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1. Move-to-front rules
A heap of books (pull out, and back to top after use) movie
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Simple case (move-to-front by Poisson proc.)

N: number of particles ( =1,...,N) interested in N — oo
T >0,te[0,T]

particle system Y;(N)(t) € {% |:=0,1,... , N—1} C [0, 1),
(ranking number NYi(N)(t) + 1)
initial value problem: YZ.(N)(O) = yz( ), yZN) o= y]( ), i 7~ j

move-to-front rules: when ptcl : moves to front other ptcls
lose ranks by 1 (YZ.(N)(T) =0 — Yj(M(T) — Yj(N)(T—)-I-%)

"(N>. independent Poisson proc., for the simple case of the

ﬂrst half of this talk, with intensities w; depending on q.
The time the partlcle 1 moves to front - = arrival time of

7 G - ) > 0)
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Our model (Stochastic ranking process)

14(w) = { (1)’ 5 ;ﬁ’ (defining function of a set A)
Nagahata (2013)
Y;;(N>(t)

N
1 t _ t _
— yz(N) + N Z/ 1y,(N)(S_)>y,(N)( _ y](.N)(ds) _/ Y;(N)(S_)Vfi(N)(dS)
J=1

3rd term on r.h.s.: 1/( )(TZ E) — ”( )(Tzk ) = 1 (arrival time) =
v ) =Ygy == [ v orMas)

i,k—
—Y(N)(TZ ) (V(N)(TZ L) — ~(N)(7_Z L)) = —Y(N)(TZ o )

= Y;(N)(TZ’ ) = 0 (move-to-front)

2nd term: ¢ loses rank by 1 when 7 at lower rank moves to front
N N Tiok

v - v =+ [

Tjk™

non-symmetric Markov process (particle system of N ptcls)

~(N) _ 1
Yj(N)(S_)>Yi(N)( 7 (ds) ~
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2. 'Solving the mystery of Amazon rank’

/2 Amazon.co.jp: &atrBEOER: B3 ¥3F: A — Windows Internet Explorer

@\C;{ v | . http://ummn amazon oo o/ NETHBS BT KEBKASNEEXESNET KASKETRANE ARE TASENBTHESNET AEKEBNDFK v || 42| X

amazoncojp

st EOERE (BiTE)
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%ﬁﬂ@bﬂm: EERY. ZO@ES 3. Amazon.co.jp RS, FiE

1SEED. SEUISTOI.
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iRt FHTEE LR 28R (2006/11/10)
ISBN-10: 4873618428

ISBN-13: 978-4873618425

F5eH - 2006/11/10

B&ED5E: 21 x 148 x 16 cm

HIITOE: doirdoinr EFOHAAZ—LE2—)
Amazon.co.jp ¥ T KT 159 509

amilon'conw Amazon co jp ik—4

OH

Amazon.co.jp sales rank
amazon.co.jp
e details hidden

e explained to reflect pop-
ularity

What if use the stochastic
ranking process as simplest
model of popularity rank?
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Amazon sales rank moves-to-front!

Ad hoc correspondence between Amazon.co.jp sales rank
and stochastic ranking process: Assume an internet order
(by an Amazon user) time for book i is the arrival time of

Di(m (move-to-front time for ptcl 7).

First chek point of this assumption is: Will an internet-

ordered book move-to-front (gain rank 1)7?
ranking

e /"

500,000

i
| | ! | |
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Next step: Is the observed concave deterministic looking
curve a result of LLN? Furthermore, could it be derived
from our Poisson process based model?
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Characteristic curve

Recall: v, (#) = 4V
1 o [ () (N) (N)
+Nj§=:1/() 1Yj(N)(S—)>Y;'(N)( ’ (ds) = / Y (o= )I/ (ds)
Dynamics of dummy (without move-to-frontd OO [0)

(V) 1 - [ V)
YC ((y07t0)at) :yO+N];-/t ]-Y(N)( )>Y( )((yO to),s—) J (dS)

If yo = 0, Yé«N)((O,to),t) — Z 1~(N)(t)> (N)(to) IS an av-

erage of i.i.d. r.v.s, hence strong LLN
(complete LLN: (V)
e Refinement to spacial distribution fcn. possible.
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Law of large numbers (LLN)

N

1
Recall (dummy in the sequence): Y(N) O,t9),t) = — 1.
( y q ): Yo 7((0,t0),1) ~ ; (N)(t)> (N>(t0)

Recall ﬁPmsson) P{ v(t) > v(s) | = 1-P[v(t)—v(s) =0] = 1—¢ (9)
Complete LLLN (finite variance case: no relation necessary among
rvs with different N (martlngale structure not used in my proof)

e Assume \(V) = — Z Sw; — A, then
z—l
yo((0,10),1) = lim YY) ((0,t0),8) = jim €[/ ((0.10).1)]

N—o0

N
— lim %Z PLoM @) > ™M (1)) =1 - /W e~ w(t=10) )\ (dw)

J=1
e Random time developement of ranks is well approximated

by deterministic one. movie2
e [ he latter has explicit expression in terms of exponentials

(probability of Poisson process)d cf. Second half of this talk
isn't that simple)
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Amazon webstore isn’t a long-tail business

Recall: 1 moves-to-front = arriaval of I/(N) =order of book 7 at Amazon.

Recall: y~((0,t9),t) = 1 —/ e~ w(t— tO)A(dw); X is distribution of rate
W
(mtensnty) of order w

(t) = NY( (t)+1=Ny-((O,7),t) is the rank of book
) at time t > 7 after the latest order at r.
Statistical fit of observed data: Assume undisclosed )\ to

be Pareto (power law) distribution.

ranking

?/
| | | |
07/06 09 12 08/03 date

e (Solid line) seems quantatively a good fit.
e [ he fit implies traditional big hit business model rather
than expected (7) long-tail business model.
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Joint empirical distribution

Some more quantities for use in second half of the tal N
e Joint empirical distribution position and intensity pu, ),

and its spacial distribution function &), is a refinement of
‘characteristic curve’ YC(,N

M _ Ly
HOTN ; (v 0)

N N
oM (dw, 7, 1) = pt™ (dw x [YFV (4,1),1]), 7 = (vo, t0)
As for YéN)(w,t) — o) (W, ~. 1), complete LLN of independent r.v.s

225 A

M

e ¢ dependence of intensity w: __z;%

w(t—tg) / w(s)ds. W: Ry — C([0,T]) o
to - {

(eg., day-night activity cycle) o 7T —IEZAALL

B LT B4
MR R AN
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3. SRP with position dependent intensities
Recall: Y;.(N)(t) :yz.(N)

N
1 t ~(N) L) ~(N)
P NN A CORY R CSLAlCD

Recall: time dependence of intensity w; also possible by independent

. . . ~(N
increment (non-uniform Poisson) process I/J(~ )

e Hydrodynamic limit of the stochastic ranking process with position de-
pendent intensities, to formulate position dependenc of intensity (e.qg.,
advertising effect). w; : [0,1] x [0,T] — R4

ui(N): Poisson random measure on R+2 of unit intensity.

(i.,e., U(A) = z/Z.(N)(A) is Poisson r.v. with mean = area of A C R+2
ANB=0=U(A) LU(B))

e=uw; (V" (s-),
5N (ds) = /

§=0
e dependence through w, implying N — oo limit expressed
by dependent increments

OB 12(7)
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T he latter half of this talk

First half of this talk:

e Revolutionary new phenomena

000 Large, real-time popularity ranking made visible for
the first time in history

e Natural mathematics made ready for the new phenomena
[]

Second half of the talk:

e A new formulation by Nagahata and Kusuoka leads to
new natural mathematical problems

— position dependence of intensity =dependent stochastic
variables leading to a natural class of process with depen-
dent increments
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Hydrodynamic limit

Assume: W C C10; sup [[w'|| < oo, ugN) — pp weakly’, /||w|| d\ < o0
weW

(Note, A(M) = ;M) (.5 [0,1]) — A with unbdd w allowedL
Main Theorem. dus;, with prob. 1, uniform in ¢, MgN) — Lt

weakly. Moreover, For L € N and yq1,...,yr, wWith ui(N) =
v, N €N, and_im y V) =y, with prob. 1, ;™) (¢) con-
— 00

verges uniformly in ¢ (propagation of chaos);

Yi(t) = y; + / / w(z, 8) s (dw x dz) ds
sc€(0,t] J (w,z)eW x[Y;(s—).1]

B Yi(s—)1 ’LU"S—sViddS &
fse(o,t]/geR+ (57) Lee[o.wi(vi(s—) ) Vi(déds)

Weak conv. topology on set of distributions, ufm in time,
for almost all Poisson sample. (Weak conv.: LLN with
fluctuation cancellation among processes with distinct w;s)
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Process with dependent increments

Best expected results with reasonable assumptions, proof

by construction of limit 1,2

1. Expression of limit requires processes with dependent increments.
v(t) =k, 7, =t < T4 defined with unit Poisson r.m. v on R 2 by

e =inf{t 271 | v({(&s) €RLZ [ € Sw(rp_1,8), Tp_1 <s=t}) >0}
Note. w is fcn of 2 time vars. cf. SRP use w(y,s) with y = YZ.(N)(s).

S 2

| [ it -
* ! °

T1 T2 T3 1 71 T i

v: Poisson proc. with in-  Point proc. with last-arrival-time
tensity w dependent intensity
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Proc. with last-arrival-time dep intensity

® A class of non-trivial but natural extension of Poisson process

t
Plt< 7| Fro | ]= exp(—/ wrp_1,u)du), t= 7
Tk—1

t
Q(to,1) =/t w(to,u)du, PlU(t) =0(s)] = Z/o
0

=up<up_1<---<ugss

k>0
- k—1
x e~ 2i=0 (Uit 1,u1) =L uo)t) ( 11 wluigr,w) dui)
i=0

Pl[o(t) =0(s) ] = e~S2(s:1) reproduced, if w indep of 1st variable, by

/o ﬁ fluy)duy dus . .. dug, = %(/OS f(v)dv>k

SujSupS-SupSs [y
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System of PDE with non-local terms

Construction of limit 2. generalized PDE system solvable

by characteristic curves

Recall: go(dw, (y07t0)at> — Mt(dw X [yC((y07tO>7t>7 1])1
yC’((yOatO)at) =1- SDyC(W7 (yOatO)at)
Theorem 1. 3! Lipschitz conti. (yc, pt);

yc((yo,to)sto) = yo, (vo,to) € init-bdry valueslr,
pui(dw x [0,1)) = A(dw), t € [0,T] (conservation),

,LLt(W X [ya 1)) =1- Y, (yat) S [07 1] X [OaT] (yC =1- @(W))a

t 1
pe(dw X [yc(v,1), 1)) = po(dw X [yo, 1)) _/ " / (7,5)
s=1g Jz2=yc(v,s

’lU(Z, S)/,Ls(dw X dZ) dS) Y= (y07t0)a (7775) S AT — {pair of (ta I_t>} %
Example of finite fluid components a. Un(y,t) = pur({wa} X [y, 1]) satisfy

8Ua OUa, ~_ (1
0= / wae DG 020 = [ a0
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Solution by stochastic process

Solution of gen. PDE system expressed in terms of pro-

cesses: On I'p: (0,7) » O=(0,0) = (1,0)

Set of flow 60 ©r:={6: Ar —[0,1]|0(z,s),s5) = 2, (2,5) € Ip,
conti., non-increasing in =, surj., non-decreasing in t}

For intensity w(y,s) : [0,1] x [0,T] — R4 of SRP (THE MODEL) and

a flow 0 € ©p, define intensity wy,, . : [0,7]° — R4 of point proc.

Vg w,. With last-arrival-time dep intensity by

| w(@((=z,0),t),t), if s=0,
wo,w,z(8,1) = { w(0((0.5).1).8). if s> 0.

2o(dw, (Yo, to), 1) = / P[ 00,2 () = P01 (t0) ] po(dw x dz)
Ze[y()al]

G @T — @T by g(e)((y07t0)7t) =1- SOH(Wa (y07t0)7t)
Theorem 1’0310 = yo € ©p satisfying 6 = G(0). <&

and put

oye(dw, (4o, 10), 1) = / o PP = Pywaio) Tuo(dw x d2)
2<1Y0,
= p(dw X [yo((yo,to),t), 1])
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4. Proof of the main theorem

— Define an intermediate model, the flow driven stochastic ranking
process

— Strong law of indep. fcn. valued stochastic variables (disappearance
of fluctuation of intermediate model)

— hierarchical Gronwall type estimates (extinction of difference be-
tween THE MODEL and intermediate model)

Intermediate model attains same |limit as THE MODEL by

LLN of independent stochastic variables
~(N,9>

Pt proc v, with last-arrival-time dep intensity w (N)
eaw’iayz‘
(V.0) GRS (V.0)
Y () = v — N0 g
i (t) Y, + N]; /se(o,t] 1Yj(N’9)(s—)>Yi(N’9)(s—) 2 (ds)
N / y (V0 ()5 (N0 (4
s€(0,t]
N,0)

arbitray 6, 5](. 7 indep but proc with dep increments, oth-
erwise same as the original model.
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Intermediate model and common limit

The only difference in SDE is choice of v (both are move-
to-front rule). v

Poisson, for original, dependence through w;(Y;,t)
| ae conv as N — oo by coupling of Poisson random measure

indep but dep increment proc for intermediate model (V)
I N — oo by complete LLN+conv. of expectation for 6 = yo

limit Soln of fctnl eq expressed by pt proc with dependent

increment
Recall the intermediate model and the limit (propagation of chaos re-
sult)

(N.0) y S(N.0)
= +/Se<0t]N21Y<N‘”< ey N0y Py S

- / y V0 (5 )NV (g5)
s€(0,t] Z !

Yi(t) = y; + w(z,s) ps(dw x dz) ds
s€(0,t] J(w,z)eW x[Y;(s—).1]
- Yi(s—)7;(ds)
s€(0,t]
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Uniform complete LLN

e details of the point process — E| go(N’e) | — ©g

e LLN (general theory) go(N’e) — E| QO(N’Q) ] — 0 with
moment estimate uniform in initial-final times (to prepare for Gronwall
type estimate for difference with original model

A ={(t1,t2) €R* |0t Stp ST}

DT: set of fcns in 2 vars with monotonicity as difference of 2 cadlag
non-decresing fcns on A

Theorem. r > 0, ¢ > 2, For each N, {ZZ.(N)}%N=1 are indep Dy valued
S.VS.

E[ 120,111 < M, |E[ 2 (5,6) 1] < Muwlt — 5"

imply 3Cy, Ng > 0; (VN = Np)

1 (N) (N)
_Z((Zi (t1,t2)) —E[ Z} 7(t1,t2) ])

=1

q

E[ sup ]

(t1,t2)eA
MI2d—1

<
— Na°r/(2gr+2r+2)

fluctuation
Note. - = O(N_l/z"‘e) (esmall for large ¢ but positive)
mean

(Cd (2T w*/™ + 1) 4 229) &
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Hattori—Kusuoka (2012)

Hattori—Kusuoka, ALEA 9 (2) (2012) 571-607.
e Result same with today’s talk (convergence of joint empir-

ical distribution and propagation of chaos for tagged ptcls)
e Method: martingale convergence (cf. Today used intermediate

model and details of limit)

e Assumption on t =20 (ugN)):

1. bdd intensity (lack of expression at that time using
process with dependent increment)

2. Mgm — o in total variation norm (cf. today assumed
weak convergence only) we couldn't consider continuous

distribution as Pareto (power law)
Proof based on LLN cancelling fluctuations among ptcls

with the same w. i.e., infinite ptcls with same w required
‘Amazon ranking’: Zipf law for ptcls (typically, all ptcl have
distinct intensities), limit is generalized Pareto, continuous
unbdd distribution. (I gave up martingale arguments and
generalized to weak convergence.)
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Nagahata’'s talk this afternoon

The limit: each (prob 1) sample orbit Yl(N)(w) of a tagged
particle converges. In particular, arrival times converge
samplewise.

Nagahata's Functional CLT: conditioning on arrival times
of tagged particles, CLT for fluctuations of the orbit, IF
W < oo (finite varieties of intensity w)

cf. Hattori—Kusuoka. Again cancellation among the same
intensities??

e Cancellation among different ws mathematically natural
and practically important.

e Cancellation among different ws hold for position indepe-
nent case.

e However, LLN (and Gronwall) for today’s talk no better:
fluctuation — O(N~-1/2+€)

mean
Puzzling...
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e 20000 -00000-00000HSIder00 0000000

N
t N - (N)
2 YN (ty,40) = =S 20V (49,
i (t1,12) N; 2 (t,t2)
N >Yoooooooooo E[YM 0000 2/n0
ni 0000000000
110112 m(ty,to) = E[YM(ty,82) ]

Api={(t1,t2) € A| L < m(ty,tp) < 1}

(tk1.tk2 m(tg.1,tk2) = Tl
(V(tl,t2> c An,z’> Jk;
(ta1.ta2) m(ty,t2) < m(tp1,ty0) + 2

(t1,t2) € A, o000 m(ty,to) =000000
00000m(ty,t) < +0000000
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JoOo00od Gronwalld O O

e 00000000000 =ye00000000000000000
e JLLNOOOON Y2+eysoonooO HSIderOO OO NEDO OO
a,c,aq,bg,cq =0, te[0,T]

t
O0o0GronwalloooDoOz(t) Sa—+ c/ z(s)ds = z(t) < ae ¢
0

000qDD000 t= (t1,...,tq),
q q t;
z(t) < gecltittig)l d e i+ c > / (z(®)|t;=u) du
1,=1 1;=1"/0
000 z(t) < gef (it ttq) &
000¢D0000000<d<1002;20,¢q=1,2,..., Dapg=10
q

=1

q q it
by Y wg1(t1, .ty tg) +cq2/ (zq(D)|t,=s)ds 00D DOOD
i=1 » ) i=1"0
zo(f) < ggoefe Mt Tldoooooné, = max ke, & = max ke o
q(_)_gq q 1<h<q k» Cq 1<h<q k
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Jo0o0d GronwalldO OO

e 100000¢0O0DDOONDDONODDO0
000 e=200z: [0,7]9— RODOO

q t; ~
2=y [@@l=ds, € [0.71% = a(@) 0,
1=1

1 L _
100 )@ = G5 / (t; — )51 (y(E)) 1y ds
A A= Aj A 00 A A= AFT = Ay, 00D
e@ = Y (Agk Ag-vk, g ALk @) (OO

(kq,... ,kq)ez‘j_;
k14-+kq=N

k

£
000 (A (#) £ 5 sup y(7)
k! te[0,T4
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End of slides. Click [END] to finish the presentation.

web keyword: Tetsuya Hattori
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