ON SMOOTH PLANE CURVES WHOSE AUTOMORPHISM
GROUP HAS FIXED POINTS

TAKESHI HARUI

This article is based on my talk on December 16, 2017. The main result is a
classification of automorphism groups of smooth plane curves with fixed points in
the projective plane. This is a joint work with A. Ohbuchi and it is a generalization
of my previous talk in 2016.

1. INTRODUCTION

Notation

® Z.,: a cyclic group of order m;

e (,,: a primitive m-th root of unity.

® Dy, ={a,b|a™=0b>=1bab~! = a1): the dihedral group of order 2m;

® Dy = Qum = {a,b | a® = 1,b> = a™,bab™' = a™'): the binary dihedral
subgroup of SL(2,C) (the dicyclic group of order 4m);

e Qs = (a,b|a* =1, =a%bab™t =a™t) = (i,j,k | i® = j2 = k* = ijk =
—1): the quaternion group;

o I'~ Ay, O~S,, I ~ As: the tetrahedral, octahedral, icosahedral subgroups
of PGL(2,C);

o T ~ SL(2,3), O, I ~ SL(2,5): the binary tetrahedral, binary octahedral,
binary icosahedral subgroup of SL(2,C).

In this article

0
PBD(2,1) := A 0] |AeGL(2,C),aeC” /(CX
0 0 «

A 0

= 0] AeSL(2,C),aeC” /{Il:Eg}
0 0 «

C PGL(3,C)

and p : PBD(2,1) - PGL(2,C) is the natural homomorphism.

First we recall a classification of automorphism groups of smooth plane curves:
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Theorem 1. Let C be a smooth plane curve of degree d > 4, G a subgroup of
Aut(C). Then one of the following holds:

(a-i) G fizes a point on C and G is a cyclic group whose order is at most
d(d—1). Furthermore, if d > 5 and |G| = d(d—1), then C' is projectively
equivalent to the curve Y Z4 1 4+ X4+ Y4 = 0.

(a-ii) G fizes a point not lying on C' and there exists a commutative diagram

1 - C*— PBD(2,1) & PGL(2,C) = 1 (exact)
i i T

1%, — G — G —1 (exact),

where n is a factor of d and G’ is conjugate to Z,,, Doy (m < d —1),
T, O or I. Furthermore, if n # 1 and G' ~ Dy, then m | d — 2. In
particular |G| < max{2d(d — 2),60d}.

(b-i) (C,G) is a descendant of Fermat curve Fy: X+ Y4+ Z% = 0. In this
case G C Aut(Fy). In particular, |G| < 6d°.

(b-ii) (C,G) is a descendant of Klein curve Kq: XY 1 4+Y 7414 Z X471 = 0.
In this case G C Aut(K,). In particular, |G| < 3(d* — 3d +3) if d > 5.
On the other hand, |G| < 168 if d = 4.

(c) G is conjugate to one of the following subgroups of PGL(3,C): the alter-

nating group As or Ag, the Klein group PSL(2,7), the Hessian group
Hsis of order 216 or its subgroup of order 36 or 72. In particular
|G| < 360.

In this article we consider the case (a-ii). Let P is a fixed point of G. By the
commutative diagram above, we may assume that P = (0:0: 1), G is a subgroup
of PBD(2,1) and Z, is generated by a projective reflection [1,1,(,]. If n = 1 then
G = G, whose structure is well known. Thus we assume that n > 2. When
G = Aut(C), such a point P is called a quasi Galois point of order n for C.

Remark 1. Put G[Q] := {0 € Aut(C) | rgoo = mg} for Q € P? where
mg: C — P! is the projection with center ). Then

@ is quasi Galois point for C ﬁ |G[Q]] > 2.

If |G[Q]| = d then @ is called a Galois point for C' (see [Y] for details).

Since [1,1,(,] acts on C, the curve C' has a defining equation of the form

k
744N F(X,Y)z5m =0,

Jj=1

where k = d/n and F;(X,Y") is a homogeneous polynomial of degree jn. We formally
set Fo(X,Y) = 1.
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Remark 2. Since Gp = {0 € G| o(P) = P} = Z,, we see that ged{d — jn |
F;#0,7=0,1,...,k—1} =n. Hence

ged{k—j | F;#0,j=0,1,... . k—1} =1
holds.

Note that there exists a natural commutative diagram

1—=C*X——=SL(2,C) x C* ——= SL(2,C) — 1

A |

1 C* PBD(2, 1) PGL(2,C) — 1,

p

where 7 and w are natural projections. This diagram induces another commutative
diagram

1 7., G 1
O
1 Z., G G’ 1,

P
where G := @ 1(G) and G’ := 771(G). Then Kerw = {+E;3}, Kerr = {+E,} and

(Zow (f G’ =Zy,)
Dy, (if G' = Dyy,)
G'=<ST (G =T)
0 (ifG'=0)
LI (fG'=1).

Furthermore, G is presented as follows.

Ao = (%m <§)1> )

® Doy = Qup = {a,b | a® =b* =1,bab~! = a™'), where

0
a:= asy, b= (Z (Z)) .
For T, O we put

(v 0 t‘_ie—e q (e 0
S i= Q4 = O —i ] C \/§ E_l 6_1 an U= asg = 0 6_1

(€ is a primitive 8th root of unity).

® 7o, generated by

Then
T={(st|s*=t=(st™H3, O={tu|(tu)?=1t>=u).
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Furthermore, put v’ = tut™*. Then V = (u,u/) ~ Qg is the only normal subgroup
of index three in 7T'.
Finally

1= (v,w]|v?*=(w ') =ud),

1 n+n' 1 _ (- O
U'_n2—773< 1 ~m+n ) T o0 !

(n is a primitive 5th root of unity).

where

2. DEFINING EQUATIONS AND AUTOMORPHISM GROUPS OF CURVES

In what follows, we assume that G’ is not cyclic.
The special linear group SL(2,C) naturally acts on C[X,Y], i.e.,, A € SL(2,C)
induces a homomorphism F(X,Y) — F((X,Y)A).

Theorem 2. Every F;(X,Y) (j = 1,2,...,k) is invariant under a subgroup

H c G' and invariant under G' up to multiplication by l-th roots of unity, where
(a®) (if G’ = Dy,)
~ (u, /) =V ~Qs (ifG'=T)

"=Vn =T @e =0
I (G =1),
and
(2 (if G’ = Dy, and m is even)
4 (if G' = Dy, and m is odd)
1={3 (@ =T)
2 (it @ = 0)
1 (e =1)

Let Ry be the invariant ring of G/, i.e., Ry = C[X, Y]a and R the invariant ring
of H, ie, R=C[X,Y]? Then F;(X,Y) € R (j =1,2,...,k). Note that Ry C R
and R is Rop-module. It is well known that
(C[X?™ +Y?™ (XY)?, XY (X" — Y]

(it G = Doy, m is even)
CIX?™ — Y2 (XY)? XY (X?™ + V2]
CIX,Y] = (if G' = Doy, m is 0dd)
Clf,g,h] (fG =T)
Clg, f2, fh] (it G'=0)
(Cl6:1,05,05] (it G'=1),

Ry
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where
f=XY(X*-Y", g¢g=X%+14XYV*4Y8,
h=X"-33(XY"+ X'Y®) + Y%
deg f =6, degg=38, degh=12 and h*=g*>— 108f*

0, = XY (X" +11X°Y° — Y10,

0y = X2 — 228( XY — XOV1) 4 494X 10y 10 4 v,

05 = X% 4 522(XPY° — X°Y?) — 10005(X 20y 10  X10y20) 4 y30,

degf, =12, degf, =20, degfs =30 and 63 = 172805 — 6s.
Furthermore g = g;g-2, where

g = X' 2V3iXY2 4+ Y, g = XY - 2VBiX2YE 4 Y

Then h = g} +6~\/§if2 € C[f, g1, g2] and 124/3i f> — ¢° + g3 = 0 holds. The structure
of R =C[X,Y]" is also well-known:
CIX™ XY, Y™ =C[p,q,r] (f G' = Day,)
Clf,g1.92] (G =T)
Clf,g,h] (G =0)
Cl01,02,05] (= Ry) (if G' =1),
where p = X"+ Y™ ¢g= X" —Y"™ and r = XY. This implies the following fact.

R=ClX,Y)7 =

Lemma 3. The order n is even unless G' = Ds,, and m is odd.

Proof. If Fj # 0 then deg F; = jn is even unless G’ = Dy, and m is odd, since every
nonzero polynomial in R is of even degree. In particular d = deg F}, is even. Hence
ged{d—jn | F; #0,7=0,1,....k} =n is also even. O

In the end of this section, we state a classification of G. First we consider a special
case.

Proposition 4. If n is odd, then G' = Dy, and m is odd. In this case G =
Zn X ng.

Proof. First it follows from Lemma [3 that G’ = D,,, and m is odd. Furthermore m
and n are coprime, since m and n are both odd, m | d — 2 and n | d. Then Z,, and
G/Z,, = Dy, have coprime orders, which implies that G = Z,, X Da,,. O

In what follows we assume that n is even.
To determine the structure of the group G, we consider a group character on G.
Let A be a matrix in G'. Then there exists o € C* such that w((4,a)) € G and
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« is unique up to multiplication by n-th roots of unity. Thus we obtain a group
homomorphism

V:G = C* (A a").

Lemma 5. The image of the generators of G' under X is as follows.
(1) If G' = Dy, and m is even, then X(a) = £1 and X (b) = £1.
(2) If G' = Dy, and m is odd, then x(a) =1 and x(b) = £1.
(3) If G =T, then X(s) =1 and X(t) = w is a primitive third root of unity.
(4) If G' = O, then X(t) =1 and x(u) = £1.
(5) If G =1, then X = 1.

When G’ # T, let ng be the odd part of n, i.e., n = 2°ny (e > 1,2 1 ng). When
G' = T, put n = 2°3ng, where e > 1,¢/ > 0 and 2,3 t ng. Put the following
numbers:

K= 1 €7,
Coe

and

1 Gt =1) _ ) (fx()=1)
<1) = Cget1 (if S{(a) = —1) » H2 i = {CQEH (if %(b) = _1)
(G" = Dy, and m is even)

=1t (it X(0) = 1) ' = and m is o
(2) = Coerr (if X(D) = —1) (¢ = Dy and dd)
(B) vi=CGen (G"=T)

_J1 (i X(u) =1) -
(4) A= {CQEH (if Y(u) = —1) (¢"=0)

Then G contains a subgroup CNJO generated by the following elements and .

(1) (a i ) (b ) (G" = Dy, and m is even)
1
= Dy, and m is odd)
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Set Gy = éo/{iEg}. Then G = Z,, x Gy. Thus it suffices to classify the structure
of Gy, which is given by the following theorems.

Theorem 6. When G' = Dy, and m is even, the group Go = Zige®Ds,, is a
non-split extension of Do, by Zge.
(i) If4 | m thene =1 and
Ezm = Qum (if H1 = U2 = 1)
Go~< Dy (if pp =1 and py = 4)
sz X Zz (lf M1 = ’l)
(ii) If4tm and e =1 then
Limja ¥ Qg (if iy = pp = 1)
Go~§ Dy (if =1 and py = 1)
(Zm X ZQ) X ZQ (lf M1 = Z)
(iii) If41m and e > 2 then
(ZQeflm X ZQ) X Zg (lf M1 = Mo = 1)
Go = § (Zyja X Ligerr) X Ly (if p11 = 1 and prg = (oet1)
dem X ZQ (lf H1 = <2@+1>.

Theorem 7. When G' = Dsy,, and m is odd, the group Go = Zgee Doy, is an
extension of Doy, by Zoe. Furthermore,

L X Zy (ffe=1and pu=1)

Dy (ife=1and p = (oe1)

Zge X Doy, (ife>2and p=1)

Lo, X Ligesr (if € > 2 and 1 = (get1).

Gy =

Theorem 8. When G' = T, the group Gy = Zy*T is a non-split extension of
T by Zge and

GO _ Qg X Z36/+1 (1f e = 1)
((ZQE X ZQ) X ZQ) X Z35/+1 <1f (& 2 2)

Remark 3. If e =1 and ¢ = 0 then Gy ~ T.
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Theorem 9. When G' = O, the group Gy = Zae*O is a non-split extension of
O by Zge and

(O (fe=1and A =1)

GL(2,3) =T xZy (if A\ =1)

Go = ¢ (((Zae X L) X Zo) X ZL3) XLy (ife>2and A=1)

TxZy (fX=¢)

(T *Zye = 72e*Sy  (if X = Coerr (e > 3)).

Theorem 10. When G' = I, the group Go = Zy:*I is a non-split extension of
I by Z* and it is an extension of a cyclic group Zoe—1 by I. Precisely
I (fe=1)
Go=(1Ix7Zy (ife=2)
1°Zy1 (if e > 3).

3. EXAMPLES

Example 1. Let C' be the plane curve of degree 10 defined by
710 = XY (X®+Y®).
Then G = Aut(C) satisfies the non-split exact sequence
1—Zyy—>G— Dig— 1
and G = Zgy X Zs.

Example 2. Let C' be the plane curve of degree 15 defined by
7P = XY (X 4+ Y1),
Then G = Aut(C') satisfies the split exact sequence
1 —=Zi5 = G — Dy — 1,

in other words, G = Zi5 X Dag.
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Example 3. Let C' be the plane curve of degree 16 defined by
718 = Xy (X" 4+ Y1),
Then G = Aut(C) satisfies the non-split exact sequence
1—>Z1—G— Dyg— 1
and G = Zggy X 7.

Example 4. Let C' be the plane curve of degree 16 defined by
710 = Xy(X™ £ XTY7 4+ yH).
Then G = Aut(C) satisfies the split exact sequence
1 — 71— G— Dy — 1,

in other WOI‘dS, G = Zlﬁ X D14.

Example 5. Let C be the plane curve of degree 16 defined by
ZV0 4+ XYW+ XY (XM + XY+ Y =0.
Then G = Aut(C') satisfies the split exact sequence
1—=Zs—G— Dy — 1,

in other words, G = Zg x Dqy.

Example 6. Let C be the plane curve of degree 32 defined by
7% 1 X3Y3(X10 4 y10) 716 | Xy (X3 4 y30) =,
Then G = Aut(C) satisfies the split exact sequence
1 —=Zy—G— Dy— 1,

in other WOI‘dS, G = Zl6 X DlO-

Example 7. Let C be the quartic curve defined by Z4 = X44+2v/3iX?Y?+Y* (=
g1). Then G = Aut(C) satisfies the (non-split) exact sequence

12724 —-G—->T—1
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and G =T X Z.

Example 8. Let C be the the plane curve of degree 16 defined by Z1¢ = ¢,(¢3 +
g3). Then G = Aut(C) satisfies the (non-split) exact sequence

1—>Zi—>G—T—1
andG:((ZMXZQ) NZQ)X]Zg.

Example 9. Let C be the sextic curve defined by Z® = XY (X* —Y*). Then
G = Aut(C) satisfies the (non-split) exact sequence

1—2Z¢—>G—>0—1
and G = Z3 x GL(2,3).

Example 10. Let C be the octic curve defined by Z8 = X®+14X1Y44+Y3 (= ¢).
Then G = Aut(C) satisfies the (non-split) exact sequence

1—>Zs —>G—0 —1
andG:(((ngzg)NZQ)NZ3)>4Z2:(T>4Z4)>4Z2.

Example 11. Let C be the plane curve of degree 12 defined by Z'2 = X2 —
33(XBY 1+ X1Y®) 4+ Y12 (= h). Then G = Aut(C) satisfies the (non-split) exact
sequence

12Z5,—>G—-0—=1

and G = Zz x (T x Zy).
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Example 12. Let C be the plane curve of degree 18 defined by Z'® = fh. Then
G = Aut(C) satisfies the (non-split) exact sequence

1—>Zig—>G—0—1
and G = Zg x O.

Example 13. Let C be the plane curve of degree 32 defined by Z3? = gF, where
F'is a polynomial of degree 24 in C[f, g, h| such that gF has no multiple factor.
Then G = Aut(C) satisfies the (non-split) exact sequence

12723 —>G—-0—1
andG:(((Zg,QXZQ) NZQ)X]Z;;)NZQ.

Example 14. Let C' be the plane curve of degree 24 defined by
Z8+ P77 4 Fyu = 0,

where Fy, is a general polynomial of degree 24 in C[f, g, h]. Then G = Aut(C)
satisfies the non-split exact sequence

1 =71 —G—0—1
andG:Z;e,X ((((Z4XZQ>NZQ) NZg)NZQ).

Example 15. Let C' be the plane curve of degree 12 defined by
72 = XY (X +11X°Y° — Y19 (= 0)).
Then G = Aut(C) satisfies the (non-split) exact sequence
1 =7y —G—=1—=1
and G = Zz x (I x Zy).

Example 16. Let C' be the plane curve of degree 20 defined by
7% = X2 —228(XPY® — XPV1®) 4 494X 10y 10 L Y20 (= 4,).
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Then G = Aut(C) satisfies the (non-split) exact sequence
1 —>Zypy—>G—1—1
and G = Z5 X (T X Zg)

Example 17. Let C' be the plane curve of degree 30 defined by
730 = X3 £ 522(XPY® — XPY?) — 10005( XY 10 4 X10y20) 1 v (= g).
Then G = Aut(C) satisfies the (non-split) exact sequence
1 —>Z3g—>G—1—1
and G = Zq5 x 1.

Example 18. Let C' be the plane curve of degree 32 defined by Z32 = 6,0,.
Then G = Aut(C') satisfies the non-split exact sequence

1 —>Z3 -G —1—1
and G = T.ZIG.
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