic frequencies should
have minimal magnitudes to suppress the dispersive error of the
refractive index:

𝐹1,2(3.5𝑣1) ≈ 0, (22)

𝐹1,2(4.5𝑣1) ≈ 0. (23)

We use a linear equation S(𝑎2, 𝑏2) to satisfy Eqs. (22) and (23),
where the second values of each sampling amplitude (𝑎2 and 𝑏2)
are independent variables. S(𝑎2, 𝑏2) is a linear function of 𝑎2 and
𝑏2 expressed as the square sum of the sampling functions 𝐹1 and
𝐹2.

𝑆
(

𝑎2, 𝑏2
)

= |

|

|

𝐹1
(

3.5𝜈1
)

|

|

|

2
+ |

|

|

𝐹2
(

3.5𝜈1
)

|

|

|

2
+ |

|

|

𝐹1
(

4.5𝜈1
)

|

|

|

2
+ |

|

|

𝐹2
(

4.5𝜈1
)

|

|

|

2
.

(24)

Our goal is to obtain 𝑎2 and 𝑏2 that can minimize the linear
equation S. As The linear equation S is a simple quadratic function
of 𝑎2 and 𝑏2 because 𝐹1 is purely imaginary and 𝐹2 is real function.
Moreover, we use the partial derivative of this equation with
respect to 𝑎2 and 𝑏2 to minimize the linear equation.
𝜕𝑆
𝜕𝑎2

= 0, 𝜕𝑆
𝜕𝑏2

= 0. (25)

he number of sampling amplitudes should be at least 21 to satisfy
he five conditions. We can obtain the sampling amplitudes of the
roposed 21-sample algorithm by substituting Eqs. (12) and (13) into
qs. (18)–(21), (24), and (25) based on the five conditions.

𝑟 = [−0.0085,−0.0241,−0.0501,−0.0722,−0.0833,−0.0722,

−0.0332, 0.0241, 0.1443, 0.0918, 0.1667,…] , (26)
𝑏𝑟 = [0.0114, 0.0134, 0.0103,−0.0149,−0.0505,−0.0982,

−0.1341,−0.1533,−0.1329,−0.0833, 0,…] . (27)

The remainder of the sampling amplitudes with respect to 𝑎11 and
11 follow the below rules:

𝑟 = 𝑎𝑀+1−𝑟 (𝑟 ≥ 12) , (28)
𝑏𝑟 = −𝑏𝑀+1−𝑟 (𝑟 ≥ 12) . (29)

4

. Visualization of 21-sample algorithm

.1. Fourier description of 21-sample algorithm in frequency domain

The proposed 21-sample phase-extraction algorithm can be featured
n the frequency domain by the sampling functions defined in Eqs. (16)
nd (17) to deduce the characteristics and behaviors of the proposed
lgorithm:

Fig. 3 illustrates the sampling functions 𝑖𝐹 1(𝜈) and 𝐹2(𝜈) of the 21-
ample phase-extraction algorithm having a matched value and slope at
he fundamental frequency 𝜈1 marked with a purple circle. Hence, the
1-sample algorithm can extract the exact target phase 𝜑1 (condition
) and suppress the nonlinear error in the calculated phase (condition
). The sampling functions have zero magnitudes in pink circles where
= 2, 3, 4, . . . , 10 demonstrating that the proposed algorithm can

liminate the impact of the harmonic elements from second to tenth
rder (condition 3). Moreover, the sampling functions whose m equal
o 2, 3, and 4 have zero slope indicated by green circles demonstrating
hat the proposed algorithm can suppress the nonlinear error at the
econd, third, and fourth harmonic elements (condition 4). Finally,
ondition 5 can be satisfied by the minimized sidelobes between 𝑚 = 3
nd 4 as well as between 𝑚 = 4 and 5 marked with blue arrows
emonstrating that the proposed algorithm can minimize the dispersive
rror. The five conditions described in Section 2.2 can be verified by
nalyzing the characteristics and behaviors of the proposed 21-sample
lgorithm using a Fourier description in the frequency domain.

Fig. 3. Sampling functions of the proposed 21-sample algorithm and verification of
the five conditions.

3.2. Characteristic diagram of 21-sample algorithm on complex plane

The capability of the new algorithm can be verified using the
characteristic polynomial approach proposed by Surrel [23]. The poly-
nomial 𝑃21(x) of the 21-sample algorithm is expressed as

𝑃21 (𝑥) =
21
∑

𝑟=1

(

𝑎𝑟 + 𝑖𝑏𝑟
)

𝑥𝑟−1, (30)

where i is the imaginary unit, and x is defined as x = exp(im 𝜌) where
𝜌 is the phase-modulation interval (π∕6). The position and number of
roots indicate the capability of the algorithm that can be marked as
indicators of a characteristic diagram on the complex plane [23].

The characteristic diagram of the 21-sample algorithm is illustrated
in Fig. 4. The characteristic polynomial has roots at 𝑚 = 2, 3, . . . , 10
indicating the suppression of each mth harmonic elements (condition

3). The double root at m = −1 represents compensation of the nonlinear
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Fig. 4. Characteristic diagram of the 21-sample algorithm on the complex plane.

rror in the target phase 𝜑1 (condition 2). Moreover, double roots at
= 2, 3, and 4 indicate that the proposed algorithm can suppress

he nonlinear error at the second, third, and fourth harmonic elements
condition 4). Therefore, we can conclude that the gray dots denote
ulfillment of condition 5 by minimizing the sidelobes for suppression
f the dispersive error. The capability of the 21-sample algorithm can
e verified by representing the algorithm on the characteristic diagram.

. Numerical error analysis of 21-sample algorithm

.1. Dispersive error analysis of 21-sample algorithm

We use peak-to-valley (PV) error to analyze the suppression accu-
acy of the dispersive error by the 21-sample algorithm. The PV error
s the phase difference between the target phase calculated with and
ithout the dispersive error of the refractive index. The phase without
rror can be calculated using Eqs. (1) and (11), and the phase with error
an be calculated by substituting Eq. (8) into 𝜈𝑚 of Eq. (1). We neglect
he impact of nonlinear property by using Eq. (8) instead of Eq. (10)
nd analyze only impact of dispersion in this section.

For the comparative analysis, several conventional phase-extraction
lgorithms listed in Table 2 are considered. The names of the al-
orithms are simply written as the author and the number of sam-
les, for example, 11-sample algorithm by Hibino [29] as Hibino 11.
he proposed 21-sample algorithm is marked as proposed 21 in this
esearch.

We obtain the PV error as a function of the dispersion factor -
𝜆0∕𝑛0)(dn/d𝜆)0 with linearly varying phase 𝜑1 ranging from zero to 2π
s shown in Fig. 5. The PV error in the proposed 21-sample algorithm
0.4088) is more than 10 times smaller than the highest error (6.2325)
n Jeon 11-sample algorithm. This demonstrates that the proposed
1-sample algorithm exhibits superior dispersion-suppression ability
ompared to the algorithms written in Table 2.

Table 2
Properties of the phase-extraction algorithm used in comparison.

Algorithm Reference Number of samples Phase interval Year

Proposed 21 – 21 π∕6 –
Hibino 11 [29] 11 π∕3 1995
Estrada 9 [32] 9 π∕2 2009
Kim 13 [33] 13 π∕3 2020
Jeon 11 [17] 11 π∕2 2021
5

Fig. 5. PV error of the phase-extraction algorithms because of the dispersive error.

Table 3
SNR of phase-extraction algorithms.

Algorithm SNR

Proposed 21 13.8637
Hibino 11 5.1024
Estrada 9 5.9643
Kim 13 5.0442
Jeon 11 7.1111

4.2. Signal-to-noise ratio analysis of 21-sample algorithm

Another method to assess the error-suppression ability of the phase-
extraction algorithm is the signal-to-noise ratio (SNR) analysis cal-
culated based on the characteristic polynomial 𝑃21(x) in Eq. (30)
propounded by Surrel [30], and the frequency-transfer-function ap-
proach propounded by Servin et al. [24]. The SNR can be defined with
respect to the sampling functions 𝐹1 and 𝐹2 in Eqs. (16) and (17) as
follows:

𝑆𝑁𝑅
(

𝜈𝑚
)

=
|

|

|

𝑖𝐹1
(

𝑣𝑚
)

+ 𝐹2
(

𝑣𝑚
)

|

|

|

2

1
2𝜋 ∫ ∞

−∞
|

|

|

𝑖𝐹1
(

𝑣𝑚
)

+ 𝐹2
(

𝑣𝑚
)

|

|

|

2
𝑑𝜈

. (31)

The SNR at the fundamental frequency 𝜈1 can be given by

𝑆𝑁𝑅 =

∑21
𝑟=1

|

|

|

(

𝑎𝑟 + 𝑖𝑏𝑟
)

𝑥𝑟−1||
|

2

∑21
𝑟=1

|

|

𝑎𝑟 + 𝑖𝑏𝑟||
2

. (32)

The numerator of this equation is signal power, and the denominator
is noise power.

We calculate the SNR of the phase-extraction algorithms in Table 2.
From Table 3, we observe that the proposed 21 has significantly greater
SNR compared to the SNR of other algorithms (approximately 5 and
7). Hence, we establish that the proposed 21-sample algorithm has an
outstanding error-suppression ability by analyzing the SNR.

4.3. Nonlinear error analysis of 21-sample algorithm

The nonlinear property of phase modulation generates two types of
errors in the phase-extraction algorithm: nonlinear error in the target
phase and nonlinear error in the harmonic elements. The nonlinearity-
suppression ability of this new algorithm can be deduced by calculating
the root-mean-square (RMS) error of these two errors.
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c
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n

Fig. 6. RMS error of the phase-extraction algorithms as a function of the first nonlinear
property.

Hibino and de Groot calculated the RMS errors generated from the
first nonlinear property [16,29]. The RMS phase error because of the
first nonlinear property, 𝜎1, can be defined as follows:

𝜎1 =
1

2
√

2

|

|

|

|

𝑖𝐹1 (𝜈)
𝐹2 (𝜈)

− 1
|

|

|

|

. (33)

The RMS harmonic error because of the first nonlinear property, 𝜎2,
an be defined as

2 =
1
2

∞
∑

𝑚=2

𝛾𝑚
𝛾1

√

[

𝑖𝐹1 (𝑚𝜈)
𝑖𝐹1 (𝜈)

]2
+
[

𝐹2 (𝑚𝜈)
𝐹2 (𝜈)

]2
, (34)

where 𝛾𝑚 is contrast of the mth harmonic elements defined with the
reflectance of the reference surface and top and bottom surfaces of the
glass plate [16]. Finally, the net RMS error 𝜎 can be defined as

𝜎 =
√

𝜎12 + 𝜎22. (35)

Fig. 6 illustrates the results of the proposed 21-sample and several
classical algorithms listed in Table 2 applied in Eq. (35) as functions
of the first nonlinear property of the phase modulation. The 21-sample
algorithm can suppress the net RMS error 𝜎 under 2 nm when the first
nonlinear property 𝜀1 is ±15%. Although it is not the proposed 21-
sample algorithm that exhibit the lowest RMS error, it exhibits the best
results in PV error and SNR analysis. Estrada 9 has a marginally lower
RMS error than the proposed 21-sample algorithm, but it exhibits poor
results in PV error and SNR analysis. Moreover, Jeon 11 demonstrates
better nonlinearity-suppression ability than the proposed 21-sample
algorithm, but its PV error is more than 10 times higher than that of
the proposed 21-sample algorithm. Therefore, we can conclude that
the proposed 21-sample algorithm exhibits outstanding nonlinearity-
suppression ability. In addition, the Estrada 9 and Jeon 11 algorithms
cannot be expanded to simultaneously obtain the homogeneity in the
optical thickness and surface profile of the transparent glass plate.

5. Experiment

5.1. Fizeau-type interferometer with tunable laser

The homogeneity of the optical thickness of the BK7 transpar-
ent glass plate (Model No.: OPB-100C10-P, SIGMA KOKI, 10 mm in
thickness and 100 mm in diameter) was estimated using the Fizeau

interferometer (Fujifilm G102) with a tunable laser as shown in Fig. 7 v

6

to verify the suppression ability and accuracy of the new 21-sample
phase-extraction algorithm. The optical components inside Fizeau in-
terferometer are optimized with the wavelength of 632.8 nm and
manufactured by SIGMA KOKI.

The value of air-gap distance L was equal to 45.45 mm (L = 3nT =
3×1.515×10 = 45.45 mm, 𝑛 = 1.515 at 632.8 nm) from the precision
mechanical stage. The temperature of the laboratory was maintained
at 20.5 ◦C (±0.1 ◦C) during the experiments.

The source laser is a Littman-type wavelength-modulation diode
laser (New Focus TLB-6300-LN) [34] that has two tuning mode, coarse
tuning and fine tuning performed by picomotor and piezoelectric trans-
ducer (PZT), respectively. By using the picomotor, the wavelength of
the diode laser can be scanned coarsely from 632.8 nm to 638.7 nm
(maximum wavelength interval: 5.9 nm) with the velocity of 0.01
nm/s. And by using the PZT, the wavelength can be scanned 0.1 nm
finely from any wavelength between 632.8 nm and 638.7 nm (maxi-
mum wavelength interval: 0.1 nm). For example, the wavelength scan
scanned finely from 635.5 nm to 635.6 nm applying the voltage to
PZT. Generally, the fine tuning mode using PZT has been used to
measure the homogeneity in thickness and subrace shape of a trans-
parent plate [10]. The coarse tuning has been used to measure the
absolute thickness of a transparent plate [25]. The laser power during
wavelength tuning is under 6 mW. The beam emitted by the diode
laser was split by a beam splitter, and two divided beams were sent to
the Fizeau interferometer and wavelength meter (Anritsu MF9630 A).
The measurement accuracy of the wavelength meter is determined
by comparing wavelength measurement to an iodine-stabilized He–Ne
laser recommended by the International Metrology Committee to define
the reference meter length and calibrated with 10−9 uncertainty. The
beam guided into the Fizeau interferometer illuminated the surfaces
of the reference and glass plate through the collimator lens, and an
interferogram was made by reflected beams from three surfaces. The
accuracy of the reference surface in the Fizeau interferometer was
approximately 𝜆∕20 (32 nm). The interferogram was obtained using a
charge-coupled device (CCD) camera (Hamamatsu Photonics) with a
resolution of 640 × 480 pixels during the modulation of the wavelength
of the source laser. The dynamic range and pixel size of the CCD camera
were 8-bit and 25 μm, respectively.

Figs. 8 and 9 illustrates the experimental photograph of the mea-
surement glass sample on the Fizeau interferometer and interferogram
at 632.9 nm, respectively. In Fig. 7, the yellow line shows the reference
surface inside the reference surface unit, and the glass plate was located
under the reference surface with an air-gap distance of 45.45 mm.

5.2. Experimental result

The wavelength was finely modulated from 632.8671 to
632.9330 nm using the PZT inside a tunable diode laser. The necessary
scanning range can be calculated by

𝛥𝜆 = −
𝜆20

4𝜋𝑛𝑇
𝛥𝜑1 ≈ 0.066 nm, (36)

where 𝜆0 is the center wavelength. In this study, 𝜆0 was equal to
632.9 nm and 𝛥𝜑1 = 10π∕3 is the necessary phase change for the cal-
culation of 𝜑1 using 21-sample algorithm. During wavelength tuning,
the output power can fluctuate [35]. However, the wavelength interval
was extremely small (0.066 nm), therefore, the output power can be
considered to be stable. The very small fluctuation of output power
can exist, which manifest as the shift of the modulation frequency.
However, even though there is small shift on modulation frequency,
the newly developed 21-sample phase-extraction algorithm can com-
pensate the effect of the shift of the modulation frequency. During the
wavelength tuning, 21-interferogram images for the phase calculation
were acquired. The nonlinearity of wavelength tuning was estimated
at 𝜀1 = 5% in the preliminary experiment. In this experiments, the first
onlinearity was reduced to less than 0.3% by applying a quadratic
oltage to the PZT inner diode laser.
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Fig. 7. Fizeau-type interferometer with a tunable diode laser.
Fig. 8. Measurement glass sample on the Fizeau interferometer.

Fig. 9. Raw interferogram.
7

Fig. 10. Thickness distribution calculated by the 21-sample algorithm.

Fig. 11. Measurement result provided by the glass manufacturing company (SIGMA
KOKI).
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2

a

Fig. 10 illustrates the homogeneity in thickness calculated using the
1-sample phase-extraction algorithm.

The profiled thickness distribution has a convex configuration with
n amplitude of approximately 2.5 μm. Twenty profiling experiments

were performed at the rate of five experiments for four days. This
thickness profile was consistent with the measurement results pro-
vided by the glass manufacturing company (SIGMA KOKI). Fig. 11
shows the measurement result provided by SIGMA KOKI, performed by
the commercial simultaneous multi-surface test interferometer (ZYGO,

Verifire™ MST).

8

The measurement results using the proposed 21-sample algorithm
and provided by the glass manufacturing company showed almost same
configuration and maximum value. However, the significant residual
ripples were observed in Fig. 11, compared to the those in Fig. 10.

The maximum value in Fig. 10 is the mean value of the 20 thick-
ness profiling experiments. In this study, the standard deviation was
defined as the average value of the standard deviations of all pixels
in 20 experiments. The standard deviation of the measurements was
5.658 nm. This was because the residual nonlinearity was larger than 𝜀2
in Eq. (9) and environmental uncertainties such as floor vibrations [36]

and temperature fluctuations [37].
Fig. 12. Thickness profile determined using (a) new 21-sample, (b) Estrada 9sample, and (c) Kim 13-sample algorithms. (d) and (e) illustrate the two-dimensional thickness
distributions of three phase-extraction algorithms.
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6. Discussions

The homogeneity in thickness was measured by the other algorithms
listed in Table 2 to establish the phase-extraction ability of the proposed
21-sample algorithm. Almost same figures were obtained by using other
algorithms. The standard deviations of the experiments calculated using
all the algorithms are listed in Table 4.

Table 4
Standard deviations calculated using various algorithms (𝜀1 = 0).

Algorithm Standard deviation [nm]

Proposed 21 5.658
Hibino 11 26.542
Estrada 9 19.894
Kim 13 26.213
Jeon 11 20.543

The standard deviation of the new 21-sample algorithm is signifi-
antly smaller than the standard deviation of the other phase-extraction
lgorithms because the 21-sample algorithm can suppress the dispersive
rror most effectively. Jeon 11-sample algorithm [17] exhibits a smaller
MS error than that of the new 21-sample algorithm in Fig. 6. However,
eon 11-sample algorithm exhibits a much larger dispersive error of
he refractive index than the dispersive error exhibited by the new 21-
ample algorithm as shown in Fig. 5. Hence, the standard deviation of
he thickness measurement for Jeon 11-sample algorithm is equal to
0.543 nm. This is significantly larger than the standard deviation for
he proposed 21-sample algorithm (5.658 nm).

The experiments were performed with a phase-modulation error of
1 = 5%. The linear voltage was applied to the PZT inside the diode
aser. In this study, the first-order nonlinearity was approximately 5%.
he standard deviations of thickness profiling experiments are listed in
able 5.

Table 5
Standard deviations calculated using various algorithms (𝜀1 = 5%).

Algorithm Standard deviation [nm]

Proposed 21 9.435
Hibino 11 45.658
Estrada 9 33.012
Kim 13 44.768
Jeon 11 32.009

From Table 5, we established that the new 21-sample algorithm
xhibits the smallest standard deviation even with a 5% first-order
onlinearity in the phase modulation. The error-suppression ability
f the new 21-sample algorithm can also be verified using the two-
imensional thickness distribution of the measured thickness profile.
ig. 10 illustrates the two-dimensional distribution of thickness profiles
alculated by the proposed 21-sample, Estrada 9-sample [32], and Kim
3-sample [33] algorithms with 5% first-order nonlinearity.

Figs. 12(d) and 12(e) illustrate the profiles of the calculated glass
hickness at the center row and column, respectively, denoted by
he white lines in Figs. 12(a), 12(b), and 12(c). As described in
igs. 12(d) and 12(e), significant fluctuations exist in the thickness
rofiles calculated using the Estrada 9-sample and Kim 13-sample al-
orithms because these algorithms have low error-compensation ability
f refractive-dispersion error and RMS error as shown in Figs. 5 and 6,
espectively. However, the proposed 21-sample algorithm can suppress
he residual ripples as shown by the red lines in Figs. 12(d) and 12(e).

. Conclusion

The 21-sample phase-extraction algorithm was designed to obtain
omogeneity in the optical thickness of the glass plate with minimiza-
ion of harmonic elements, nonlinear properties, and refractive-index

ispersion. The shift error of modulation frequency caused by the

9

nonlinear error and dispersive error was eliminated by using the pro-
posed 21-sample algorithm. The 21-sample algorithm was featured in
two ways indicating satisfaction of the five conditions and outstand-
ing ability as a phase-extraction algorithm. Furthermore, the error
compensation of the 21-sample algorithm was demonstrated using
error analysis methods, such as PV error, SNR, and RMS error. Fi-
nally, the homogeneity in the optical thickness of the transparent glass
plate was profiled by the proposed 21-sample phase-extraction algo-
rithm and wavelength-tuning Fizeau-type interferometry. The standard
deviation was 5.658 nm, considerably smaller than those of other
phase-extraction algorithms. The measurement results were compared
with other classic algorithms in terms of the standard deviation and
residual ripples in the two-dimensional thickness profiles.
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