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Let N be a positive integer and 7" > 0. T' is an arbitrary constant fixed throughout the
paper, and we are interested in the limit N — oo. A stochastic ranking process is a
stochastic system of N particles on a line segment [0, 1] for a time interval [0, 7], defined

as follows. Let T be a set of non-negative valued continuous functions in two variables,
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continuously differentiable in the first variable, and let wy, ws, ... be an infinite sequence
in W.
(N)  (N) - — _
Let i/ ys ) ..o, yN ) be a permutation of { | i =0,1,...,N —1}. Then a
stochastic ranking process is a system of stochasuc processes {Yl M |1 =1,2,...,N}

defined on a probability space (2, F,P) by

Y (¢ =

y N
K3 1 ]i[
§ : (N)
N — / Ot/ge[ooo Y s>y M (s )1§E[OwJ(Y(N)( ) Vi (déds)

N YV (s-)1 ™) v (dgds),
/se(o,t} /se[o,oo) ecl0wi (V™M (s-),8)) ¥
Z:1727aN7t20

Here, 14 is the indicator function of an event A, and for each N, yi(N), 1=1,2,...,N,

are independent Poisson random measures on [0, 00) x [0, co) with uniform unit intensity

measures, i.e. E[ ([a b x [c,d]) ] =(b—a)(d—c)forb>a=0andd>c=0,and

) (A) and 1/1- )(B) are independent Poisson variables if AN B = 0.

7

If we put

(2) DfN)(t):/ / 1,0 ) VfN)(dgds),
s€(0,4] Je€[0,00) €e[0,wi (Y (5-),9))

then (1), the position of the particle ¢ at time ¢, is expressed as

N .
N N 1 (N N (N
v () =y + N E ), Ly (5 )5y ™) (5 VJ(- )(ds) — i YN (s=)5™ (ds).
‘7:

We then see that the time development of {Yi(N)} is determined by the move-to-front rules
[18] driven by the point processes {DZ-(N)} with space-time dependent intensities given by

the ‘density functions’ {w;}. If w; is constant then the process ﬂfN)

is the Poisson process,
while in general, its increments depend on past and is dependent on other particles. The

move-to-front rule in particular implies that the particle system {Yi(N)} as a whole takes

[ . . . .
values in the rearrangement of N b= 0,1,..., N — 1. Each particle either increases its

1
position by N or else takes the value 0, i.e. jumps to the top position, as ¢ increases.
A starting point for our study is the joint empirical distribution of w; and the position,

given by

v _ 1
(3) ,Ut - N Z 5(wi,Y,-<N)(t)) .
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Here . is a unit measure concentrated at ¢. (We will use this notation for a unit measure
on any probability space.) MEN), t € [0,T], is regarded as a stochastic process taking values

in the set of Borel probability measures on C*°([0,1] x [0,7]) x [0, 1]. Here C*°(]0, 1] x
0
[0,77) is the total set of functions f € C([0, 1] x [0,7]) such that 8_f € C([0,1] x [0,TY).
Y
Since C1°([0,1] x [0,7T]) is a Polish space with norm

ow
sup max ‘@U(y,t)‘, —(yat) ’
(y,1)€[0,1]x[0,T] Ay
so is C10([0,1] x [0,77]) x [0,1] (see [1, Example 26.2]). We assume a standard topology
of weak convergence of probability measures on C%!([0,1] x [0,7]) x [0, 1]. In particular,

the initial distribution is
| N
N
(4) 1 = 55 D Oy
i=1

By considering a process XZ-(N) (t)y=N Yi(N) (t)+1 taking values in positive integers, we
see that a stochastic ranking process is a model of ranking system, such as the sales ranks
found at online bookstores[6, 7, 5, 8, 10, 9, 16, 17, 14]. As a model of popularity ranks of
an online bookstore, the move-to-front rule defines the rank as a stochastic number with
the ‘latest purchased book as most popular’ rule. That the intensity w; differs for different
book i represents that there are popular books and less popular ones. (Many books on
mathematics perhaps provide examples of the latter.) See also [14] and references therein
for more background.

We will prove existence of hydrodynamic limit, that assuming convergence of ,u(()N) as
N — oo we have convergence of ;LEN) for all t € [0,7]. The common standard quantities

effective for the move-to-front rules are the characteristic curves YéN) defined by

N
Y™,

t) =vo

1 N

~ 1,0 sy, o
N ;/seao,t] /»:e[o,o@ T ene )

: v (deds),

_|_

X L (0,; (v (5-),6)

v = (y07t0) S [07 1] X [OaT]7 t z th
and a set of spatial distribution functions ™) of LLEN) defined by

(dw,y,t) = ™ (dw x [Y (~,),1]),

(N)
(6) 7
Y= (y(),t()) S [07 1] X [07T]7 ti t07 we W.
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The latter is a refinement of the former in the sense that (3) and (6) imply

N(1—w
YC(’N)<77Z€) ="Yo + w - SD(N)(VVa Vat%

Y= (y07t0) S [071] X [OaT]7 ti to .

(7)

Since ™ determines ;\"", the convergence problem of ! is reduced to that of ™).

(V) is an arithmetic mean

If the intensity densities w € W are independent of y, then ¢
of independent stochastic processes, so that a strong law of large numbers for a sum of
independent processes can be applied to prove existence of almost sure N — oo limit
under reasonable assumptions [5]. In contrast, when the intensity densities depend on
y, the problem is a more involved one of law of large numbers for dependent processes.
The case of spatially varying intensity densities was first studied in [14], where we found
the existence of the limit under restricting assumptions. Firstly, we assumed in [14] that
w € W is bounded as well as the derivative in the first variable. We keep the latter

assumption

8—w<y,t>\ <o

(8) Cw = sup sup o

weW (y,t)€[0,1]x[0,T]

in the present study, but replace the assumptoin of boundedness of w in [14] by a milder
(and natural, in view of the previous study [5] for simpler cases) assumption (24). This
improvement in the choice of assumption in particular allows Pareto (power law) distri-
butions for A in (24) (which was excluded in [14]), which may be of interest in applying
stochastic ranking processes to social studies|9, 10]. Secondly, we adopted the total vari-
ation norm for the topology of the space of Borel measures in [14]. This means that,
among other points, the law of large numbers proved in [14] is a cancellation of fluctua-
tions among processes {Yi(N)} having the same associated intensity densities w; = w. This
assumption is to be compared with the results in [5], where we proved a corresponding
convergence theorem (for the easier case of spatially constant intensity densities) with
topology of the space of Borel measures induced by weak convergence, which, for exam-
ple, allows all the w;’s to be different and the cancellation of fluctuation is still implied.
It would be mathematically interesting to see how this law of large numbers (fluctuation
cancellation) mechanism, which escaped from our hands in [14], would be stable against
introduction of the spatial dependence of w € W.

The essential ingredient of the proof of this paper may be summarized as follows:

e Discovery of the point process with last-arrival-time dependent intensity [11, 12].
The hydrodynamic limit turned out to have an expression in terms of probabilities

of the process. This expression was absent in [14], which was a partial cause of
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a technical boundedness assumptions on W. The process lack independent incre-
ment properties, which is a remnant of stochastic dependence among the particles
through the position dependence of w € W. This is to be compared with the earlier
studies for position independent w, where the corresponding quantities have explicit
formulas using exponentials of integration of w, related to the probabilities of the

Poisson process [6, 5].

e Discovery of an intermediate model, defined in § 3, which we call the flow driven
stochastic ranking process. The ‘intensity densities’ for the flow driven stochastic
ranking process are involved but without position dependence, hence the distribution
function ¢ for this model is a sum of independent processes, and a standard law of
large numbers has a chance of explaining the fluctuation cancellation mechanism.
(Introduction of an intermediate model resembles a notion of local equilibrium which
appears in the hydrodynamic limit for diffusions. The limit of the stochastic ranking
process is, in terms of fluid dynamics, a one-sided flow with evaporation from upper
stream y = 0 to the down stream y = 1, and the correspondence to diffusion is only
a kind of metaphor.)

Since the stochastic dependence among the particles induced by the move-to-front
rule is handled by introduction of distribution functions ¢, the real challenge from
a viewpoint of mathematical analysis is the stochastic dependence through position
dependence of w € W, which was first studied in [14]. In the reference we adopted
a sophisticated method (than adopted in this paper) based on submartingale in-
equalities, which worked well with the restricting assumptions in the reference, and

enabled a relatively quick proof without introducing intermediate models.

e Development and application of a uniform strong complete law of large numbers for

independent monotone function valued random variables.

Since the flow driven stochastic ranking process is stochastically similar to the
stochastic ranking process with position independent intensities, a strong law of
large numbers for independent processes is applicable. Since, however, we later
need to compare this intermediate model with the original model, we apply uni-
form convergence results stronger than in earlier works [5], where the law of large

numbers for the independent processes was practically the final goal.

e Application of a hierarchy of multi time Gronwall type inequalities. The last step
is to prove that the original stochastic ranking process has a same limit with the
(appropriately chosen) flow driven stochastic ranking process. To evaluate the dif-
ference, we couple the two models, and resort to a multi time variable recursive

version of Gronwall type inequality which we develop in § 4.
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In [14], we also proved the occurrence of propagation of chaos. Namely, for each integer

L, the tagged particle system

converges to a limit process uniformly in ¢ € [0, 7] as N — oo, if the system of the initial
positions (y§N), yéN), e ,y(LN)) converges, and the components of the limit are independent
of each other. A corresponding result is also proved in this paper.

The plan of the present paper is as follows. In § 2 we state the main results, that the
stochastic ranking process with space-time dependent intensities has a limit characterized
by the point processes with last-arrival-time dependent intensities. For convenience, we
will summarize the definition and relevant results of the point processes in § A. In § 3 we
formulate the flow driven stochastic ranking process and prove the existence of the strong
uniform law of large numbers (the large particle number limit). In § 4 we formulate and
prove a hierarchy of a multi time version of the Gronwall’s inequality, which we use in § 5

to complete a proof of the main theorem stated in § 2.
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2 Formulation and the main results.

To state the main results precisely, we first formulate the quantities which appear in the
infinite particle limit of the stochastic ranking process. Denote the sets of initial (¢ = 0)
points in the space-time [0, 1] x [0, 7], the set of upper stream boundary (y = 0) points,

and their union, the set of initial/boundary points, respectively by

Iy = {(0,5) |0 S s T},
(9) ={(z0) [0S 21},
r=1r,ury;.

For ¢t € [0, T], denote the set of initial/boundary points up to time ¢ by

(10) Ty = {(2,t0) €T | tg St} = Ty U {(0,2) € Ty | 0 < ty < £,
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and the set of admissible pairs of the initial/boundary point « and time ¢ by
(11) Ar={(v,t) eTr x [0,T] | v € I';}.
Define the set of flows O on [0, 1] x [0, T] by

Or ={0: Ar —[0,1] | continuous, 6((yo,%0),to) = Yo, (Yo,t0) € I'r,
(12) surjective and non-increasing in «y for each ¢,

non-decreasing in ¢ for each v },
where, we define a total order > on the initial /boundary set I'r by
(13) sSt,zZy < (0,7)=(0,t) = (0,s) = (0,0) = (2,0) = (y,0) = (1,0).
For example,
(14) 0((1,0),t) =1, te€|0,T], 6 € Or.

For each § € ©p, w € W, and z € [0, 1], define Wy ,, ., a non-negative valued continuous
function of (s,t) satisfying 0 < s <t < T, by

w(0((z,0),t),t), if s=0,

(15) Wo,2(5,1) = { w(6((0,5),1),1), if s> 0.

Note that 10y, . is independent of z if s > 0. Let 6 € Op, and put

po(dw, 7, 1) = / D[ Tps (£) = T (to) | po(duw x d2),

2€[yo,1]
Y= (yl)?tl)) € Ft7 (77t) S AT?

(16)

where 7, ., is the point process with last-arrival-time dependent intensity, denoted by
N in § A, with the ‘intensity density” w(s,?) in the definition (141) of the process given
by W .- (s,t) of (15), and g is a Borel probability measure on the direct product space
W x [0,1].

The following is proved in [11].

THEOREM 2.1 ([11, Theorem 9, (89)]). There exists a unique flow yo € Op such that

(17) 9(%75) =1- SOG(M/’ Vat% Y= (y07t0) € Fa (th) € AT?
holds for 6 = yc.

In [11] below the Theorem it is remarked that there exists p;, taking values in the

space of Borel probability measures on W x [0, 1], such that

Py (dw, (Yo, o), 1) = pu(dw X [yo((yo, o), 1), 1)),

(18) ((ost0),) € Ar.
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and below Theorem 1 in [11] it is also remarked that p, and yc satisfy

t
(19) yo(v,t) = Yo +/ / w(z, $)ps(dw x dz) ds.
to WX[yC('sz)vl)

Next we state our assumptions on the infinite particle limit N — oo of initial (¢ =
0) conditions. We will assume a standard supremum norm on the space of continuous
functions on the closed interval [0, 1] x [0, 7], with which we define the weak convergence
of Borel probability measures on W in the standard way [2]. For the initial distribution
,uéN) in (4), we assume the following weak convergence with additional uniform bounds

on the order of convergence to pg in (16):

For any set H C C°(W x [0,1]; R) of uniformly bounded,
1

equicontinuous functions, 34 € (0, 5), aC > 0;

(VN € N) (Yh € H) (Vy € [0,1])

- C
‘/ h(w, z) M(()N)(dw X dy) — / h(w, z) po(dw x dy)| < N
W x[y,1] W xy,1]

(20)

Denote the marginal distribution of pg on W by A;

(21) A(dw) = ioldw  [0,1]),
and put
N
(N — —
(22) A v ; S

Comparing with (3), we see that A" is the marginal distribution of LLEN) on W for all t;
(23) AM (dw) = ™ (dw x [0,1]), t € [0, 7).

For \ we assume

(24) My = [l M) < o0

where, and hereafter, we put

(25) Iflle=" sup  |f(z )l

(2,5)€[0,1]x[0,T]

The assumption (20) implies, with (23) and (21),
(26) AN )\ weakly as. N — oo.

In addition we assume convergence of the average of ||w||,:

(27) lim/ [wl]p AN (dw) = My .
> Jw
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REMARK 2.2. In (20) we assume uniform order of convergence O(N~?), while Ascoli—
Arzela type theorem implies uniform convergence but has no control in general on the

order of convergence.
We are ready to state the main results of this paper.

THEOREM 2.3 (Main Theorem). Under the assumptions (8), (20), (24), and (27),
with probability 1, ,ugN) — py, weakly as N — oo, uniformly in t, where p; is as in (18).

Explicitly, we prove

28 lim sup
(28) N—o004e0,7]

[ mon < 1) = [ hwym(aw x 1)) =0, as.

for ally € [0,1] and bounded continuous function h: W — R.

Assume in addition that for a positive integer L and y; € [0,1), i =1,2,...,L,
(29) l/i(N) =v;, NeN, and A}im y N =y, fori=1,2,...,L.

7

Then, with probability 1, the tagged particle system
VM@0,V v @)

converges as N — oo, uniformly in t € [0,T] to a limit (Yi(t),Ya(t),..., YL(t)). Here,
for eachi=1,2,...,L,Y; is the unique solution to
=y + / / w(z,s) ps(dw x dz) ds
s€(0,t] J (w,z)eW x[Y;(s—).1]
(30) Yi(s )156[0 wil¥i(s-),9)) Vi(dEds),

s€(0,t] JE€[0,00)
i=1,2,...,L, t€][0,T]
Theorem 2.3 implies propagation of chaos for the stochastic ranking processes. For

each N all of {Y;(N)} are random and interact with each other and p{™’

is also random.
However, the limit yu, is deterministic. Furthermore, the randomness of the limit process
Y; of a tagged particle depends only on its associated Poisson random measure v;, and is
independent of Y; or v; with j # <.

Incidentally, we proved almost sure convergence for LLEN) in (28), while we made no
assumptions on the relation between the set of measures {VZ-(N) | i =1,2,... ,N} for

different N. This is stronger than the law of large numbers appearing in the context

N
1
of random walks N ZX”“ where each X; is fixed for all N, while (28) corresponds to

considering N Z X,L»( where we assume no relation among X ) for different N. Such

a type of Conve;gence is known for sums of real valued random variables as complete
convergence [15, 3, 4]. In this context, (18) is an example of complete convergence for a

sequence of measure valued random variables.
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3 Infinite particle limit of flow driven stochastic rank-

ing process.

3.1 Flow driven stochastic ranking process.

In this section, we introduce an intermediate model which we use to prove convergence of
™ in Th 2.3
p; in Theorem 2.3.

Let {w;}, {yl-(N)}, and {I/Z-(N)} be as in the stochastic ranking process (5). Let 6 € Or

be a flow, and for each i = 1,2,... N, let y N9 be a point process of N in (147), with

v = V,L»(N) and w = Wy oy where the last notation is as in (15) with w = w; and
z= y,fN). Define a system of stochastic processes Yi( ), 1=1,2,... ,N, by
Y(N,0)<t>
1 N
_ (V) ~(N,0)
(31) =y, '+ N Z/ 1§G<N,9)(S_)>K<N,e)(s_) V; (ds)
=1 s€(0,t]

_/ YV (s 5N (ds), i=1,2,...,N, t 2 0.
s€(0,t]

We will call this system, the stochastic ranking process driven by the flow 6.
The fluctuation of (31) is coupled to those of the stochastic ranking process of (1) via

the set of Poisson random measures {I/Z-(N)}. Using (144) and (147), we have an expression

of DZ»(N’Q) using VZ-(N). Define a sequence of stopping times, 0 = Tl(év 9 < T(N D < , by
Tz‘(,f)\w) 0,
N0 (N0 N N0
(32) rit = m{t > 73 ” | V({(5,€) € (77, 7] x [0, 00) |

0< &< uw(YN)(s=),5)}) >0}, ke Z,.

7

Ti(]]:,/ﬁ) is the time that the particle 7 in the flow driven stochastic ranking process jumps

to the top for the k-th time. Put

() o - @70, 02t <y
O 0 A <, e,
Using %(N,@) (t), we have an expression

(39 et / / o v (dg ds),
s€(0,4] J€€[0,00) Lecio w6 (5-),5-),5)
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and substituting (34) in (31) we further have

(N,0)<t> o
1 N

+ — / / 1 (N,6) o— (N,0) .
sz:; sciJecpooy G ETPYTT()

35 (V)
(35) X1§e[o,wj(e(w§-N*”(s—>,s—),s>> vy ds)

Y, w00 sy .sysn Vi (dE ds),
/SE(O t]/ﬁve[o OO 56[0’ ( (’Yz ( )’ )7 ))
N, t20.

This is to be compared with the (original) stochastic ranking process (1). We see that (35)

is obtained from (1) by replacing Yj(N)(s) appearing as a variable for w; by G(VJ(N’H)(S), s),
N.0)

and otherwise, by Y (s).

3.2 Characteristic curve and distribution function.
For each : =1,2,... ,N and 0 < ¢y < ¢, define an event J (to, t) C Q by
(36) J“V Vto,t) = {w € | 5" (B)(w) > 7" (t0) (@)},
Since #V9 is increasing, the complement is

(37) T (to, 1) = {w € 1 5" (1)) = 5" (to) (w) .

On the event J (to, t)¢, the contribution of the last term on the right hand side of (31)
to the difference Y( 9)( ) Y(N’e) (to) is 0, hence Yi(N’e) is non-decreasing in the interval
[to, t]. In other words, J (to, t) of (36) is the event that the particle ¢ jumps to the top
y = 0 during (to, t].

Define the characteristic curve for the stochastic ranking process driven by the flow 6
by

1
N,
(38) Y( )<<y07 tO) t) Yo + = Z 1J§N’9)(to7t) ’

N N,6
G€[L,N]; ¥V (t0) 20

for (yo,to) € [0,1] x [0,7] and ¢t = t;. For example,

(39) YO ((1,t0),t) =1, t 2ty > 0.
Since N Yj(N’e) takes integer values, we can write (38) using (37) as
N6 N1 —yo)] 1
(40) YN ((yo, to), 1) = yo + — 5 > 1050 1 1

J; Yj(N’G) (to)Zwo

where [z] is the largest integer not exceeding x.

We note the following expression corresponding to (5).
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LEMMA 3.1. (i) Fort 2ty 20 and 0 < yo < 1, it holds that

Y(Ne)((yoﬂfo) t) = yo + ~ / /
(41) s€(to,t] J€€[0,00)

)
Ly 0 )2y 5 (o t0),5-) 1se[o,wj<e<w§”><s—>,s),s>> 5 (deds),

(11) It holds that
(42) YN 1) = YN (0 ), 1), t e (0,71,

where v is as in (33).

(2

PROOF. Since on the event J (to, t)¢, the Contribution of the last term on the right
hand side of (31) to the difference Yi( (1) — Y( (to) disappears, Y( Dy — y, (Vo) (to)

)

and
Y (ko) o), 8) — Y (ko)

should satisfy the same equation for [to, t] on J; Ne)( ,t)¢. This implies (41).
By definition (33), J; Ne)(to, t)¢ holds if 71- N:6) (t) = (vo,to). Hence (42) follows. O

In analogy to (3), for each positive integer N define a joint empirical distribution of

jump rate and position of particles on W x [0, 1] by

N

oy _ 1
(43) Ly = N Z 5(w¢,Yi(N’6)(t)) t e [0, T].

=1

When integrated over position, we recover the distribution A™) of jump rates for the

(original) stochastic ranking process (22), independently of ¢ and 6;
(44) pN (dw x [0,1]) = AN (dw).

The initial distribution of 4", found by substituting (31) at t = 0 to (43), coincide
with that of the original model u(()N) in (4):

N0 N
(45) s = g

A set of spatial distribution functions V%) is defined analogously to (6), by a convo-
lution of (38) and (43);

oM (dw,~,t) = ™ (dw x [V (7, 1),1]),

(46) + = (yoto) € [0,1]  [0.7], £ 2 .
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(M) (dw, v,t) denotes the empirical distribution of jump rates (intensity densities) of
those particles which was in a downstream of g, at time ¢y that have not jumped to the

top in the time period (to,t]. For t = t; we have

(A1) PO, (o, o), to) = g™ (dw x [y, 1]), (yos o) € 0,1] X 0,7
@M is a refinement of YéN’e) in the following sense. First, (46) and (43) imply
N
Ne)(dw 77 Z 1Y(N 0) t)>Y(N 9 (y.) (5wj (dw)
] 1

Next, }/;(N’e) (t) =2 YéN’e) (7,t) occurs if and only if the inequality holds at t = ¢, and j
does not jump to the top in the interval (¢o,¢]. Hence (36) implies

1
<48) SO(N’H) (dw7 (y07 tO)a t) = N Z 1J]<-N’9)(to,t)9 5wj (d’l,U)

J; Yj<N’9)(t0)§y0

Comparing (48) with (40), we have

N(1—
YD (1) = o + M — oM (W, 4, 1),

Y= (y(),t()) S [07 1] X [07T]7 t z Lo.

(49)

The spatial distribution function ™9 (dw,~,t) is defined for any v = (yo,ty) €
[0,1] x [0, T satisfying ¢t = to, but is particularly important when € T';. In fact, both
for the case v = (yo,0) € I'; and the case v = (0,tg) € 'y we have

1
(V-) (d’LU, <y07 to), t) = N Z le(N‘e)(tQ,t)C 5w]— (dw),

(50) g5 v 2o
7= (yo,t0) €Ty, t €[0,T].

Note the conditions of the summation, which is non-random in (50), while is random in
(48). Since J 9 (to,1) is independent of ™. i #£ j. (50) implies that ™9 (dw,,t)
1s an arithmetic average of independent random variables, if v € I';. With this fact, we
restrict the domain of definition to A of (11) in § 3.3.

3.3 Convergence of distribution function.

3.3.1 Statement of the theorem.

Here we will state a strong law of large numbers for the spatial distribution function ¢V:¥)

of the flow driven stochastic ranking process, uniform in initial point v and time t.
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For a bounded continuous function h: W — R, we put

(51) Ch = sup |h(w)| < oo,
weW
and use a notation

(52) o0 (b, ) = / h(w) ¢ (dw, ,t).
w

With (48) we have

1

(53) QO(Nﬁ)(h?’Y?t) = N h(w]) 1J](_N79)(t07t)c; v = (y()at())-

VE Yj(N’g)(to)zyo

As in (52) we also use a notation

(54) §09<h7’y7t> = /I/Vh(w) 900<dw777t>‘
for pp in (16).

THEOREM 3.2. Assume (8), (20), (24), and (27). Then for any p > 0 there ezists a
positive constant C' depending only on p and §, (and is independent of N, 6, and h,) such
that for any bounded continuous h: W — R,

2p CCQP
(55) E[ sup SO(Nﬁ)(h?’Y?t) - 909<h777t) ] = 21‘3 ) N € Na

holds, where Cy, is as in (51).

Theorem 2.1, Theorem 3.2 with A = 1y and 6 = y¢, and (49) imply the following.

COROLLARY 3.3. Under the assumptions of Theorem 3.2, for any p > 0 there exists

a positive constant C' depending only on p and J, such that
2p
1<+

N eN.

(56) E[ sup [V (y,t) = yelr,t)

(v,t)EAT

Among 0 € ©, 0 = y¢ is the only flow that satisfies (56).

We can take p > 21_5 in Theorem 3.2, from which we have

]

SD(Nﬂ) (ha s t) - 509(h7 Y t)

=1
§ CZ N 2p6 < o0,
N=1

2p

PN (h, vy, t) — g(h,7,t)| < o0
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for almost all w € . For such w we then have (by continuity and increasing property of

x — 2% for x 2 0),

lim  sup | ™9 (h,7,t) = g(h, 7, t>‘
N—o00 (v,t)EAT
2p\ 1/(2p)
- ( lim sup | (h,7,t) — @p(h, 7, 1) )
N—o00 (v,t)EAT
= 07
hence
lim sSup SD(Nﬂ)(ha v t) - 509(h7 7 t)‘ = Oa a.c..
N—oo (v,HEAT

This implies convergence of joint empirical distribution M,EN’“ to pyet, a deterministic

distribution determined by ¢, (h,7,t). Similarly, we have convergence of characteristic
curves from Corollary 3.3.

For 6 # yc, the stochastic ranking process driven by the flow 6 converges to a limit
with deterministic distribution, but the resulting trajectories of particles are different
from the given flow 0, due to the uniqueness result of Theorem 2.1. Only when 6 = y¢o
we have the limit trajectoies equal to the given flow y¢.

A proof of Theorem 3.2 is composed of 2 parts. In § 3.3.2 we prove that N9 —
E[ o™9 ] converges to 0, using a strong uniform law of large numbers in [13]. In § 3.3.3
we prove that E[ ™% | converges to g, using the estimates in [11]. Relevant results of

[11] are summarized in § A for convenience.

3.3.2 Strong uniform law of large numbers.

Here we will prove the following.

PROPOSITION 3.4. Assume (8), (20), (24), and (27). Then for any p and § satisfying
1
(57) p >0, 0<(5<§,

there exists a positive constant C' (independent of N, 0, and h,) such that for any bounded
continuous h : W — R
wo_ocor

(58) E[ sup [ (h,7,t) —E[WD(h,y,t)]] 1=

— . N eN,
(v,t)EAT - N

where Cy, is as in (51).
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PROOF. Put hy = (£h) V 0, so that h = h; — h_ decomposes the function h to
positive and negative parts. Applying (48), (11), (10), and triangular inequality in the

form
(a+b)? = (2‘7_1 V1) (a?+b?), a=0,b=0, ¢ >0,

we have, with v = (yo, %) € Iy,

q

oV (h,y, 1) — EL o™ (h,~,1) ]| ]

E[ sup
((yoto),t)EAT

=E[ sup e Z (hy (wy) — h_(wy))

((y01t0)7t)
YN0 (t0)2yo

q

X (1J;N’9)(to,t)c —E[ 1J;N,9)(t07t)c ])

i Z hy (w;)

<(27'V1E[ sup
(59) ((y0,t0),t)

+ (27 VE[  sup
((yosto),t)

i > ho(wy)

Yj(N’g) (to)Zwo

]

X (1J]<.N’9)(t0,t)c _E[ ].JJ(Nve)(tO’t)e ])

_ N N N N
< (27'v1) (R§,1?+ + Rz(],l,)— + Rz(],Q,)—i- + Rz(],2,)—)a

where
v > |
(60) R,yL =E[ sup sup |— ha(w;) (1,050 0 e —E[ 1,000 00 )] ]
e t€[0,7] 0<yo<1 Ni. s> 0 0
and
1 — ‘
(61) RY), = E[ sup sup |—= > he(w) (1,0, —El 1L,wo, .. ]| |
9,2+ o] osee| N ; TN (6,1) TN (4. 1)

To bound (60) and (61), we refer to the last theorem in [13, §2]. We reproduce the

theorem in a specific form of

Zi(N)(S7 t) = aEN) 1V§N)(t)>qu)(S)

in place of ZZ-(N)(S, t) in the reference.

ProposiTION 3.5 ([13, Theorem 7]). Let T > 0, and for each N € N, let yi(N),

t=1....,N, be a sequence of independent random variables taking values in a space of
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non-negative valued non-decreasing right continuous functions on [0, T| with left limit. Let
r >0, and for N € N, let MN) > 0 and let az(-N) and wl(N), t=1,...,N, be non-negative
sequences. Assume that a\™y) SMW™ j=1,... N, and that

Pl (k) > iV (1) ] = P[ v (52) > 1Y (1) ]]

< w™M([t — s1]" + |t — 5]"),

1
Jor0St St ST and 0 < sy S sy ST Thenforanyée((),i) and p > 0,

N
1 N) () () iRty
E[ sup sup |= g al( 1 v ™y, =Py (te) > v (6t b
t2€[0,T] 0<ty <ty N — ( v, (t2)>v (t) [ ( ) ( )]) ]
62) MW e gy 20)1/4
:W2 (CTERT @™ )" +1) +27) 74,
N = No, Ng + 1,
]' 2(5 T T T
Here q = q(p,d) = vl + T Vp, Ny is the smallest integer satisfying Noq/(2 at+2r+2) >
r —
R A 1 2k Ha
2, wN) = N ;:1 w;’, and Cy = (5(4]{)‘1 + ST q(8k)q) with k the smallest integer

1
greater than §q, (In particular, ¢ and Ny are independent of N, MW and E(N).)

To bound ng?i in (61), we apply Proposition 3.5 with v = 5 anq aEN) = hy(w;).

K3 K3

Note that (152) and (15) with w = w; and z = y™  and (25) imply

%

0 ~(N,0 ~(N,0 ~

. 0= - 2Rt = 5% (5) 1 < ||y o € el
9 ~(N,0 ~(N,0 ~

02 2 PLAM(0) = 7 (5) ] £ |8, | £ il

Recall (36) and (37). Comparing the left hand side of (62) with the right hand side of
(61) with ¢ = 2p, we see that we can apply Proposition 3.5 to Réﬁgi with

(64) MM =y r=1, w™ = [|Jwily .

1
Proposition 3.5 then implies that for any ¢ € (0, 5) and p > 0,

N C2p 2p/q
(65) Rép,;i < ]\]gpé 92p—1 <C§(2T@(N) + 1) + 22q) . N> 22—1—(4/q)7

where

q=q(p,0) =3V Vv (2p),

1—-29

N
1
0 = 5 3 il = [l A dw)
w w; w w),
N — T - T



Space-time dependent stochastic ranking process 18

and (), is a positive constant depending only on g.
Combining (64), (65), and (27), we see that there exists a positive constant C,,
independent of NV, 0, and h, such that

2p
Cp,é Oh
N2p6

(66) Ri) . < , NeN.

To bound R((ﬁ?i in (60), we first note that

N
Ros
N 1 q
é Z E[ sup | — Z hi(wl) (lji(Nve)(07t)c _E[ 1J§N*0)(07t)c ]) ]
(67) j=1 te[0,T Ny<N)2j_1
N 1 B q
< ZE[ su;; iup N Z hy (w;) (lJfN’g)(to,t)c —E| 1Ji(Nv0>(t07t)e Dl
=1 t€[0,T] 0<to<t NyEN)gj—l
Comparing (67) with (61), we see that we can apply Proposition 3.5 with VZ-(N) = DZ-(N’Q)
and
CLEN) — hi(wi) 1Ny£N)§j—1 ,

and (64), to the j-th term of the summation in the right hand side of (67), in a similar way

as we did to Réﬁ{%’i. Using monotonicity of LP norms with respect to p before applying
1
Proposition 3.5, we have, for ¢y = 2p and §' € (0, 5),

q0\2
R < Rl < (Caos2.8 Cy’) p/ao
2p,1, & = flgo,1,+ = N 2pd’'—2p/qo0

, N €N,

in place of (66). (The extra factor N compared to (66) is from the summation with respect

1 1
to j in (67).) Now choose ¢" and ¢ to satisfy § < ¢’ < 3 and 0 < — < ¢’ — 0 to find
do

9 (Cpo2.6 C‘IO)Qp/qo
(68) Rapra < BP0, < 20 o NeN,
Proposition 3.4 finally follows from (59), (68), and (66). O

3.3.3 Convergence of expectation.

Here we complete a proof of Theorem 3.2.

LEMMA 3.6. Assume (27). Then, if h: W — R is bounded and continuous,

(69) lim / ) ewllg A (d) = /W h(w) [[wlly Alduw).
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PRroor. Note first that for M > 0
(70) a=(@ANM)+(a—M);

holds. Since w — |lw||; A M is bounded and continuous, (26) (weak convergence) implies

Jim [ bw) (el A M)A @) = [ hw) (Julle A ) Mdw),
() w

lim / lwlly A M AN (duw) / lwllp A M A(dw),
which, with convergence of expectation in (27), further implies

(72) lim / (wlly — M), X (dw) = /W (wlly — M) Adw).

On the other hand, dominated convergence theorem, 0 < (||w||; — M)+ = [|w]|r, and (24)
imply

Jim [ (Jully = M), Adu) = 0.
*Jw

Hence, for any € > 0 there exists M > 0 such that / (lw|lp — M)£A(dw) < €. This and
14
(72) further imply that there exists Ny > 0 such that

/ (Jwllp — M) AN (dw) < 26, N = Ny.
w

Put C' = sup |h(w)| < co. Then

| / w) [[wlly A (dw) — /W h<w>||w||TA<dw>|
< / ) (ol A M)A ) (lwlle A M) M)

(l[wllp = M)A

w
§\/W B(w) ([l A M) A

(l[wllp = M) A(dw)

h(w) ([wlle A M) Adw)| + 3Ce.

§\g\§

This and (71) imply

T | [ hw) fulle A = [ ) ol Mdw)] < 3Ce

Since the left hand side is independent of N, M, and €, it must be 0. O
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Proof of Theorem 3.2. Let h: W — R be a bounded continuous function, and put C} =
sup |h(w)| as in (51). Proposition 3.4 implies that to prove Theorem 3.2, it suffices to
weWw

prove
< CCy

(73) sup B[ (h,7,1) ] = o(h, 7, 1)| £ 5
(’Wt)EAT

N e N,

for C' depending only on p and ¢ (independent of N, 6, and h).

0)

Comparing the definition of DZ-(N’ given above (31) with that of 7y, . given below

(16), we see that DZ-(N’O) and 7, v have identical distribution. Therefore, using (37)
and (4) in (53), we have, for ¢t 2 t,

(74) B[N (h, (yo,t0), 1) ] = / T(w) P g2 (£) = P (t) 118 (dw x dz).

WX[y(),l]

Let v = (yo,to) € T and (v,t) € Ap. (74) and (16) imply

E[ SD(Nﬂ)(hv s t) ] - 909<h7 s t)
- . h(w) P[ Pgas(t) = Ppws(to) ] (S (dw x dz) — po(dw x dz)).

Wxly
Hence,
A [E[ ™D (h,,8) | = @B, 7y, 1)
v,t)EAT
(75) ; ()
< sup / hiot(w, 2) (g (dw x dz) — po(dw x dz)|,
((yosto),t)EATJ W x[yo,1]
where
(76) Bto’t(w, z) = h(w) P Uga - (t) = Dy~ (to) .

Choose the set H in (20) as the set of the functions hy, ; in (76):
(77) H={hy,: Wx[0,1]] > R|0Zt, <t < T}

Uniform boundedness of the functions in H is obvious. If we prove that H is also equicon-

tinuous, then by the assumption of Theorem 3.2 the consequence of (20) holds, which

implies
- Cc
sup  sup / hiy (w0, Z)(,uéN)(dw X dz) — po(dw x dz)| N5h7
Yo€[0,1] 0Sto<t<T'|J W x [yo,1]
NeN.

Applying this estimate to (75), we have (73), which proves Theorem 3.2.

We are left with proving equicontinuity of H.
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First, for (w, z) € W x [0, 1] and W, . as in (15) (i.e., the ‘intensity density’ for g, ),
and 0 < s <t < T, put

t t
(78) Qo (5,1) = / g a(s,0) du and (s, ) — / w(1, ) du.
Then (8) and a mean value theorem imply
(79) w(l,t) — Cy £ Wow.(s,t) S w(l,t)+ Cy,
and
(80) e_ﬁw(srt)_cw (t_s) § 6_90,w,z(57t) é e_Qw(srt)""CW (t_s)_

Note also an elementary formula in [11, (53)]

k

T £ ) dus dus .. . duy, = %(/O f(v)du>k7

1 /
0Su1SugS-SupSs 5

valid for any integrable function f: R —- R, s 20, and k =1,2,...,

A proof of equicontinuity of H now goes in a similar way as that of [11, Lemma 12].
Applying (151) to (76), we have

oo o0, 2) = h(w)Z/
£>0 O::uk<uk,1<uk,2<'“<ul<uO§to
(82) N k—1
< e~ SR Qg (Wi 1,1i) = Q0 0,2 (w0, t) (H w07w7z<ui+17 Uz) dui) '
i=0
Using (79), (80), and (78) to (82), while noting that (15) implies that g, .(s,t) and
Qp.w.-(s,t) is independent of z if s > 0, we have

Ry 1(w, ') = Ty o (w, 2)| < Tia(2,2) + Lia(z, 2),

where
[11(2, Z/) = Ohe_ﬂw(o’t)+cwt Z/
E>1 Ozzuk<uk_1<uk_2<~~~<u1<u0§to
—2 -
1=0
X ‘wG,w,z’«)a Uk—l) - we,w,z(oa uk—1)|duk—1 )
and

]12(27 Z/) — Ch Z/ e—Qw(uk_l,t)—i-CW(t—uk_l)
0

£>0 =:uk<uk,1<uk,2<'“<ul<U()§to

x <’ﬁ(w(1,ui) + Cw)dui>

1=0
% |e—99,w,zl(0,uk—1) _ e_QG,w,z(O:uk—l)|duk_1 )
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Using (15), (8), (81), and (78), we have
- to
Ii(z,2) = Cwae_Q”(t"’tHCW(HtO)/ 0((2',0),v) = 0((2,0), v)|dv
0
T
< ChC’WGQCwT/ 0((,0),v) — 6((=, 0), )| dv.
0

Using in addition

e —e | =€
é e—(z’/\r)|x/ . JI| é e—me\m’—m||x/ o x‘7

(83)

which follows from |z’ — z| = (2’ V&) — (' Ax) =2 x — (x A 2"), we similarly have

to
15(z, 2') € CpCyyre wliod HCW(H“’)/ 16((2',0),v) — 6((2,0),v)|dv
0
Cw foo 160((2",0),0)—0((2,0),v)|dv
T

< ChC’WGQCwT/ 0((,0),v) — 6((=,0), v)|dv

0
O Jg 16((=',0),0)=0((2,0),0)|dv_

X e

Since the right hand sides of the bounds for I;; and [;5 are uniform in ¢y and ¢, these
prove equicontinuity in the variable z € [0, 1] of functions Ay, ,(w, z) in H.

In a similar way as the proof of equicontinuity with respect to z, we have

i, (W', 2) = hug o (w, 2)| £ Iy (w,w) + Toa(w, '),

where
121 w 'LU ChZ/
k‘>0 uk<uk_1<'u,k_2<~~~<u1<u0§t0
k—1
« |€—X(u/) . e—X(w)| ( (w/<17 Uz) + Cw)dui> dug_q )
=0
with
k—1
X(w) = Z Qg’wyz (ui+1, UZ) + Qe,w,z (u07 t)?
1=0
and

[22(11}, w/) — Che—Qw(O,t)—l-CWt Z/
0=

k:>1 U <Up 1 <Up_2<-* <U1<UQ<t0

| | w@w’ uz+17uz Hw9wz Uz+17uz Hduz
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Note that (78) with (25) implies
10,072 (1, 0) — Qg2 (u,0)] S | —w|lp (v —u), 0=u<T.
Using this, (83), and (81) in Iy (w, w’), we further have

121<w’ w/) é Che—ﬂw(o,t)+CWte||w’ _ w“Tt Hw/ . wHTteQw/(O,to)-i-CWto

é ChGQCWT 6||w' — wHT T ||w/ . wHTT'

With a similar argument, we also have

k—1
[Qz(w, w’) é Che—ﬂw(o,t)+cwt Z Z/
0

k>1 j=0 ::uk<uk_1<uk_2<~~~<u1<u0§to

7—1
X (H Wo 2 (Uit1, Uz)> [ Wo a2 (Wjt1, Uj) — Wou (Wi, Uj)|
1=0

k—1 k—1
« (TT o)) [T
=0

i=j+1
- to -
é Che—Qw(O,t)+th ||w/ _ w“T/ eQw(O,U)+CerQw/(U,t0)+CW(tQ—U) dv
- 0
< Che MO0 W ! — ]y
x (eﬂw(o,to)to n / 0 6@ /(0,v) |€Qw/(v,t0) - eﬂw(v,t0)| dv
0
!
< Cpe2T ' —w))p T (1 + ell@ = Wl Ty — ). 7).

Since the right hand sides of the bounds for I5; and Is; are uniform in ¢y and ¢, these
prove equicontinuity of H in w € W.

This completes a proof of equicontinuity of H, hence a proof of Theorem 3.2. O

4 Hierarchy of multi time Gronwall inequality.

The following is a simple form of Gronwall’s inequality.

PROPOSITION 4.1. Let T be a positive constant, and a and c be non-negative constants.
Ifx . [0,T] — R is an integrable function, satisfying

¢
z(t) < a+c/ x(s)ds, t € 0,7,
0
then
(4) o(t) S ac®, 1€ [0.T],

holds.
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The following is a generalization of Proposition 4.1 to functions of more than 1 vari-
ables, where the case ¢ = 1 is Proposition 4.1.

PROPOSITION 4.2. Let T be a positive constant, q a positive integer, and a and ¢ non-

negative constants. If x : [0,T]? — R is an integrable function of q variables, satisfying

q

1
J](th . 7tq) é aec(t1+--.+tq)_ Z e_Cti
q =1

q t;
c

+ - E / (z(t1, ... 1ty
4= Jo

tizu) du, (tl, e ,tq) € [O, T]q,

then
(85) w(ty, ... ty) SaecT ) ) €0, T)Y,
holds.

To prove Proposition 4.2, we start with the homogeneous case.

PROPOSITION 4.3. Let T be a positive constant, q a positive integer, and ¢ a non-

negative constant. If x : [0,T]? — R is an integrable function of q variables, satisfying

q t;
(86) x(ty, ..., tg) = CZ/ ((t1, ... ty)|u=s)ds, (ti,...,ty) €10,T]9,
i=1 Y0

then
(87) x(ty, ... ty) =0, (t1,...,t,) €10,1)9,
holds.

To prove Proposition 4.3, we introduce a notation
(88) ti— )yt .t |hesds, k=1,2,3 ...,
y(tl, ce ,tq) (i.e., Ai,O = ld), k= O,

for integrable function y : [0,7]? — R in ¢ variables and i = 1,...,q. Ak, k € Z,
1 = 1,2,...,q, are commutative operators on the set of integrable functions. In fact,

commutativity is obvious for £ = 0, and by induction in k we have

(89) AipAie = AT = Aipre = AidAig,
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and Fubini’s theorem implies for k¢ > 0 and ¢ # j
(Al kAj [y)<t1, Ce 7

(k:—l E—l /ds/ dut—s

x ((t; —w)" (ylte, - 1) |ey=u)

ti=s

= (AjAiry)(ty, ... 1),

which prove
(90) AirAje = Ajeig, kLE€Zy, i,j€{1,...,q}.
LEMMA 4.4. Under the assumptions of Proposition 4.3,

(91) x(tl, . ,tq) § CN Z (Aq,kq Aq—l,kq—l cee Al,kl l’)(tl, Ce 7tq), N € Z+,

(k1 kq)ELY s
k1+m+kq:N

holds.

PROOF. The case N = 1 of (91) is the assumption (86) itself. Assume that (91)
holds for some N. Substituting (86) in (91), and noting that sums, integrations, and

multiplication of non-negative reals have monotonicity, we have

q
I(th R 7tq) é CN+1 Z Z (Aq,kq Aq—l,kq,1 cee Al,kl A@ll’) (t17 e 7tq).

i=1 (kl,m,kq)GZqu;
k1+.4.+kq:N

Using (89) in the form A, A;1 = A, ,+1, we have (91) for N replaced by N + 1. O

Proof of Proposition 4.3. For notational simplicity, put ¢ = (t1,... ,t,) in this proof. The
operator A, ; in (88) satisfies

4+

k
Loswp y(T), T e[0T,

(Azky)(ﬂ < k:_
© T elo,T)e

for a integrable function y, hence (91) implies

q ki
(92) o(T) <N Z HZ" sup x(t), T e€[0,T]% NeN.
i+ F¢0,T)9

(k1o kg)end; =1
k1+A“+kq:N

For an arbitrary € > 0, let £ o = (to1,---stoq) €10,7]7 be a vector (independent of V)
such that (7 ¢) = sup x( ) — e holds. Put

T €l0,T)4
q ki
N ZfO,i
an = C —|
(k1,... . kq)ez?; 1=1 ¢

kit tkq=
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Then (92) implies

sup z(T)Sa(To)+e<any sup z(T)+e,
T €0,T)4 7 €0,T)9

hence

holds. We see

1
so that, in particular, A}im ay = 0, which implies 1 — ay = 3 for large N. Hence
—00

sup z() < 2,
T €lo,T)a

which proves (87). O

Proof of Proposition 4.2. Note that
<93) I (817 cee 7Sq) = ae’ (s14+-+sq)

satisfies

s
(81, .. ,8q) =€ “xi(s1,...,5) + c/ (x1(S1, -+, Sq)|si=u) du,
0

(s1,...,84) €1[0,t]%, i=1,2,...,q.

(94)

Subtracting 1 (sy, ... ,s,) from (85), and then using (94), we have

q £
c
(b b)) — 21 (ts e o t) < 52/ (@t b)) = (s )| ds,
i=1 70
(tlv s 7tq) € [07 T]q7
which, with Proposition 4.3 and (93) implies (85). O

Finally, we give a result to be used in the proof of the main theorem in § 5 which

contains recursion with respect to the number of variables ¢ and a nonlinear term.
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THEOREM 4.5. Let T' be a positive constant, d be a non-negative constant satisfying
d £ 1, and for each positive integer q let aq, by, and ¢, be non-negative constants. Assume

that, for a series of non-negative valued integrable functions x, : [0,T]* — [0,00), q € Z.,

.170:1,

q
Talti, - tg) Sag Yy weoa(tr,. ot tg)”
z—lq
(95) by > gttty

=1
q t
+%§:/(%mw”¢g
i=1 70
(t1, ... .t,) €[0,T)9, q€N,

hold. Here, for a function x,—1 in q — 1 variables and q — 1 variables

ti:s) dS,

tivte, ooy ticty bty oo s tg,

we wrote

.qu_1<t1,‘.. ,tﬁ/,... ,tq) = Iq—l(tla--- 7ti—17ti+17--- ,tq).
Put

Cq = max kcp, q €N,
1Sk<q

and define a sequence of non-negative constants gq, ¢ = 0,1,2,..., recursively by
go=1, gg=0q(aggi_, +bgge-1), ¢ €N.
Then
(96) To(thy .o tg) S ggefett ot (0 t,) €10,T), g €N,
holds.
PROOF. If ¢ =1, (95) reads x1(t1) < (a1 +b1) + ¢4 /tl x1(8) ds, hence Proposition 4.1
0

ci1ty

implies z1(t1) < g™, which proves (96) for ¢ = 1.
Let ¢ =2 2 and assume that (96) holds for z,_;, as

mq—]_(t]_, e ,tq_l) é gq_leéq—l(tl"r‘“-‘rtq_l).

This and (95) for z, and d < 1 imply

i 1< .
Tq(s1, ... 5q) S q<aqg;i_1 F bygg_r) € (81+--.+Sq)5 Z eCa—15i
. , . i=1
+ chg Z/ (q(s1, -+, Sq)|s=u) du,
i=1 70

which, with Proposition 4.2, implies (96) for z,,. O



Space-time dependent stochastic ranking process 28

5 Proof of the main theorem.

5.1 Convergence of the spatial distribution function.

Here we will prove the essential part of the infinite particle limit, the convergence of
spatial distribution function.
In analogy to (36), define, foreachi =1,2,... ,Nand0<tg St < Tand 0 < yg = 1,

(97) T (to,t) = {w e Q| 5 () (w) > 77 (to) (W)}

By similar arguments as for (48) and (38), ¢™) in (6) and YC(N) in (7) respectively satisfies

1
(98) ¢(N) (dw7 (yO; tO)a t) - N Z 1J;N)(t0,t)c 5wj (dw),
33 Y (t0) 2wo
and
1
N
(99) YC(’ )((y07t0); t) =1y + N Z 1J;N)(to7t) .

PROPOSITION 5.1. Assume (8), (20), (24), and (27). Then there exists §' > 0 and
an integer po satisfying 2ped’ > 1, such that for any integer p = pg there exists a positive
constant C' depending only on p and ¢, (independent of N and h,) such that for any
bounded continuous h: W — R

2 2
P CChP

(100) E[ sup SO(N)<h7’Y7t> — Pyc (h777t) ] <

= "A7ton8 N € N7
(v:t)EAT - N

holds, where Cy, is as in (51).
Note that (7) and (17) with 6 = y¢ imply

[N(1 = yo)]

¥ — (1= y0) + @y (W, 7, 1) — @M (W, 7, 1).

YC(’N) (77 t) - yC(’Y? t) -

Applying (a + b)?? < 2271 (a® 4+ b?F), valid for a,b > 0 and 2p > 1, Proposition 5.1 with
h(w) =1, w € W, therefore implies

2p 92p—1( 22p—1

(N)
101 E Y, t t < +
( ) [ (%St;lepAT C (77 ) ?JC(% ) ] = NQP(;/ N2p )

N e N,

with the assumptions and notations of the Theorem.
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5.1.1 Coupling of the original and the flow driven model.
In view of Theorem 3.2, it suffices to prove the following for Proposition 5.1 to hold.

PROPOSITION 5.2. Assume (8), (20), (24), and (27), and let § be as in (20). Then
there exists ' > 0 and an integer py satisfying 2pod’ > 1, such that for any integer p = pq
there exists a positive constant C, (independent of N and h,) such that for any bounded

continuous h: W — R

oo
(102) E[ sup ¢(N) (h7 v, t) - QO(N&C)(]’L? v, t) ] é T};l ) N S N,
((yo,to),t)EAT N2p
where Cy, is as in (51).
Fort € [0,T]) and i € {1,2,...,N}, put
(103) B (1) = wi(V, N (t=),0) Awi(ye (3 (t-). 1), 1),
and
(104) B (1) = wi(, ™ (t=),0) V wi(ye (34 (1), 1), 1),

and denote the event that the i-th particle ¥,V (s) of (1) and ;) (s) of (35) jump to

top at same times in the interval (¢, t] by
(105) KV (0, t) = {w € QM ({(5,6) | 8 (s) <€ S @J)(s), 5 € (to,1] }) = 0.

The definitions (98) and (53) of ™) and ™9 are defined for (yo,ty) € [0,1] x
[0,¢]. Note that if we restrict (yo, o) to the initial/boundary points I'; of (10), then the
summation over j in these definitions are equivalent to the summation over j satisfying
y(.N ) 2> yo. In particular, the summations are deterministic and same for both gp(N )
and ™9 if (yo,to) € T'y. This is because (yo,to) € I’y implies yo = 0 or 5 = 0, by
(10), and if yo = 0 then the condition Y™ (to) = yo (or YV (to) Z yo) in (98) ((53),
respectively), implies summation over all j, while if ¢, = 0 then (1) and (31) imply
Y;(N) (to) = }/;(N’g) (to) = y'™_ This proves that for all the cases of ™) and o™ with
(Yo, to) € I'y the summation over j are equivalent to the the summation over j satisfying

N) >
y] = Yo-

Fix a bounded continuous function h : W — R, and let C}, be as in (51). Using the
definitions (98) and (53), put

ApM (v, 1) = @M (h, v, 1) — oD (h, 5, 1)

1
(106) =N >, hw)( I e~ 110 0 90):
73 y;N)iyo
7= (yo,t0) €Ty, t €[0,T].
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Then (105) and (51) imply,
N
Ch
|AQO N) 77 F Z IC(N) to,t)e (y07t0) € Fta S [07T]
The monotonicity of ICE-M (to,t)¢ with respect to t and ty further implies

Ch &
(107) sup [Ap™(y,0)] £ 2 Z L0 (g,
=1

(Vvt)EAT

Proof of Proposition 5.2 therefore reduces to evaluation of the event IC,EN)(O, T).

5.1.2 Event with different jumps to top.

(N) (N)

As an analog of (32), define a sequence of stopping times, 0 = 7, < 7,7 < ---, by
Tz‘(,f)\f) =0,
N . N N N
(108) rind = it > 707 | M ({(5,6) € (57, 7] x [0,00) |

0= Sw (VM (s—),8)}) > 0}, k€ Zy.
TZ-(’]]X) is the time that the particle ¢ in the (original) stochastic ranking process jumps to
the top for the k-th time. A corresponding analog of (33) is

uM,0), 0t <7y %
(109) vﬂkw:{ o !

0,7%7), T(k) <t<rT zk+17 k=1,2,.
A property corresponding to (42) then is
(110) vV (1) =Y (M (). ), t e [0,7),

which can be proved in a similar way as a proof of (42) in Lemma 3.1. This decomposition
in particular decomposes the dependence as random variables; if we temporarily denote
by X € F, a fact that a random variable X : ) — R is F-measurable, and denote by
o[Z] a sigma algebra generated by a random variable Z, we have
N N N
Ve (o, o). £) € ol{r™ | /M (1) > g0},

111
) ™ € alrl at] k€ Nyl

Define an analog of the stopping times (108) using (103) by
™ _ g

TZ/\O_
(112) T%yamﬁ>7&kuu>q@ﬁH0§5§@?@»0§s§ﬂa>m,
keN,
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and denote by ai(N), the time that the particle pair with label ¢ of the original model and

the flow driven model have different jumps to the top for the first time;
(113) oM (w) =inf{t € [0,T] | w e KM (0,1)°}, we
The definition implies

(114) Ti(’]]:/) < O'Z-(N) = TZ(]/\\[)k = Tz(g) = Tisg’y()) :

where TZ( A ¥) is defined in (32), with = yo. Indepndence of VZ-(N)(A) and V,L»(N)<B) for
the exclusive events A and B implies

(115) O kez} 1 o™,
Using (104), (103), (8), and a Vb = |a — b| + a A b, we have

{(57s>eR2|wm<><§< o (s), o<s<t}
C{(&5) eR* [0 L€ —a)(s) £ Cwl|Y N (s) — yo (1N (s), 5)],
0<s=t}

(16) U{ s)eR2 0= €~ a0 (s) < CwlVi™(s) — yo(r ¥ (s), 5)],
t/\T(/\)kl<3—t/\ /\k}

Note that for each ¢

Y(N)( z(]k\:[)l) Y(N,yc)(TiEgll) — 0’ on 7_(]];7)1 < O'(N)-

K3 (2

Note also that the definition (113) implies {w € Q| ai(N) (w) > s} = (N)(O s). Hence,
(110), (42), (99), and (38) imply, with similar arguments for deriving (107) from (105),

N N, N N N, N
VN (s) = vV (5)] = [Y N (/N (s), 5) = YO (V) (s), 9)]

(2 7 1
~ w2 ¢.<1<J§N)<T§flh,s>)c ~ LU L) )
j#i

1
<
=N Z L0 gye

J#i
on ICZ(N)(O, s), T(]Ij)l <s< Ti(iv).
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This with (116) then implies

Mo, t)°
CUGwemﬁmm 6102 e—als)
k=1
< O, (5) — yo (1IN (), 5))|
(117) Zl,cuv) D sy

J#i

t/\T(A)k L <SSEA Z(]X)k ) >0}
N N
mIC'L( )(0>Ti(,kzl))'

5.1.3 Application of Gronwall hierarchy.

Forg=1,2,... ,Nand t; €[0,T],i=1,...,q, put

q
(N) _
(118) Xq (t1, ... ,ty) = {z‘1,..‘,z‘?}lg?1,...,N}E[ 0[11 11c§fj>(0,ta)c ]

(106), (107), and (118) imply that to prove Proposition 5.2, it suffices to find ¢’ > 0
and integer pg satisfying 2pyd’ > 1, such that for any integer p = py,

C
N2p6/ ?

1 & N
2: : N
q:

A

for some C' > 0 independent of N. Here, d(r, q) is the number of surjections from a finite

set of size r to a set of size ¢, which is determined inductively by

qg—1

_ o ¢ _
(120) d(r,1) =1, and d(r,q) = ¢" — kz:; md(r,q —k), ¢q=2,3,...,r.
Fix g and {71, ... ,4,} in the right hand side of (118). Let o € {1,... , ¢} be the suffix
such that yl-(iv) is the smallest among yglN), ceey yi(jv), and put 19 = 7,. At times T(AQ,

k € Z., the particle ig is at the top position, namely, for i, # ig,

Wﬁﬁm)—0<yk N, k=1,2,.

10
N N N N N
W(ﬁ&zmkmﬂmk¢> mkaw

20
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Hence up to the first jump to the top, each YiiN) (t) with i, # io is independent of ;.

Therefore,

H 1IC(N) (0,t0)°
5 I a@y@myPuK<<om»r{%,J¢m}u{oAﬁ]1

a; iaFio

where P[- | {v;, 7 # i} U { A, k} ] denotes condltlonal probability conditioned on the
sigma algebra generated by v;, j # i, and Tio’A’k, k € N. This with (115), (114), (117),

and
Pl[v(A)>0]=1- e~ 1Al < A

for a unit Poisson random measure v, further leads to

q
[ H ]-Kz(iv)(o’ta)c ]
=E H 1 (KN (0,ta Z 1IC(N) (OtonT ) )

a; oo
to/\rfo } & (Vo) N
([0 v ) = e, o) ds
to/\’r Ak 1
N)
t()/\‘l'
i, Nk CW
+/ Zl ) o nr®) | gye d3> ]
to/\TZ(éVi b1 37510 bR
(121) I
< W
= N ZE[ H 1 lC(N) 0,ta Z lK(N) Oto/\T(N/)\k 1)
j=1 a; a0 ‘0
toATO )
X 1 ds
/t()/\"'((iv/)\k 1 K5 (tonTiThys)e ]
+ CwE| H L™ 0,t)e Z 1/C<N> (020AT) t)
a; iaFio
to/\‘r(o i k (N ) (N )
’y b
[ W) e s) )] ds
to/\TiO,/\,k 1
< o
Using 1 <N>(0t ~ (N) e <1land1 K 1 /\T@ Lemye = 1K§_N>(075_)C, we see that for 7,5 =
17 27 * 3 N?
tary) ¢
(122) leC(N) (0.enr ) / o KM (ar@ | ome ds é/0 Lt (0,6 ds.
k>1 Ti k=1

Substituting (122) in the first term of the right hand side of (121), and bounding the
characteristic function on the right hand side by 1 for j € {iy, ... ,i,} \ {io}, and bounding
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the characteristic function for ¢y also by 1 in the second term of the right hand side of
(121), we have

XMy, ..t

CwT(q—1) <~ (v
< O T S 0ttt
q tio 10=1
(123) +C’WZ/ X{SN)(tl,... Sy ty)ds
ig=1"0

tio
+ Cw max /

{i1,...,i¢}C{1,... ,N} 9 X
Bl T] 1k 1Y (s) = yel(vin " (s), )| ] ds.

0
T 710

Here, Xéj_\?(tl,... , Ligs - -+ s tg) 1s the function in (118) with ¢ replaced by ¢ — 1 and
with ¢ — 1 variables obtained by excluding ¢;, from t;,...,?,, and the variables for
XSN) (t1,.o. 8, .., tg) 18 t,... ,t, with ¢;, replaced by s. Applying Holder’s inequality
in the form

E[ | XY|] 2 E| ‘X’QP/(QP—l) ]1—(2P)_1E[ ’Y’2p ]1/(217)
to the last term in the right hand side of (123), and using (42) and (56), we have
XMy, ..t

CwT(qg—1) & v
éTZ %tl,...7t/{0,...7tq)

10=1

Applying Theorem 4.5, with a, = CywTCN~°, b, = CwT(¢—1)N1, ¢, = Cw, d =
1 —(2p)~', we have

XéN)(tl,... ty) = gquCWT, t;€[0,7],i=1,...,q, ¢ €N;

(124) s .
go=1, gg=qCwT(CN°gl_; 4+ (¢—1)N""gs—1), ¢ € N.

For large N we have g,—1 < 1, hence with d < 1, we further have gj_l > gq—1, and also
with 0 < § < 1 for large N we have N=° > (¢ — 1)N~!, so that

9 £ ¢CwTgl \N~°(C+1), geN.



Space-time dependent stochastic ranking process 35

By induction in g,

9q S ¢(CwT V1) C+1)1

Nema——@py 0 4EN-

1
Since 1 — (1 — 2—)q is decreasing in ¢, we therefore have
p

1
N2po(1—(1—(2p) 1))’

XM (ty, ... ty) < g (CwT vV 1)1(C + 1) wT
q - ]'7 27 AR 7p

(125)

Choose ¢’ to be any positive constant satisfying

0<(5’<(1—1)5.

(&

1
Since lim (1 — 2—)2p = e ! < 1, there exists an integer py > 7 such that
p—00 p

1
§<(l-01-—=—

)5, p= 1
2p) )7 p Do, pO"’ 9

With (125) we arrive at

XMy, .. t) S g (CwT v 1)9(C + 1) CWTNW, g=1,2,....2p,
N! < N N P
for p = po,po+1,.... Since ——— < < , this proves (119
o ¢ (N—q)! = ¢ = ¢ (119).
This completes a proof of Proposition 5.2, and therefore, of Proposition 5.1. a

5.2 Proof of Theorem 2.3.

Lety € [0,1] and let A : W — R be a bounded continuous function with C;, > 0 asin (51).
For the flow yo € O7 in Theorem 2.1, the definition of O in (12) implies that for each

€10, 7], Ty v+ yo(v,t) € [0,1] is surjective. Therefore there exists v : [0,1] — I
such that

(126) yo(v(y),t) =y, y € [0,1].
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We then have, using (18), (54), (126), (6), (17), (51), (3), and (126) in turn,

[ ot 1) = | wiwpataw x 1)

h(w) ™ (dw x [y, 1]) = oy (b 1(y), t)‘

< sup [N (B, 7, 1) =y (b, 7, 1)

[ w1 = [ b e < 8 ulw),0.1)
< sup [p™ (7,7, 1) = @yo (b, 7, )] + Cily — Y (u(y). 0)]

+

'yGFt
< sup [¢™ (h,7,8) = gy (b7, 1)| + Calye (0 (), ) = YE (n(), )
yels
N
é sup ‘SO(N)(}% 7 t) - gch(h, v t)’ + Ch, sup ‘y0<77 t) o YC(’ )(77 t)‘
vyel't vyeTl't

Proposition 5.1 and (101) then imply

36

2p
E[ sup / h(w) ™ (dw x [y, 1)) — / h(w) e (dw x [y, 1))| ]
(127) 1t(el[O’T}szy/lC’ oo 2wTlo "
+ 270 Oy
<
= N2p§/ + N2p Y N E N?
where the constants in the right hand side is as in Proposition 5.1. Since 2pd’ > 1, we see
that
[e's) 2p
N
BL Y sup | [ Gyl ™dw x [5.1) = | e x [ 1)] ) < oc,
N—1 tEOTIIW w

hence, in particular, we have, as in the argument below Corollary 3.3 for Theorem 3.2,

(128) lim sup
N—004e(0,7]

. i 1) = [ wwdaw x 1| <o

with probability 1, which proves (28).
Next we prove uniform almost sure convergence of YZ-(N) toY; fori=1,2,..
an analogy to (32) and (33), define

Ti0 = 07
(129) Tik+1 = nf{t > 7 | v;({(s,€) € (Tix, T] % [0, 00) |
0<ESw(Vi(s-).9)}) > 0}, k€ Zs.

and

i,O , 0<t< i1,
(130) (o= 0 OST<
0,7ik), Tikg St<Tigy1, k=1,2,....

., L. As
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Comparing (19) and (30), we have, with similar argument for (42),

(131) Y:L<t> - yC(%(t)?t)? te [OaT]

Quantities corresponding to (103), (104), (105), and (113) are
(1) = wi¥: ™) (1), 1) Awi(Yi(t-),

o) £),1),
W) (1) = wi(V (), 8) Vi (Yi(t—), 1), 1),
M0,8) = {we Q| ul{(s.€) | o (s) <€ SwV(s), s € (0,4 }) =0},

™ = inf{t € 0,77 | /C/V)(o, £)}.

A proof now proceeds with argument similar to that in § 5.1.2. An argument similar
to that for (116) leads to a bound

KM (0, )
(132) C{weﬁ\m({(s,@\ < ¢ — ) (s) £ Cw|V N (s) = Yils)],
e (0, 1}>>0}

Since v; is a Poisson random measure, it holds with probability 1 that v;(A) < oo for
a Borel set A C [0,7] x [0,00) of finite area. Hence for almost all w € 2 there exists
€ = €(w) > 0 such that

(133) vi({(s.9) [0S € w)(s) S e s €(0,4] 1) =0.
On the other hand, applying the argument from (127) to (128), (101) implies

(134) lim sup |Y ( t) —yc(v,t)] =0, a.s.
N=eo (v ear

Therefore, for almost all w € ), there exists an integer Ny = Ny(w) such that for N = Ny,

(135) sup [V (,0) = e, 0] £ 5 N 2 No
(’Wt)EAT W

Combining (133), (135), (110), (131), and (132),
(136) KM, T =0, N> N,.
Next, (110) and (131) imply

() - Vi)
Y wfm (1),1) — yo (Y (), )] + lye (N (), 8) — yo(i(t), )]

jgpw 1, t) = yo (1 O] + lye (Y (1), 1) = yo(i(t), ).

A TIA
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Comparing (109) and (130) we further have

() - Yi()]

)

N
(137) < sup [V (9,1) — ye(7, 1)
v€el:

+ |yc((yi(N), 0)7 t) - yC((yi7 0)7 t)| 1t<Ti,1 + 1/€§N)(0,t)c
Substituting (136) in (137),

(1) - Yi()]

7

1
(138) < sup [¥E(3,6) = we (1,0 + e (™, 0).1) = uo((9:,0). 1)1, N 2 No.
~yel't
Since yc € Or, A}im yZ(N) = y; implies
(139) lim sup [ye((y™”,0),1) — ye((3:,0), 1) =0, a.s..
N—004e0,7]

Combining (134), (138), (139) we have

lim sup |V, (¢) — Yi(t)| =0, a.s..
N—00 te(0,7]
Therefore the almost sure uniform convergence of tagged particle system holds, which

completes a proof of Theorem 2.3.

A Point process with last-arrival-time dependent in-
tensity.

We will summarize the definition and basic formulas of the point processes with last-
arrival-time dependent intensities. See [11, §3] and [12, §1.2] for a proof. In accordance
with [11, 12], we will denote the point process with last-arrival-time dependent intensity
by N = N(t), while we wrote 7 in the main body of the present paper to keep the symbol
N for the particle number.

N = N(t), t 2 0, is a non-decreasing, right-continuous, non-negative integer valued
stochastic process on a measurable space with N(0) = 0, satisfying the following. For

each non-negative integer k£ denote the k-th arrival time 75 by
(140) n=inf{t 20| N(t) 2k}, k=1,2,..., and 75 =0.

The arrival times 7, are non-decreasing in k, because NN is non-decreasing, and since N

is also right-continuous, the arrival times are stopping times; if we denote the associated
filtration by F; = o[N(s), s < t], then {7, = t} € F, t 2 0. We call N a point
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process with last-arrival-time dependent intensities. if for a non-negative valued bounded
continuous function w of (s,t) for 0 < s < ¢, and for k =1,2,...

t
(141) Plt<r|F |= exp(—/ o(reyu) du) on £ s
Tk—1
holds.
In particular, (141) with £ = 1 implies

(142) P[N()=0]=P[m >t]=exp(— /Otw(O,u) du), t=0.

If w is independent of the first variable, then (141) implies that N is the (inhomogeneous)
Poisson process with intensity function w. We are considering a generalization of the
Poisson process such that the intensity function depends on the latest arrival time.

A construction (existence proof) of the point process with last-arrival-time dependent
intensity goes as follows. Let w : [0,00)> — [0,00) be a non-negative valued bounded
continuous function of (s,t) for 0 < s < ¢, for which we aim to construct a process
satisfying (141). Let v be a Poisson random measure on [0,00)?, with unit constant

intensity
(143) E[v([a,b] x [e,d]) ] =(b—a)(d—¢) b>a>0,d>c>0, keN.
Define a sequence of hitting times 7, k € Z,, inductively by

To =0, and
T = inf{t = 71 | v({(€,u) € [0,00)? |

0 é 5 g w(%k—lau)7 7~—k—1 <u é t}) >0 }7
k=1,2,....

(144)

Note that the definition is not equivalent to the wrong formula such as 7, = inf{t = 0 |
v({(&,u) €[0,00)? |0 Z ¢ S w(Fg,u), 0 <u=t}) 2k }. We are recursively adding 1
new arrival after the last arrival using the renewed intensity w(7y_1,+) in (144). Define a

process N(t) by
(145) N(t)=max{k € Z, | 7, < t}, t 2 0.

Since N(t) and 7, are samplewise non-decreasing in ¢ and k, respectively, N(t) satisfies

(140) and (141) with N(t) = N(¢) and 7, = 7. {7x St} isin
(146) Fi = o[v(A); Ae B([0,0)%), AC[0,00) x [0,1]],

and consequently N is adapted to {F;}.
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In coupling the stochastic ranking process with the flow driven stochastic ranking

process, we will need a representation of N by the stochastic integration with respect to
v in (143) which is,

(147) NO= [ et v ), 120
s€(0,t] J£€[0,00)
where 7 : 2 x [0,00) — [0, 00) is the last arrival time up to time ¢:
(148) T (t) = v = inf{s 2 0 | N(t) = N(s)} € [0, 1],
which satisfies a stochastic integration equation
(149) PO = [ [ (5767 Lestnatronamy ),
s€(0,t] J£€[0,00)

from which (147) follows.
For t =ty put

t

(150) Q(to, 1) :/ w(to, u) du.
to

We have explicit formula

P[N(t)=N(s)]=) P[m s, t <]

k>0

/Ov_zuk<uk_1<uk_2<"'<”u1<u0§s

(151) k;o
. k—1
X e~ 20 Quitr,u) = Quot) (H w(wit1, u;) dui)a
i=0
and for ||lw|| = sup |w(s,t)],
0SsSt<T
(152)
0
0= -2 PIN() =N(s)] = llw (PIN() = N(s) | = P[N(t) = N(0) ]) = llwll,
0
0 —P[N(t)=N
< TP = N(s))
= Z/ w(ug, S)
>0 O=tup<ug_1<-<u1<up<s
B L k-1
x 7 im0 Huirr,u)=uo.f) (H w(Uiy1, u;) du;)
i=0

S |lwl PLN(t) = N(s) ] < [lwl],
0<s<t.
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