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This paper presents a systematic approach for analyzing the departure-time choice equilib-
rium (DTCE) problem of a single bottleneck with heterogeneous commuters. The approach
is based on the fact that the DTCE is equivalently represented as a linear programming
problem with a special structure, which can be analytically solved by exploiting the the-
ory of optimal transport combined with a decomposition technique. By applying the pro-
posed approach to several types of models with heterogeneous commuters, it is shown
that (i) the essential condition for emerging equilibrium “sorting patterns,” which have
been known in the literature, is that the schedule delay functions have the “Monge prop-
erty,” (ii) the equilibrium problems with the Monge property can be solved analytically,
and (iii) the proposed approach can be applied to a more general problem with more than
two types of heterogeneities.
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1. Introduction

The modeling and analysis of rush-hour traffic congestion has a rich history, dating back to the seminal work of
Vickrey (1969). In the basic model proposed by Vickrey, it is assumed that a fixed number of commuters with homoge-
neous preferences wish to arrive at a single destination (workplace) at the same preferred time, traveling through a single
route that has a bottleneck of a fixed capacity. Each commuter chooses the departure time of his/her trip from home to
minimize their generalized trip cost, including trip time, queuing delay at the bottleneck and schedule delay (i.e., costs of
arriving early or late at their destination). The problem is to determine a dynamic equilibrium distribution of departure
times for which no commuter can reduce their generalized cost by changing their departure time unilaterally. The impor-
tance of this problem in transportation planning and demand management policies has led to various extensions of the basic
model to allow for (1) distributed/heterogeneous preferred departure times, (2) heterogeneity in the valuation of travel time
and schedule delay, (3) elastic demands and (4) modal/route/parking choices. For a recent comprehensive review, refer to

Li et al., 2020.
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Despite these extensive studies, however, the extant analysis approaches have several limitations, and are not necessar-
ily organized into a sufficiently general theory that enables us to systematically understand various extant results. First,
most previous studies focused only on a single type of user heterogeneity either in the preferred arrival time at the des-
tination (e.g., Hendrickson and Kocur, 1981; Smith, 1984; Daganzo, 1985) or in the valuation of travel time and schedule
delay (e.g., Cohen, 1987; Arnott et al., 1988; 1992; 1994; Ramadurai et al., 2010; van den Berg and Verhoef, 2011; Liu et al,,
2015; Takayama and Kuwahara, 2017).! As a result, little is known about certain regularities of the equilibrium when there
are multiple types of heterogeneity in the preferences of users. Second, most studies restricted their analysis to a special
class of schedule functions (e.g., a piecewise linear function).2 This is theoretically problematic because it blurs the critical
conditions required for the analysis results. For instance, two models of Daganzo (1985) and Arnott et al. (1994) have dif-
ferent types of users’ heterogeneities (i.e., work start times and value of times (VOTSs)/penalties); however, a similar sorting
property emerges: users arrive at the bottleneck in the order of their work start times (i.e., the “first-in-first-work (FIFW)
principle”) in the former model; users’ arrivals are sorted in the order of their VOTs in the latter model. This evokes a several
questions, such as what conditions are essential for the emergence of “sorting patterns” in the equilibrium and what con-
ditions are required for obtaining an analytical solution?. However, answers to such basic questions are not known. Finally,
for the models with a general schedule delay function and user heterogeneity, systematic and efficient methods for obtain-
ing accurate solutions are still lacking. As shown by Nie and Zhang (2009), the straight-forward formulation of the model
(equilibrium conditions) results in a variational inequality (VI) problem with a non-monotone mapping, which implies that
a naive numerical algorithm does not guarantee convergence.

This paper proposes a systematic and unified approach to analyze a wide variety of models of departure-time choice
equilibrium (DTCE) with a single bottleneck. The proposed approach is based on the following two facts: (1) the equilibrium
can be obtained by solving a structured linear programming (LP) problem and (2) the special structure of the equivalent
LP problem allows us to apply the theory of optimal transport (Rachev and Riischendorf, 1998; Burkard, 2007; Villani,
2008), which provides explicit analytical solutions as well as efficient numerical algorithms. To attain the purpose in a
clear manner, we mainly consider the DTCE models whose properties (under restricted assumptions) are familiar in the
literature.

More specifically, we first review the relationships between the arrival-time-based formulation of the DTCE models and
the departure-time-based one. It has been shown that the departure-time-based formulation has a big advantage, that is,
the (part of) equilibrium conditions reduce to an equivalent LP problem; the LP problem can be effectively utilized to study
pricing and system optimal problems and can be solved easily by an established convergent algorithm (or an LP solver). We
then reveal that the equivalent LP problems for various types of DTCE problems have structural commonalities, to which
the theory of optimal transport can be applied either directly or indirectly. Through several examples, we demonstrate
how the optimal transport theory can be applied to the DTCE problems. The above-mentioned sorting patterns for differ-
ent models can be explained by a property of the schedule delay function in a unified manner; even analytical solutions
are obtained for certain cases. We also show that the proposed approach enables us to systematically analyze the basic
properties of the equilibrium, such as existence, uniqueness, and regularities of the flow patterns (e.g., temporal “sorting”
patterns).

As a first example of the approach, we demonstrate that the DTCE problem with heterogeneous preferred departure
times is analytically solvable and that the sorting property of the equilibrium flow pattern (i.e., the FIFW principle) can
be understood from the optimal transport theory as a direct consequence of “submodularity” or the “Monge property” of
the schedule delay cost function. As a second example, we consider the DTCE problem with heterogeneous schedule cost
functions (i.e., users are differentiated according to their VOT). For this type of DTCE problem, the straightforward application
of the optimal transport theory is not possible because the schedule cost functions do not satisfy the Monge property.
Nevertheless, by developing an approach in which the optimal transport theory is applied to the subproblems generated
from a hierarchical decomposition of the original LP problem, we can show that the DTCE problem is analytically solvable
under mild assumptions regarding the schedule cost function. Finally, this approach is further extended to generalized DTCE
models with two types of cost heterogeneity.

In the remainder of this article, after briefly describing the problem setting (Section 2), Section 3 reviews the arrival-time-
based formulation of the DTCE models. With some new variables, Section 4 converts the arrival-time-based formulation to
the departure-time-based one. We then introduce an LP approach to the DTCE problem with heterogeneous commuters
and show its some advantages and applications. Section 5 briefly reviews the theory of optimal transport and presents
an illustrative example of how it can be applied to analyze the DTCE problem with heterogeneous preferred departure
times. Section 6 analyzes the DTCE problems with heterogeneous schedule delay cost functions, in which we provide a
new analytical approach of combining a hierarchical decomposition with the optimal transport theory. Section 7 further

1 There are a few exceptions. However, Newell (1987) and Hall (2018, 2020) assume a special class of schedule functions, and Lindsey (2004) focuses on
proving the existence and uniqueness of the equilibrium and the comparative statics with respect to the number of users in each group.

2 Smith (1984); Daganzo (1985); Lindsey (2004) are exceptions; however, Smith (1984) and Daganzo (1985) assume that all commuters have the same
schedule delay function.
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extends the approach to generalized DTCE models with two types of cost heterogeneity. Concluding remarks are presented
in Section 8. For reference, we summarize the main notations used in the formulation in Appendix A.

2. Morning commute equilibrium problems

We consider a road network with a single O-D pair connected by one route. We assume that one user travels in every
vehicle. Users are treated as a continuum, and the total mass is denoted by Q, which is a given constant. The route has a
single bottleneck with a capacity (maximum service rate) of p. The queuing congestion at the bottleneck is described by a
point queue model, in which the queue is assumed to form vertically at the entrance of the bottleneck. Users are classified
into a finite number, K, of homogeneous groups. The index set of groups is denoted by K = {1, 2,...,K}. Let the mass of
users in group k € K be Qy; then, Y ., Qx = Q.

Users choose their departure time from the origin so as to minimize their trip cost. The trip cost is assumed to be ad-
ditively separable into free-flow travel, queuing delay, and schedule delay costs. The free-flow travel time from the origin
to the bottleneck is assumed, without loss of generality, to be zero unless otherwise noted. We also assume that the de-
parture time from the bottleneck is the arrival time at the destination. The schedule delay, €, is defined as the difference
between the actual and preferred departure times from the bottleneck; the schedule delay cost function c,(e) measured in
the (queuing) time unit is assumed to be a continuous and piecewise differentiable function of the schedule delay and is
specified in the later sections.

Under these assumptions, the morning commute equilibrium is defined as the state in which no user could reduce their
trip cost by changing their departure/arrival time unilaterally. There are two types of formulations for the equilibrium:
arrival-time-based and departure-time-based.® In the former formulation, all variables are expressed as functions of the arrival
time at the bottleneck; in the latter formulation, they are functions of the departure time from the bottleneck. While the
two formulations are essentially equivalent, their mathematical structures are quite different for some instances. In the next
section, we will show the former formulation; we will then convert it to the latter one, which is the basis of our new
approach, in Section 4.

3. Arrival-time-based formulation
3.1. Formulation

Let t € T be the arrival time at the bottleneck and 7 c R be a sufficiently long morning rush hour during which all users
complete their trips. The queuing delay of users with arrival time t at the bottleneck is denoted by d(t). The schedule delay
€ of users in group k, whose preferred departure time is oy, is expressed as t + d(t) — oy. Because o}, is constant for users,
their schedule delay cost function is a function of the departure time, t + d(t); that is, ¢, (€) = ¢ (t + d(t)).

At equilibrium, the following four conditions should hold. The first condition is the uses’ optimal choice condition:

{vk =d(t) +c(t+d(t)) if At)>0

Ve <d(t) +c(E+d(D)) if A(t) =0 Vkek, VteT, (31)

where v, represents the minimum (equilibrium) trip cost for users in group k and XA, (t) denotes group k’s arrival flow rate
at the bottleneck at time t.

The second condition is the queuing delay condition. In the point queue model (for the details, see Appendix B), the
queuing delay d(t) for a user arriving at the bottleneck at time t can be represented by

- A0/ -1 it d(t) =0
d(t):{max{o,k(t)/,u—l} it d(t)=0 VteT, (32a)

where the “dot” denotes the derivative operation with respect to arrival time ¢, and A(t) = Y. A, (t). This implies that the
queuing delay should satisfy

d(t)=r(t)/u—1 if d(t)>0
{d(t)z)»(t)/,u—l if d(t)=0 VteT. (3.2b)

In this study, we employ the complementarity condition (3.2b), instead of (3.2a), as the queuing delay model. This is
because it is analytically tractable and its essential features are consistent with the original point queue model (e.g., the
first-in-first-out (FIFO) property holds).*

3 Throughout the paper, we use the convention mainly used in transportation science literature (e.g., Hendrickson and Kocur, 1981; Smith, 1984; Daganzo,
1985; Newell, 1987), that is, “arrival-time” (“departure-time”) is the time when a commuter arrives at (departs from) the bottleneck.
4 See Ban et al. (2012); Han et al,, 2013 and Jin (2015) for more detailed discussions.
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Arrival-time-based Departure-time-based
formulation formulation
Submodel A1 Submodel D1
Step 1 Find (A, d,v) such that Find (x,b,v) such that
Egs. (3.1), (3.2b), and (3.3) Egs. (4.1), (4.2), and (4.3)
[ [
dv) T bV
Submodel A2 v Submodel D2 V
Step 2 Construct departure curve D(t) | Construct arrival curve A(t)
from Eq.(3.4) and (A", d") from Eq.(4.4) and (X', b")

Fig. 1. Correspondence between two equilibrium formulations.

The third condition is the flow conservation condition. For each user group k, the integral of the arrival flow rate A, (t)
at the bottleneck must be equal to the total mass Q; that is,

/ A(£)dt = Qg Vk e K. (33)
.

The last condition determines the departure flow rate, fi(t), from the bottleneck. This condition seems trivial, but it is
necessary to complete the equilibrium flow pattern. Following the FIFO principle, we have the following flow propagation
condition:

D(t +d(t)) = A(t) VieT (3.4a)

At +d©) = A@)/(1+d(©)) VteT. (3.4b)

where A(t) [D(t)] denotes the cumulative arrival [departure] flow at the bottleneck by time t, A(t) = dA(t)/dt, and ji(t) =
dD(t)/dt. Note that the resulting fi(t) is always nonnegative and satisfies the capacity constraint (i.e., fi(t) < ). Also, note
that the departure flow rate, fi,(t), of each group k is obtained in the same manner as Eq. (3.4).

Because there are only three types of the unknown variables (A, d, v), the first three conditions are sufficient to deter-
mine them. Therefore, we can solve the equilibrium problem in two sequential steps (see Fig. 1). The first step (Submodel
A1) solves the equilibrium conditions (3.1), (3.2b), and (3.3) simultaneously. The second step (Submodel A2) constructs the
equilibrium departure pattern by combining the condition (3.4) with the solution from the first step. Alternatively, we can
obtain fi(t), or equivalently D(t), from the point queue model for a given A(t) in a more constructive manner.

3.2. Equivalent complementarity and variational inequality problems of Submodel Al

Submodel A1, (3.1), (3.2b) and (3.3), can be expressed as the following continuous-time (or infinite-dimensional) nonlin-
ear complementarity problem (NCP): Find (A, d, v) such that

0<A) Ld®)+c(t+d®) —v, >0 Vkek, VYteT, (3.5a)
0<d(t) Ldt)—[r(t)/u—1]=0 VteT, (3.5b)
0<v L [rA(t)dt — Q=0 Vk e K, (3.5¢)

where for two scalars a and b, a L b means ab=0 (Pang et al., 2012). It can be seen that, if the schedule delay cost
function ¢ (t +d(t)) is linear in the schedule delay (and thus linear in the queuing delay d(t)), the NCP reduces to the
linear complementarity problem (LCP). For example, with a piecewise linear schedule delay cost function, the discrete-time
problem is formulated as a finite-dimensional LCP (Ramadurai et al., 2010); its continuous-time counterpart was studied
as a linear complimentarily system (Pang et al., 2012). However, there is no study on the NCP (3.5), and its properties are
largely unknown.

Submodel A1 can also be studied as a continuous-time variational inequality (VI) problem as follows. Find A* € 2, such
that

Z/TC,((X*)()»k(t) ~A(0)de = 0 VA e Q,, (3.6)

kek
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# of cumulative vehicle counts

A() D()

Fig. 2. Relationships between arrival and departure times/flows.

where C,(A) is the trip cost of users in group k, which is an implicit function of the arrival flow rate A and is evaluated by
the schedule delay cost function and queuing delay condition, and €2, = {A4(t) | [ A (0)dt = Q. Ar(t) =0, Vke K, Vte
T}. However, because the mapping C,(A) of this VI problem may not be monotone even for the simplest case with K =1
(i.e., homogeneous user case) and a piecewise linear schedule delay cost function (Nie and Zhang, 2009), it is generally
difficult to establish a convergent solution method for it.

The above observations indicate that the arrival-time-based formulation of the morning commute problem may not be
a tractable way to analyze the equilibrium for a general setting. In contrast, the departure-time-based formulation shown
in the next section possesses a much simpler mathematical expression of the (part of) equilibrium conditions, that is, it
reduces to an equivalent LP problem.

4. Departure-time-base formulation with linear programming
4.1. Formulation

Let s € S be the departure time from the bottleneck and S Cc R be a sufficiently long morning rush hour during which all
users complete their trips. The queuing delay of users with departure time s from the bottleneck is denoted by b(s). As in the
previous section, because the schedule delay € is s — o, the schedule delay cost function is expressed as a function of the
departure time, s; that is, c,(€) = c,(s). However, unlike the arrival-time-based formulation, c,(s) is evaluated independent
of the state variables and thus can be treated as a given parameter (or a given function). We will convert the arrival-time-
based formulation (3.1), (3.2b), (3.3), and (3.4) to the departure-time based formulation.

As a preliminary step in the conversion, we summarize the relationships between the variables in the arrival-time-
based and departure-time-based formulations. First, the relationship between the arrival and departure times is given by
t = 7(s) =s— b(s). Then, the FIFO condition can be written as, D(s) = A(t(s)). By taking a derivative of both sides of this
condition with respect to s, we have

x(s) = A(T(s)) - AT(3),

where x(s) = AD(s) denotes the departure flow rate from the bottleneck at time s and A denotes the derivative operation
with respect to bottleneck-departure-time s; that is,

AT(s) =dt(s)/ds =1 — Ab(s).

These relationships can be graphically understood from Fig. 2. Regarding the cost variables, for users departing from the
bottleneck at time s, the queuing delay b(s) is obviously given by b(s) = d(z(s)), which implies that

Ab(s) = d(t(s)) - AT(s).

Now, let us derive the departure-time-based formulation by substituting the above relationships into the arrival-time-
based formulation. First, the users’ optimal choice condition (3.1) reduces to

Vg =b(s) +ce(s) if x(s)/AT(s)>0
{vﬁgb(s)wl(s) it x(5)/AT(5) = 0 vl vees (412

156



T. Akamatsu, K. Wada, T. Iryo et al. Transportation Research Part B 148 (2021) 152-182
# of cumulative vehicle counts
A() D(-)

solution of
Submodel D1

A"i(n) D’i(n)

time

Fig. 3. Schematic illustration of the construction of the cumulative arrival curve from the solution of Subproblem D1.

At equilibrium, the following condition (i.e., a relaxed version of the condition (4.1a)) must also be met because the depar-
ture flow rate x,(s) is nonnegative.

Vg = b(s) + ¢ (s) if x(s) >0
{vk BRSO Vke K, Vses. (4.1b)

With the assumption At (s) > 0, both conditions are consistent. Otherwise, the condition (4.1a) [(4.1b)] can produce negative
departure [arrival] flow rates. This means that A7 (s) > 0 must be met if the equilibrium exists. We will later discuss the
condition under which the assumption holds, but we accept it for the moment and use the condition (4.1b) as the users’
optimal choice condition.

Second, the queuing delay condition (3.2b) can be represented as

{Ab(s) =x(s)/i — At(s) if b(s)>0

Ab(s) = x(s)/;t — At(s) if b(s)=0 VseS. (4.2a)

Because A7(s) + Ab(s) = 1 by definition, the condition reduces to

Yk Xk(s) = if b(s) >0
{ZZEE XL(S) =p if b(s)=0 Vses. (4.2b)

Third, it is easily seen that the flow conservation condition (3.3) reduces to

/ X (s)ds = Qq Vk e K. (43)
S

Finally, we must determine the arrival flow rate A(t(s)) at the bottleneck. As shown above, the FIFO discipline implies
that

A(s—b(s)) = D(s) VseS (4.4a)

A(s—b(s)) =x(s)/(1 — Ab(s)) VseS. (4.4b)

As noted, to ensure the nonnegativity and finiteness of the arrival flow rate, the above assumption, A7(s) =1 — Ab(s) > 0,
must be met.

Similar to the arrival-time-based formulation, the problem can be solved in two sequential steps (see again Fig. 1). The
first step (Submodel D1) solves the first three conditions (4.1b), (4.2b), and (4.3), simultaneously to determine the three
types of unknown variables (x, b, v). The second step (Submodel D2) completes the equilibrium arrival pattern by combining
the condition (4.4) with the solution in the first step. Note that a more constructive way to obtain the arrival flow pattern
is to use the inverse functions of cumulative curves A(-) and D(-). As shown in Fig. 3, the FIFO condition of the point queue
model is represented as follows:

A '(n) =D '(n) — b(D~1(n)) vn, (4.5)

where A~1(n) and D~1(n) denote the nth user’s arrival and departure times at/from the bottleneck, respectively. Because we
know both terms on the right-hand side of Eq. (4.5) (i.e., the solution in the first step), we can construct the equilibrium
cumulative arrival curve A(-), which is perfectly consistent with the queuing model. Note that the arrival flow rate, A, (t),
of each group k is obtained in the same manner as Eqs. (4.4) and (4.5).
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So far, we have shown the correspondence of each of the four equilibrium conditions with the two formulations by
assuming A7 (s) > 0. Now, let us show the condition under which the assumption holds.

Lemma 4.1. Suppose Acy(s) > —1. Then, At(s) > 0 holds true.
Proof. See Appendix C. O

We should note that the condition, Acy(s) > —1, is consistent with the existence conditions of the equilibrium shown in
Smith (1984) and Lindsey (2004). Then, we obtain the following proposition on the equivalence of the two formulations.

Proposition 4.1. Suppose there exists a morning commute equilibrium, or equivalently Ac(s) > —1. Then, the departure-time-
based equilibrium conditions (4.1b), (4.2b), (4.3), (4.4) and the arrival-time-based conditions (3.1), (3.2b), (3.3), (3.4) are equiva-
lent in the sense that the solution of one formulation satisfies all conditions of the other formulation.

4.2. Equivalent linear programming of Submodel D1

In the following sections, we propose a systematic approach to analyze a wide variety of models of a morning commute
equilibrium. The basis of this approach is the fact that Submodel D1, (4.1b), (4.2b), and (4.3), reduces to an equivalent LP
problem. The equivalent LP problem was first shown by Iryo et al. (2005) and Iryo and Yoshii (2007) in a discrete-time
setting. We briefly describe the LP problem below, but for a continuous-time setting.

Consider first the following infinite-dimensional LP problem:

[2D-LP(x)] min. Z(x) =) f ()X (s)ds (4.6)
x=0 kek VS
subject to ) "x(s) < VseS (4.7)
kek
/ Xe(s)ds = Qi Vkek, (4.8)
S
and the associated dual problem:
[2D-LP(u, v)] max. Z(u,v) = —u / u(s)ds + Yy Quvg (4.9)
u=0v S kek
subject to ¢, (s) +u(s) — v, >0 Vke K, Vses, (4.10)

where u(s) and v, are Lagrange multipliers for (4.7) and (4.8), respectively. As noted, c,(s) is a parameter (or a coefficient)
and is given exogenously. As shown in Appendix D, the strong duality for [2D-LP(x)] holds, implying the following comple-
mentarity slackness (or optimality) conditions:

xS {cp(s) +us) -1y} =0
{ ’ Ck(S)l+ u(s) — v > ’0, x(s) >0 VkeK, Vse8 (4.11)

U — Y pexcXe ()} =0
{ n— Zke;cif(s; >0, u(s) =0 VseS. (4.12)

Comparing the optimality conditions above and the equilibrium conditions (4.1b), (4.2b), and (4.3), we can easily see that
these are equivalent if we can interpret the Lagrange multiplier u of the optimality conditions as the queuing delay b. For
this interpretation to be valid, the arrival flow rate at the bottleneck should be physically feasible (i.e., non-negative and
finite). From the same logic as in the proof of Lemma 4.1, it is easily seen that the interpretation is valid if the schedule
cost function satisfies Ac,(s) > —1.> The above discussion is summarized in the following proposition.

Proposition 4.2 (Iryo et al., 2005; Iryo and Yoshii, 2007; Akamatsu et al., 2015). Suppose there exists a morning commute
equilibrium, or equivalently Ac(s) > —1. Then, the optimal solution (X, u,v) of [2D-LP(x)] and [2D-LP(u,v)] is consistent with
the equilibrium conditions.

It is now clear that the departure-time-based formulation has an advantage over the arrival-based formulation. Submodel
D1 with a general schedule delay function reduces to [2D-LP(x)], which can be solved and analyzed much easier than the
equivalent NCP or VI of Submodel Al. In Sections 5 and 6, we will study specific morning commute equilibrium problems
by appropriately setting c,(s) of the equivalent LP problem [2D-LP(x)] for each problem. However, it should be emphasized

5 Acy(s) > —1 asserts At(s) =1— Au(s) > 0, where 7(s) =s — u(s), and thus A(t(s)) = x(s)/At(s) > 0 is obtained.
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here that [2D-LP(x)] has a powerful ability to deal with a wide variety of models (other than the models in Sections 5 and
6) without imposing restrictive assumptions on schedule delay functions (or user heterogeneities).

4.3. Equilibrium versus system optimal

The equivalent LP problem is more powerful than it appears; it can also be applied to some control problems. One
important class of such examples is the equilibrium problem under tolls (e.g., Arnott et al., 1990; Laih, 1994; Lindsey et al.,
2012; Chen et al.,, 2015). Let p(s) be the exogenously given toll for departure time s from the bottleneck. Then, the users’
optimal choice condition at equilibrium is given by

X(5)(64(5) + e, p(s) + b(S) — 1) = 0
{ ul5) + 0, p(s) + b(s) — v = 0, x,(5) = 0 vieek, Woes. (413)

where o, denotes the VOT for users in group k. It is easy to see that the (departure-time-based) equilibrium formulation in
which Eq. (4.1b) is replaced with Eq. (4.13) has the following equivalent LP formulation:

min. Zoi ) = Y- [ {a®) +05p(6) (s (414)

ke
subject to Eq. (4.7) and (4.8).

Note that, as in the case of [2D-LP(x)], Ac(s) + alzlAp(s) > —1 must be met if we interpret the Lagrangian multiplier u(s)
for the capacity constraint (4.7) as the queuing delay b(s). While the above-mentioned studies do not use the LP formulation,
there is a possibility of obtaining more insight into the theoretical properties of the pro (e.g., some regularity of traffic flow
patterns) by exploiting the LP approach shown in the following sections.

Instead of the time-based equilibrium formulation above, we can describe the equilibrium under tolls by using costs mea-
sured in monetary unit. Specifically, the users’ optimal choice condition in the monetary-based formulation can be written
as

X ($){ocr (s) + p(s) +ab(s) — oy} =0
{ 0(5) + P(S) + () — oyt = 0. X, (5) 2 0 vkek. Vses. (415)

This is equivalent to the condition (4.13) because users’ optimal choice does not depend on the scaling of costs for each user
group.® Note, however, that the monetary-based formulation has no equivalent optimization problem, as in Eq. (4.14) (see
Section 6.4 for a similar discussion).

The LP representation of the morning commute equilibrium problem is also closely related to a dynamic system optimal
(DSO) problem with heterogeneous users. Specifically, the DSO problem (without queuing) is formulated as:

min. 000 = Y- [ (e (©)hu()ds (416)

kek
subject to Eq. (4.7) and Eq. (4.8).

The only difference from [2D-LP(x)] is that the objective function is measured in monetary unit, which results in that the
equilibrium and optimal flow patterns being different in general. However, [2D-LP(X)] can be interpreted as a particular case
of the DSO problem: the solutions of the two problems are identical if the VOTs are all the same among user groups (i.e.,

o =a).
The optimality conditions for the DSO problem are given by Egs. (4.8) and (4.12), and
Xk(S){Otka(S) + ﬁ(s) - 1~jk} =0
{ i ($) +T(5) ~ T = 0, X(s) = 0 vkek. Vses, (417)

where (i1, V) are the Lagrange multipliers for the constraints (4.7) and (4.8), respectively. From a comparison to Eq. (4.15) (or
Eq. (4.13)), it is readily seen that the condition (4.17) is equivalent to the particular case of the users’ optimal choice con-
dition: i(s) = p(s) and b(s) =0, Vs (and ¥ = oV, Vk). This means that ii(s) can be regarded as the dynamic optimal toll
pattern p(s) that eliminates the queuing delay at equilibrium (Doan et al., 2011). Another interpretation is the market clear-
ing price pattern under a time-dependent tradable bottleneck permit scheme, which is designed to resolve the problem of
congestion during the morning rush hour at a single bottleneck (Akamatsu, 2007; Akamatsu et al., 2006; Akamatsu and
Wada, 2017; Wada and Akamatsu, 2010). Specifically, the optimality condition of the DSO problem, which corresponds to
Eq. (4.12), is interpreted as the demand-supply market equilibrium for each time s, where the demand of time period s

6 It is thus clear that the equilibrium formulation (or [2D-LP(x)]) in previous sections includes the cases in which users are differentiated by the combi-
nation of VOTs and schedule delay functions.
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permit is equal to the departure flow x(s) = Y ;. X,(s), and the maximum supply of the permit is given by the bottleneck
capacity u.

5. Monge-Kantorovich problem

In the previous section, we expressed the (part of) morning commute equilibrium problem as the linear program [2D-
LP(x)]. If one only wishes to obtain an approximate (numerical) solution of the equilibrium problem, it is enough to solve the
time-discretized version of [2D-LP(x)] (a finite-dimensional LP) (Iryo et al., 2005; Iryo and Yoshii, 2007) using an appropriate
LP solver. However, in order to obtain an exact continuous solution and a deeper insight into the theoretical properties (such
as uniqueness, some regularity of flow patterns) of [2D-LP(x)] (or the equilibrium), the theory of optimal transport (see,
Kantorovich, 1942; 1948; Rachev and Riischendorf, 1998; Burkard, 2007; Villani, 2008) is useful. In this section, we briefly
review the role of Monge properties in optimization in Section 5.1 and present an illustrative example of its application to
the departure time choice equilibrium (DTCE) in Section 5.2.

5.1. Monge property and analytical solution

The optimal transport problem in a two-dimensional discrete space setting is the following finite-dimensional LP prob-
lem, which is well known as “Hitchcock’s transportation problem” in the operations research and transportation fields:

[ZD—OTP] 1T1>151 ZZD(X) = Z Z Ci kXi k (5])
Xz ieT kek
subject to Y "X =S; VieZT={1,2,....1} (5.2)
kek
3 %k = Q VkeK={1,2,....K} (53)
ieT

where vectors S and Q are given constants satisfying Y ;.7 S; = Y pcx Qk-
Before reviewing some useful theorems on the transportation problem, we introduce the following concepts:

Definition. An I x K real matrix C = [¢; ] is called a Monge matrix if C satisfies the following property (Monge property)
Cik+Cisths1 < Ciks1 +Cis1k forall 1<i<I, 1<k<K (5.4)

If the inequality in (5.4) strictly holds, C is termed a strict Monge matrix. In addition, if the inequality (5.4) holds in the
opposite direction, then the matrix C is said to be an inverse Monge matrix.

As is well known, a feasible solution to the transportation problem [2D-OTP] can always be determined by a greedy
algorithm termed the northwest corner rule (Hoffman, 1963).

Northwest corner rule

0. Initialize the indices with i:=1 and k :=1.

1. Set x;; := min{S;, Q;}.

2. Reduce both the supply S; and demand Qy by x;: S; :=S; —x; and Qg := Qi — X;. If some of S; and Q, become
zero, then these indices are increased by one.

3. If there still exists an unsatisfied constraint, go back to Step 2.

The Monge property further provides the following useful result:

Theorem 5.1 (Hoffman, 1963; 1985). If the cost matrix C of [2D-OTP] has the Monge property, then the northwest corner rule
yields an optimal solution for arbitrary supply S and demand Q vectors.

Remarks. It is worth noting that the cost matrix C is not used at all in the northwest corner rule. This implies that even if we
only know that C is a Monge matrix, we can determine an optimal solution of [2D-OTP] without knowing the explicit values
of the cost coefficients. If the cost coefficients fulfill the inverse Monge property, an optimal solution can be found by the
northeast corner rule.’

Theorem 5.2 (Dubuc et al., 1999). If the matrix C = [c;}] in Eq. (5.1) is a strict Monge matrix, then the optimal solution of
[2D-OTP] is unique (i.e., the solution provided by the northwest corner rule is the only solution of [2D-OTP]).

Note that this regularity of the solution induced by the Monge property can be understood intuitively: Eq. (5.4) suggests that
the cost is cheaper if the “resources” are assigned to large index pairs and small index pairs rather than if mixed large/small
index pairs are used (Galichon, 2016).

7 In the northeast corner rule, the algorithm begins with the indices with i := 1 and k :=K (or i :=1I and k := 1), then the index is decreased by one if
Qy (or S;) becomes zero in Step 2 in the northwest corner rule.
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The continuous transportation problem (i.e., all the indices of the parameters and variables in the problem is continuous),
which is a continuous analog of [2D-OTP], is as follows. Let x e X =R and y € Y = R be random variables and let F, K, and F
denote the distribution functions of x, y, and (x, y), respectively. Given a continuous cost function c : R — R, the continuous
optimal transport problem can be formulated as:

[2D-COTP] Feg};{.l&)' Zop(F) = fx Yc(x,y)dF(x,y) (5.5)
where F(F,E) = {F(x,0)=F(x), F(c0,y) =E(),Vx,y € R} (5.6)

Note that F; (o00) = F,(00). We can easily see the correspondence between the problems [2D-COTP] and [2D-OTP] by changing
the discrete indices to the continuous ones and by rewriting the demand and supply constraints in [2D-OTP] in a cumulative
form (see also Section 5.2 for an example).

We also introduce a continuous analog of the Monge property.

Definition. Function c : R?2 — R is submodular if, and only if,
cxy)+cX,y) <cxy)+cx,y) forallx<x',y <y (5.7a)

If the inequality in (5.7a) strictly holds for x < x’,y <y, c is called a strict submodular function. In addition, if the inequality
(5.7a) holds in the opposite direction, then the function c is said to be supermodular.

We will also term condition (5.7a) the (continuous) Monge property because a submodular function in discrete space in-
duces a Monge matrix.® That is, an I x K matrix C whose elements are given by ¢; := c(iAx, kAy) (1<i<I 1<k<K)
is a (strict) Monge matrix if the function c : R?2 — R is (strict) submodular.’Note that, when c(x, y) is twice continuously
differentiable, the condition (5.7a) is equivalent to

d2cy)
0xdy —

The continuous Monge property provides a continuous version of results in Theorems 5.1 and 5.2.

Y(x,y) € R2. (5.7b)

Theorem 5.3 (Cambanis et al., 1976; Dubuc et al., 1999). Let F; and F, be distribution functions on R. Furthermore, suppose
that supg.r, r,) Zap(F) < oo and the cost function c : R2 — R is a submodular. Then an optimal solution F* € F(F, F) is given
by the so-called Fréchet-Hoeffding distribution

F*(x,y) = min{F, (x), E(¥)} Y(x,y) € R%. (5.8)
Furthermore, if the function c is a strict submodular, the solution is unique (i.e., F*(x,y) is the only optimal solution of [2D-COTP]).

We note that the northwest corner rule for the discrete transportation problem can be viewed as explicit rules for cal-
culating the analytical solution (i.e., Fréchet-Hoeffding distribution) in the discrete space setting (Burkard, 2007). Further,
it can be shown that, conversely, if the optimal transport problem has the solution (i.e., the sorting pattern) shown in
Theorem 5.3, then the cost function satisfies the Monge property (5.7a) (see, Theorem 4.3 in Galichon, 2016).

5.2. lllustrative example: model with heterogeneous preferred departure time

To illustrate the usefulness of the theory of optimal transport in analyzing the DTCE problem, we here consider a model
with heterogeneous preferred departure times. A well-known sorting property of the equilibrium flow pattern, the so-called
the FIFW principle (Daganzo, 1985), can be understood from the theory of optimal transport as a direct consequence of the
Monge property of the schedule cost function.

Assumption 5.1. The schedule delay cost function is assumed to be identical for all users and is given by
Ck(s) Ef(e(ak,s)), G(Gkvs) ES_GIC’ (5‘9)

where o} is the preferred departure time of users in group k and a function f: R — R is continuous, strictly convex, and
has a minimum at € = 0.

Lemma 5.1. Suppose that user groups are arranged (indexed) in the increasing order of their desired arrival times: o1 < ... < 0.
The function c,(s) defined by (5.9) satisfies the strict Monge property.

Proof. See Appendix E1. O

8 Examples for matrices and functions that satisfies the Monge property can be found in Burkard (2007).
9 Throughout the paper, we express the variable (or parameter) as a function if it depends on a continuous index (i.e., time), while we use the subscript
for describing its dependence on a discrete index (i.e., user group).
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northwest corner rule
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Fig. 4. Illustration of the solution to the problem (5.13).

In the above setting, in which the departure time is continuous, but the preferred departure time is discrete (Newell,
1987; Lindsey, 2004), all groups experience a queuing delay to equilibrate the trip costs of users within each group. This
implies that several disjoint departure time windows can exist in equilibrium. However, we consider a typical morning
rush-hour problem in which a single joint departure time window (i.e., a single rush period) S = [sg, s + T] C S of length
T = Q/u occurs in equilibrium (e.g., Smith, 1984; Daganzo, 1985).

For a given equilibrium rush period S, the DTCE problem (i.e., [2D-LP(x)]) can be reduced to an instance of the optimal
transport problem, where ¢, (s) satisfies the strict Monge property.

min. Z(xX) = Z/ ()X (s)ds (5.10)

x=0 kekC se$

subject to ) "x(s) = i Vsed (5.11)
kek
/ x(s)ds = Qg Vkek (5.12)
se§

Its cumulative form is expressed as follows:

min/ c(k,s)dF(k,s) (5.13)

Fer J1,KIxS

where F={F(k,T) =Y Qu, F(K,s)=p-(s—s0), Vi €[1,K], Vs e S}. (5.14)

Note that the parameter c,(s) and variable x,(s) that depend on both discrete and continuous indices (k,s) are related
to c(x,s) and F(x,s) that depend on the continuous indices («,s) as follows: F(k,s) = o, jsso X (s)ds, which is a step
function of « for a given s; without loss of generality, c(k, s) is assumed to be a continuous and strict submodular function
that satisfies c(k.s) = c,(s), Vk=1,....K, ¥se &.1°

According to Theorem 5.3, we have the following proposition:

Proposition 5.1. Suppose that Assumption 5.1 holds, and user groups are arranged (indexed) in the increasing order of their
desired arrival times: o1 < ... < ok. Then, the solution of [2D-LP(x)] for the equilibrium rush period S is unique and its cumulative
form is given by

F*(K,s)zmin{ZQM,M-(S—SO)} Vi €[1,K], Vse& (5.15)
k' <k
Using this analytical solution (5.15), we can show the regularity of the equilibrium flow pattern. Let
Sk=So+ Y Qu/i (5.16)
k'<k

10 Because dF (k,s) =0 for interval x € (k. k+1),Vk=1,..., K — 1, by definition, the function c(«,s) can be set arbitrary except for the values at the
points k =k, Yk=1,...,K.
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Fig. 5. Optimal departure flow pattern, cost pattern, and resulting arrival flow pattern (K = 3).
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Fig. 6. Schedule delay €, heterogeneities k, and schedule delay cost.

be the time when the cumulative supply, i - (s —5p), is equal to the cumulative demand )",/ Q. Then, the following
equation holds (see also Fig. 4):

S
Fr(k, s) — F*(k—1,5,1) =/kx,’;(s)ds:u~(sk—sk_1)=Qk Vk=1.2... . .K (517)

Sk-1

where F(0, sg) = 0. This equation leads to the following proposition, that is, the FIFW principle.

Proposition 5.2. Suppose that the assumptions in Proposition 5.1 hold. Then, the equilibrium flow pattern x* has the “sorting”
property, such that all users in group k depart from the bottleneck in a time interval [s,_q,s,] of length Q./u and

S0 <S1 <S8 < ... <Sg-1 <S)(=50+T. (518)

The above “sorting” property also implies that the equilibrium cost pattern v* and the associated queuing delays u* can
be uniquely determined. Specifically, the following users’ optimal choice condition within each group must hold:

Vi = u*(s) + ¢ (s) Vs e [sk_1.Sk]. Yk e K. (5.19)
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Then we have
Vi 1= Vi, — Ca1 (Sk) + Ci(Sk) Vk=1,....K—-1. (5.20)

The recursive Eq. (5.20) together with a boundary condition (e.g., the queuing delay for the last user in group K is zero, vy =
ck(sop +T)), can be solved easily. Note that the Eq. (5.20) can also be represented as analytical formulas of v* and sy because
it consists of simple addition and substitution operations. Ultimately, the queuing delay u* can be obtained analytically by
using Eq. (5.19). In addition, as mentioned in the previous section, the cumulative arrival curve can be constructed using the
optimal solution (x*, u*) above. Fig. 5 shows the relationships between the optimal departure flow pattern, the cost pattern,
and the resulting arrival flow pattern for the simplest case (i.e., linear schedule delay cost function).

6. Analysis of model with heterogeneous value of time

In this section, we examine DTCE models to which the optimal transport theory cannot be directly applied. The problem
[2D-LP(x)] is still the equivalent LP problem of the (part of) equilibrium conditions; however, the schedule delay cost func-
tion of the models does not satisfy the Monge property. Nevertheless, we show that we may be able to solve the equilibrium
problem analytically by using an approach that combines the optimal transport theory with a hierarchical decomposition.
The role of the decomposition in the proposed approach is to generate the lower-level (or sub-) problems that can be ana-
lytically solved by invoking the optimal transport theory. Subsequently, owing to the analytical solutions of the lower-level
problems, we may solve the original problem (i.e., the upper-level or master problem) analytically.

As a typical model of the above situation, we consider the DTCE models in which users have the same preferred depar-
ture time, o, but are classified into K groups (types) differentiated by schedule delay cost functions. The schedule delay cost
for type k users with departure time, s, from the bottleneck is denoted by c,(€), where € =s — o is the schedule delay. The
function ¢, (€) in this section is assumed to have the following form (Fig. 6):

_JBefe(e) if € <0 (early arrival)
() = {J’kf'(é) if €>0 (late arrival) (6.1a)

fe0) = f1(0) =0 (6.1b)

which includes the schedule delay cost functions assumed in conventional models with heterogeneous users (e.g., Cohen,
1987; Arnott et al., 1988; 1992; 1994; van den Berg and Verhoef, 2011; Ramadurai et al., 2010; Liu et al., 2015; Takayama
and Kuwahara, 2017) as special cases. For notational simplicity, the preferred departure time, o, will be set to zero hereafter
(ie., € =5).

In Sections 6.1 and 6.2, we first analyze the models with no late and early arrivals, respectively. These analyses cor-
respond to solving the lower-level problems of the original problem [2D-LP(x)], which will be formally discussed in the
subsequent section. In Section 6.3, we analyze the overall problem (i.e., the upper-level problem) by exploiting the results
in Sections 6.1 and 6.2. In Section 6.4, we compare the proposed approach with a semi-analytical approach in the literature.

6.1. Properties of models with no late arrivals

We first restrict ourselves to the analysis of models with the following assumption:

Assumption 6.1. f¢:R — R is a continuous decreasing function of € for all € <0 and f¢(0) =0, f!(¢) — +oo for all € > 0
(i.e., late arrival is prohibited).

Lemma 6.1. Suppose that Assumption 6.1 holds and that user groups are arranged (indexed) in the decreasing order of their
value of time parameters for early arrivals: B1 > B, > ... > Bx > 0. Then the function ¢, (s) defined by (6.1) satisfies the strict
“inverse” Monge property for s < 0.

Proof. See Appendix E2. O

As we have seen in Section 4, the DTCE problem can be obtained by solving the LP problem [2D-LP(x)], whose objective
is to minimize the total schedule delay cost. Because all users have the same preferred departure time o, the departure
times that are closer to o are chosen at equilibrium. Thus, we obtain the following apparent property of an equilibrium
departure time window:

Lemma 6.2. Under Assumption 6.1, the optimal solution x* of [2D-LP(x)] satisfies

S Xi(s)=p if seScs (62)
ke Xp(s) =0 otherwise )

where S = [T, 0] of length T = Q/ .
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Fig. 7. Graphical representation of the strong duality for [2D-LP(x)] (K = 2, late arrival is prohibited).

These lemmas ensure that [2D-LP(x)] reduces to an optimal transport problem with a strict inverse Monge prop-
erty. However, to use Theorem 5.3 directly, it is convenient to formulate the optimal transport problem in its cumula-
tive form with a strict Monge property, as in Subsection 5.2. To do this, let us reverse the time direction: z= —s. Let
c(k,z) and F(k,2) = Y o fé X,y (z)dz be the cost and distribution functions for the time window 2 =[0,T] > z, respec-
tively. Without loss of generality, we also assume that c(k,z) is a continuous and strict submodular function that satisfies
ck,z) = (2), Vk=1,..., K, Yz € Z. We then have:

min f c(ic. 2)dF (k. 2) (63)
Fer Jl1KIxz
where F={F(k,T) =Y Qu, F(K.t)=pz Vi e[1,K], Vze 2} (6.4)

We further define the time s, when the cumulative supply uz is equal to the cumulative demand )"/, Q, that is,
Sk=y_ Qu/it. (6.5)
k' <k

By applying Theorem 5.3 to this problem, the following proposition is obtained:

Proposition 6.1. Suppose that Assumption 6.1 holds. Then, the flow pattern of the departure time choice equilibrium with sched-
ule delay cost function (6.1) has the following properties:

(1) The optimal solution of [2D-LP(x)] (i.e., equilibrium flow pattern X*) is unique and given by the Fréchet-Hoeffding distribu-
tion.

k<«

F*(x,z):min{ZQk,,Mz} Vi €[1,K], Vze 2 (6.6)

(2) The equilibrium flow pattern X* has the “sorting” property, such that all users in group k depart from the bottleneck in a time
interval [—sy, —S_1] of length Q,/u (i.e., S, = Sy_1 + Q/1), and

—T=-Sk<—=Sk1< ... <—=S) <—-§1<—-§= 0. (67)

As in the case of Section 5.2, the equilibrium cost pattern v* and associated queuing delays u* can be uniquely deter-
mined (see Fig. 7).

Proposition 6.2. Suppose that Assumption 6.1 holds. Then, the cost pattern of the departure time choice equilibrium with schedule
delay cost function (6.1) is unique and is obtained as follows:

vi=)_ {Bk’fe(_sk/)} Vk e K (6.8)
K>k
wrey _ NV = Befe(s) if s € [—sp, —sk1]
wi(s) = {0< otherwise Vkek (6.9)

where Bk =B - ﬂk+1 >0 and /3K+l =0

Proof. See Appendix F1. O
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Fig. 7 shows the relationship between the costs at equilibrium. Specifically, we can see that the following equation
holds:

> sk =SV — /

kek S

w(s)ds =" / S (s)ds (6.10)

ke ¥

The first term on the LHS of Eq. (6.10) shows the total area of the rectangles below the equilibrium trip cost lines (blue bold
lines), and the second term shows the red area below the queuing delay curve (red bold line).!' The equality holds in equi-
librium because the difference in the above-mentioned two areas should be equal to the total area below the schedule delay
cost curves (black bold lines). Furthermore, by recalling that (s, —s;_;) = Q,/t and multiplying both sides of Eq. (6.10) by
L, we can see the strong duality for [2D-LP(x)].

Z(x*) = Z/Sck(s)x;;(s)ds = MZ/

kek kek

— S - ,u/su*(s)ds = (u, v). (6.11)

kek

—Sk-1
cr(s)ds
Sk

6.2. Properties of models with no early arrivals

In exactly the same manner as we discussed above, we can consider the “reverse” case, in which the following assump-
tion holds:

Assumption 6.2. f! : R — R is a continuous increasing function of € for all € > 0 and f!(0) =0, f¢ — +oo for all € < 0 (i.e.,
early arrival is prohibited).

Although this assumption (no early arrivals) may seem strange, the results for this case together with the previous (no late
arrivals) case can be used as fundamental building blocks for analyzing more general cases in Section 6.3. As in the previous
subsection, the following lemma and propositions hold.

Lemma 6.3. Suppose that Assumption 6.2 holds and that user groups are arranged (indexed) in the decreasing order of their
value of time parameters for late arrivals: y; > Y5 > ... > yx > 0. Then, the function c,(s) defined by (6.1) satisfies the strict
Monge property.

Proposition 6.3. Suppose that Assumption 6.2 holds. Then the flow pattern of the departure time choice equilibrium with schedule
delay cost function (6.1) has the following properties:

(1) The optimal solution of [2D-LP(X)] (i.e., equilibrium flow pattern x*) is unique and given by the Fréchet-Hoeffding distribu-
tion.
F*(K,s)zmin{ZQk,,us} Vi €[1,K], Vse & (6.12)
kK <k

where S = [0, T] of length T = Q/pt.
(2) The equilibrium flow pattern xX* has the “sorting” property, such that all users in group k depart from the bottleneck in a time
interval [s,_q, ;] of length Qi/u (ie., Si = Sk_1 + Qx/1t), and

50§0<S1<52< oo <Sg1<sg=T (613)

Proposition 6.4. Suppose that Assumption 6.2 holds. Then, the cost pattern of the departure time choice equilibrium with sched-
ule delay cost function (6.1) is unique and is obtained as follows:

vp =Y A f' )} Vk e K (6.14)

k'>k

sey _ JVE= SN (s) if s € [sp1. k]
wis) = {0< otherwise Vkek (6.15)

where P = Vi — Vks1 > 0 and yi, 1 =0.

11 The red dotted lines in Fig. 7 are the so-called isocost queueing curves in the literature (Lindsey, 2004).
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6.3. Properties of models with early and late arrivals

At the beginning of Section 6, we briefly mentioned the role of the decomposition in the proposed approach, that is,
generating lower-level problems that can be solved analytically. As also noted, the restricted problems examined in the
previous two subsections correspond to such lower-level problems. Here, we formally introduce a hierarchical decomposition
of the problem [2D-LP(x)], and then show how we can solve the original problem (with a general schedule delay cost
function) analytically by exploiting the analytical solutions of the lower-level problems.

Let us consider a general case in which Assumptions 6.1 and 6.2 are relaxed to allow for both the late and early arrivals.

Assumption 6.3. f¢: R — R is a continuous decreasing function of ¢ for all € <0 and f¢(0) =0, f' : R — R is a continuous
increasing function of € for all € > 0 and f/(0) = 0.

This assumption implies that the schedule delay cost function is strictly quasiconvex (or unimodal), which is weaker than
Assumption 5.1, under which it is required to be strictly convex. We also assume, without loss of generality, that user groups
are arranged (indexed) in the decreasing order of their value of time parameters for early arrivals: 81 > 8, > ... > B > 0.
The decreasing order of that for late arrivals is represented using a permutation function ¢ : K — K, i.e, Yy ) > Yy(2) >
-+ > Yy > 0. To avoid confusion, we use k for indicating the order for late arrivals. Thus, k = v/ (k) < k= 1~1(k), and
k=1 (k), Yk e K if both orders are the same (8y > Br.1 = ¥k > Vike1» YkeK).

To decompose the problem [2D-LP(x)], we introduce an auxiliary variable, X}:‘, representing the total mass of early (if
h =e) or late (if h =) arrival users in group k. In addition, let S" be the time duration s <o if h=e, s> o if h=1. Then,
the problem [2D-LP(x)] can be represented as

[2D-LP(x, X)] min . Z(x,X) = ZZ/Sh . (s) x(s)ds (6.16)
heH keK
subject to " xi(s) < Vsesh hen (6.17)
kek
/ x(s)ds = X Vkek, hen (6.18)
Sh
Y oXE = Vkek (6.19)
heH

where H = {e, l}. The equivalence between [2D-LP(x)] and [2D-LP(x, X)] is easily confirmed by substituting Eq. (6.18) into
Eq. (6.19). Following the problem structure in which the variables {x,(s)} can be solved if the pattern {X,i”} is given (but not
vice versa), the problem [2D-LP(x, X)] can be further viewed as the following equivalent hierarchical problem:

. h
min. > Zu(X") (6.20)
heH
subject to Eq.(6.19)
where Zy(X") = min. Zs(x | X") = Z/ i (5) X, (s)ds (6.21)
x=0 kek st

subject to  Egs. (6.17)Vs e S"and (6.18).

Because the lower-level (or sub-) problems (for h = e and h = I, respectively) are exactly the same problems discussed in the
previous subsections, the optimal solution x* (for a given X") and the associated equilibrium cost (i.e., the optimal Lagrange
multiplier) (u*, vi*) can be obtained analytically (Propositions 6.1-6.4). These solutions are useful in the following analysis.

Owing to the strong duality of lower-level problems (i.e., Eq. (6.11)), the upper-level (or master) problem reduces to the
following problem:

min. 3 ey Zum (X1) = Cpen Z(w, v | XP) = Yoy [—1 fgn u* (5)ds + Yo XpV1¥]
subject to Eq.(6.19)

(6.22)

In general, an iterative procedure is required to solve the upper-level problem because the dual solution (u*, v*) is not
expressed as an explicit function of the variable, X". However, owing to the analytical solution obtained in the previous
subsections, we can explicitly transform it into a problem that includes the decision variable X".

Recall that there is a one-to-one correspondence between the demand distribution X" and the equilibrium departure
time vector s" (Propositions 6.1 and 6.3), that is,

s =0, 85 =X{/p, ..., sp=>_Xp/u ... sg=T=> Xo/p. (6.23a)
k' <k k' <K
So="0, sy =X}, ) /1ty ..., S = Z’%@M“* s sk=T'= ZX{//(I?’)/M' (6.23b)
k'<k k'<K
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Fig. 8. Graphical representation of Eq. (6.28) (K = 2).

By using these variables and the relationship (6.11), the upper-level problem can be transformed into the following prob-
lem:

mm > Zu(s") = /LZ/ ) ck(s)ds-HLZ/ " (s)ds (6.24)

heH ke ke " y-1@10-1
subject to  sf_; <, SY1gy_1 = Syig Vk e K (6.25)
(5§ = Sk_1) + (Syorgy = Syrgg1) = Q/1t Vk e K (6.26)

It should be noted that this problem is equivalent to [2D-LP(x, X)] and [2D-LP(x)], although it can also be interpreted as the
upper-level problem of the hierarchical problem. As shown in Appendix F.2, this problem is a convex programming problem
with a strictly convex objective function. Thus, we obtain the following lemma.

Lemma 6.4. Suppose that Assumption 6.3 holds. The optimal solution of problem (6.24) is unique.
Proof. See Appendix F2. O
Finally, we obtain the following proposition.

Proposition 6.5. Suppose that Assumption 6.3 holds. Then the flow pattern of the departure time choice equilibrium with schedule
cost function (6.1) has the following properties:

1. The optimal solution of [2D-LP(x)] (i.e., equilibrium flow pattern x*) is unique.

2. The equilibrium flow pattern X* has the “sorting” property, such that all users in group k depart from the bottleneck in time
intervals [—s{. —sf_; 1. [s}, 1151 ) and

“Te=—s¢< ... <-s$<0<s\< ... <sk=T. (6.27)

3. If users in all groups depart from the bottleneck both early and late (i.e., strict inequality holds in condition (6.27)) and
Bk > Bky1 = Yk > Vi1, Yk € K, the equilibrium values of sf and s{( are determined by the following equations:
{Si(—FSi = Zk’kak’/l'L

v 2
Befe(=s0) = meflsh) (= vp—vi,)) ke (6.28)

where v ; =0.
Proof. See Appendix F3. O

There are a few remarks. First, the sorting property in this section and the FIFW property seem to be emerging from
different mechanisms (i.e., different types of heterogeneities); however, our analyses reveal that both sorting patterns can
be explained by the Monge property of the schedule delay cost function in a unified manner. Second, property 3 always
holds, for example, if y,/B; = n (constant) for all k € K, which is a common assumption in the literature (Vickrey, 1973;
Arnott et al,, 1988; 1992; 1994; van den Berg and Verhoef, 2011; Takayama and Kuwahara, 2017) (see Appendix FE.3). Third,
it is evident that Eq. (6.28) for each k is a simple two equations with two variables, that is, s; and s’ can be easily obtained
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by independently solving Eq. (6.28) for each k (see Fig. 8). If we assume a piecewise linear schedule delay function (e.g.,
Arnott et al., 1988), Eq. (6.28) reduces to elementary linear equations with two variables, which obviously implies that an
explicit analytical formula for s and s}( is obtained.

6.4. Relation to an existing semi-analytical approach

Before concluding this section, it is worthwhile mentioning a semi-analytical approach proposed by Liu et al. (2015). In
their approach, for a given X" (i.e., the total mass of early or late arrival users), closed-form trip cost functions are first
derived using (Arnott et al., 1994)’s analytical results of the model with a piecewise linear schedule delay function. Then,
with these trip cost functions (or mappings), they create an equivalent VI problem of the morning commute equilibrium
model. From the discussions in the previous subsection, the correspondence between (Liu et al., 2015)’s and our proposed
approaches are clear: solving the lower-level problems (6.21) analytically (Sections 6.1 and 6.2) corresponds to a generalized
version of the results of Arnott et al. (1994), and the convex programming problem (6.24), which is an equivalent problem
of the equilibrium model, corresponds to their VI problem. The proposed approach is more general than (Liu et al., 2015)’s
approach in the sense that we do not impose the restrictive assumption on the schedule delay function.

To discern other differences between the two approaches concretely, let us consider the following VI, which is given as
the optimality condition of the upper-level problem (6.22):

FindX* € X = {X > 0 and Eq. (6.19)}such that

Zhe?—l Vh* (xh*) . (xh _ xh*) >0 Xe X, (629)

where the mapping v (X"*) is obtained by applying the envelope theorem to the dual lower-level problems, i.e., the
equilibrium trip cost function: VZy(X") = VZs(u*, vi* | XM) = vM*(X"), Vh e #. This is almost the same as the VI in
Liu et al. (2015), except for the measurement unit of trip cost, that is, the problem (6.29) is time-based but that in
Liu et al. (2015) is monetary-based. Although the monetary- and time-based formulations can be transformed into each
other by changing the scale of schedule penalty coefficients B, and y, for the case of Liu et al. (2015), the mathematical
properties of the VIs are quite different.'?

More specifically, problem (6.29) has desirable properties (see Appendix F4 for the proofs). The mapping of problem
(6.29) is strictly monotone; if the schedule delay function is continuously differentiable, the mapping of problem (6.29) is
symmetric and thus a scalar potential exists for the vector field vi*(X"*), that is,

Zﬁﬁxh v (@)do (=3 zxM | (6.30)

heH heH

Therefore, it is easy to obtain the uniqueness of the solutions. Contrarily, the mapping of Liu et al. (2015)’s VI is not mono-
tone; it is difficult to establish the uniqueness property of the VIL.!*> Further, note that the monetary-based VI is not inte-
grable (i.e., it does not reduce to an equivalent LP formulation as does [2D-LP(x)]); thus, the theory of optimal transport and
efficient solution methods of LP problems are not applicable to it. Note that in Chen et al. (2015) the time-based version
of Liu et al. (2015)'s VI was studied; it might be reduced to an optimization problem; however they show neither convex
programming nor analytical solutions.

In summary, the present approach is a more powerful and promising way to address more general problems. As an
example, we will analyze an extended problem with more heterogeneities in the next section.

7. Analysis of models with two types of cost heterogeneity

This section demonstrates that the proposed approach is applicable to cases with more general user heterogeneity. Specif-
ically, we here consider a generalized DTCE model with two types of cost heterogeneities. We then characterize an equilib-
rium user sorting pattern and obtain an analytical solution by employing both the three-dimensional Monge property and
the decomposition of the LP formulation of the model.

7.1. Review of the N-dimensional optimal transport theory

Before introducing the generalized problem, we briefly show that the Monge property and related useful theorems can
be extended to N-dimensional transportation problems. For example, the three-dimensional transportation problem in a
discrete space setting is formulated as follows:

[3D-OTP] l;l('lzl(l;l Z3D (X) = Z Z Z Ci.]',kxi.j.k (71)

ieZ jeJ kek

12 A similar conclusion has been observed in (multiclass) static traffic assignment problems (e.g., Larsson et al., 2002).

13 Note that the proof of the uniqueness property in Liu et al. (2015) is incorrect. Specifically, Theorem 2.3 in Moré (1974), which was employed in
Liu et al. (2015) for the proof, states that an NCP has at most one solution if the mapping is a P-function, i.e., the P-function property does not guarantee
the uniqueness of VIs when their feasible region is not a positive orthant; this statement together with the fact that the feasible region of Liu et al. (2015)’s
VI is not a positive orthant but a simplex means that (Liu et al., 2015)'s proof cannot be valid for their VI.
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Fig. 9. Spatial setting inside the city.

subject to Y Y "Xk =Si Yiel (7.2)
JjeJ kek
DD Xijk=R VieJg (7.3)
i€ kek
DD Kijk=Q Vkek (7.4)
jeJ iex

where S, R, and Q are given constants satisfying 3.7 Si = X jc 7 Rj = YXperc Q-
The Monge property for higher-dimensional arrays is as follows.

Definition. Let C be an N-dimensional array of size my xmy x ... xmy. C is termed as a Monge array, if for all i, =
1,2,....mu, jn=1,2,...,my,n=1,2,...,N,

c[s1,82,....Sn]+ [t to, ... ty] < clit, do, ..., in] +Clj1. J2. .. JN] (7.5)
where s, = min(iy, jn), tn = max(ip, jp) forall 1 <n <N.

Note that, as shown in Aggarwal and Park (1988), an N-dimensional array C is a Monge array if and only if, every
two-dimensional submatrix is a Monge matrix. Furthermore, the natural extension of the northwest corner rule solves the
problem in a greedy manner without explicit values of cost coefficients if C is a Monge array (Bein et al., 1995).14

As in the two-dimensional case, the continuous Monge property is characterized by a submodular function.

Definition. A function f: RN — R is said to satisfy the N-dimensional continuous Monge property, if f is submodular with
respect to any two of its arguments:

fEAy) +fxvy) < fx)+ f(y) VX, y e RN (7.6)
where x Ay and x vy denote the componentwise maximum/minimum of X and y, respectively:

X Ay = (max{x{,y1}, max{xy, y»}, ..., max{xy,yn}) forall 1 <n <N
X vy = (min{xq, y1}, min{x,, y»}, ..., min{xy,yn}) forall 1 <n <N.

Then, Tchen (1980) showed that Theorem 5.3 can be generalized for an N-dimensional case.

Theorem 71. (Tchen, 1980) Let F,...,Ey be distribution functions on R. Furthermore, suppose that

SUPFeF(F,....Fy) Jen €1, ..., xN)dF (xq, ..., Xy) < oo and a function c : RN — R satisfies the continuous Monge property. Then, the
Fréchet-Hoeffding distribution:
F*(x1,...,xy) = min{F (x1), ..., Fy(xn)} V(x1.....xy) € RN (7.7)
is an optimal solution for the following problem:
min / c(xq,....,xy)dF (X1, ..., xN). (7.8)
FeF(R,...ky) JrN

7.2. Simultaneous choice equilibrium model of departure time, location, and job choices

We show a simultaneous choice equilibrium model of departure time, residential location, and job choices as a gen-
eralized DTCE model with two types of cost heterogeneity. Consider a long narrow city with a spaceless central business
district (CBD) where all the job opportunities are located. The CBD is located at the edge of the city, and J discrete resi-
dential locations are indexed sequentially from the CBD in decreasing order: J,..., 1 (Fig. 9). We denote the set of locations
using J = {1,....J}. The free-flow travel time between location j and the CBD is /;, and the maximum allowable number
of users who live in each location j e J is R;. There are K types of jobs at the CBD, and the labor demand of each job
ke ={1,...,K} is given by Q. The road has a single bottleneck with capacity p just upstream of the CBD; thus, all users
must pass through this bottleneck to commute.

4 Unlike the two-dimensional case, the problem with an inverse Monge array cannot be solved in a greedy way.
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There are Q ex-ante identical users in the city. Each user makes departure time, residential location, and job choices to
maximize their utility. We assume that a user’s preference is quasilinear (i.e., the utility function is linear in queuing time
units), and let wy, r;, and u(s) be the wage of job k, land rent at location j, and queuing delay at time s, respectively. Then,
the utility is defined as follows:

Wy — 1 = (Cjr(s) +u(s)) (7.9)

where ¢ (s) is a “commuting disutility” (a generalization of schedule delay cost) with two types of heterogeneity j and k,
which will be specified later. Note that all terms in Eq. (7.9) are measured in queuing time units.

By combining a user’s optimal choice condition and the equilibrium condition in each market, the equilibrium condition
is given as follows:

5 ;V::: B :j B 383 N 2”:8 :; ;‘jzg; z 8 VieJ. Vkek, Vses (7.10)
S < it us) =0 Vses (711)
%ZE ﬁ ijig;gz - Ilgj :g fj Z 8 Vieg (712)
e o -

22 fsxj,k(s)ds =Q (7.14)

jeJ kek

where V represents the equilibrium utility level. The first condition (7.10) is the user’s optimal choice condition, the second
condition (7.11) is the queuing delay condition, and the third (7.12) and fourth (7.13) are the market clearing (or demand-
supply equilibrium) conditions for land use and job markets, respectively.

This model is a variant of the DTCE models that include the location choice of users, for example, Arnott (1998);
Gubins and Verhoef (2014); Takayama and Kuwahara (2017). To keep the model compact, we assume that the wage w;, is
dependent only on demand-supply conditions (7.13) and abstract from the effects of the productivity of firms or other real-
istic determinants of the wage. The job-location choice modeling in our formulation corresponds to the celebrated Herbert-
Stevens model (Herbert and Stevens, 1960; Wheaton, 1974; Berliant and Tabuchi, 2018) in the urban economics literature.
Note that it might be considered that the simultaneous equilibrium model of the different time scale choices is unrealistic,
even though their interactions are important factors in relation to appropriate long-term policies (see Osawa et al., 2018, for
an example). However, as shown in the next subsection, we can convert the problem to a bi-level problem where the upper-
level (or long-run) problem is the job-location choice problem and the lower-level (or short-term) problem is the departure
time choice problem. As such, the two problems can be analyzed sequentially.

In parallel with the discussion in the previous sections, this equilibrium model is equivalently written as an LP problem.

Proposition 7.1. Consider the following infinite-dimensional linear programming problem:

[3D-LP (x)] 1‘)1(‘121‘1)] Z(X) = ZZ/SCLk(S)XJ-k(S)dS (7.15)
JeTJ kek
subject to > ") " xji(s) < VseS (7.16)
JjeJ kek
foj,k(s)ds <R, Vjed, (7.17)
kek S
Z/xj,k(s)ds >0 Vk e K. (7.18)
jeg’s

with YierRi=2kex U =Q. and let u, r, and w be the Lagrange multipliers for the constraints (7.16), (7.17) and (7.18), respec-
tively. Then, the optimal solution (x,u,r,w) of [3D-LP(X)] is consistent with the equilibrium conditions (7.10)-(7.14).

We see that the equivalent optimization problem [3D-LP(x)] of the generalized DTCE problem has almost the same form
as the three-dimensional transportation problem [3D-OTP]. Therefore, if the commuting disutility has the Monge property,
the equilibrium sorting property would be established by the theory of optimal transport described in Section 7.1. In the
next subsection, we present an example of such disutility functions.
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7.3. Analytical solution and sorting pattern

For simplicity of exposition, we assume in the following that all users have a common preferred CBD arrival time, o = 0,
and “late arrival” is prohibited (e.g., Takayama and Kuwahara, 2020). We then consider the following commuting disutility
function:

Assumption 7.1. The commuting disutility for a type (j, k) user arriving at the destination at time s is given by
Cik(s) = c;_lk) +c(s) + cfk) (s) (7.19a)
where c;lk) = oyl ¢ P (s) = Bif(s). cfk) (s) =vgG—1) (7.19b)

where f(s) is a continuous function of “schedule delay” s (=s — o) satisfying

f(s)>0 for s<0O ,
{f(s)—>oo for s>0’ fi(5)<0 Vs<0.
The function g(t) denotes the “early bird cost”!® for a user departing from their home at time t(s, ;) =s—1;j < —l;, which
is a continuous function with the following properties:

gt(s, 1)) >0, gt@s,1)) <0, g't@s, 1)) <0 Vt<-—|

where the coefficients o, By, and y, are values of travel time, schedule delay and activity at home, respectively; they are
arranged in an increasing order: oy <...<ag, 1 <... <Pk, Y1 <-.. < Vk-

The present model can be viewed as a DTCE model with two types of cost heterogeneity: the values of travel time, schedule
delay, and activity at home depend on the job k,'® and the early bird cost depends on the residential location j. The main
difference between the conventional and present models is related to whether the heterogeneity is given exogenously or
not. Specifically, in a conventional model (with heterogeneous preferred departure times and VOTs) such as Newell (1987);
Lindsey (2004) and Hall (2018, 2020), a joint distribution of cost heterogeneities is given exogenously. In the present model,
the marginal distributions of cost heterogeneities, {R;} and {Q;}, are given exogenously; however, the joint distribution {X; ;}
is determined as a result of job location choice.

Lemma 7.1. Suppose that Assumption 7.1 holds. Then the function c;(s) defined by (7.19) satisfies the strict 3D-Monge property.
Proof. See E3. O

As in Lemma 6.2, combining the fact that [3D-LP(x)] is a total commuting disutility minimization problem with the
functional form of c;(s) leads to the following property of an equilibrium departure time window.

Lemma 7.2. Under Assumption 7.1, the optimal solution x* of [3D-LP(X)] satisfies

Yjer Lk X =p if seScs -
Yjes Lkex Xjx(s) =0  otherwise :

where $ = [—T, 0] of length T = Q/ .

Then, the problem [3D-LP(x)] is reduced to a three-dimensional optimal transport problem with a strict 3D-Monge property.
That is

min/ c(¢. ke, 5)dF (¢, k. 5) (7.21)
FeZ Jigix[1.k]1x8

where F= {F({, K.0) =3 ;_¢Rj. FU.k.0) =Y Q.

F(L.K.s)=pm-(T+s), VE e[1,]], Yk [1,K], Vs e S}. (7.22)
where ¢({, «, s) is a continuous and submodular function that satisfies c¢(j, k,s) = ¢ji(s), Vi=1,....J, Vk=1,... K, Vs e S.

Based on the theory of optimal transport in Section 7.1 (i.e., Theorem 7.1), we have the following proposition.

Proposition 7.2. Suppose that the commuting disutility, c;(s), satisfies Assumption 7.1. Then, the solution of the DTCE problem
(7.21) (or [3D-LP(x)]) is unique and given by the Fréchet-Hoeffding distribution.

Fr(C.ic.s)=min{ > "R, > Qu.pt- (T +5) ¢ (7.23)

j'=¢ k<«

15 This type of disutility can be interpreted as the utility that the user obtains from being at home and has been considered for expressing the hetero-
geneity in the residential location in the city (Fosgerau and de Palma, 2012) and in the trip length within the urban network (Fosgerau, 2015).
16 This is consistent with the assumption in Takayama and Kuwahara (2017) of a positive correlation between the VOT of users and their wage.
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Fig. 10. Optimal path in the three-dimensional index space.

To interpret the analytical solution, let us introduce a new index i € Z and a joint distribution {X;} of {R;} and {Q}.
which are determined by the northwest corner rule:

0. Initialize the indices withi:=1, j:=1, and k :=1.

1. Set X; = min {R;, Qu}.

2. Reduce both R; and Q; by X;, i.e,, R; :=R; — X; and Q; := Qi — X;. If any of R; and Q, become zero, then these indices are
increased by one.

3. If Yy_; Xy = Q then I =i and stop; otherwise i :=i+ 1 and go back to Step 2.

This procedure corresponds to solving the minimization problem of the first two terms of the analytical solution (7.23). By
using the unique joint distribution, the analytical solution is reduced to the following form.

F*(¢. k. s)=min{ > Xy, - (T+5) (7.24)

i'<i

The joint distribution {X;} represents the demand distribution of the departure time choice problem. As in the previous
sections, let us define the time s; so that the cumulative capacity supply - (T +5) is equal to the cumulative demand
Y i<iXy as follows:

si=Y Xpe/u—T (7.25)

i'<i
Then, the regularities of the equilibrium flow pattern can be summarized as follows.

Proposition 7.3. The equilibrium flow pattern xX* has the “sorting” property such that all users in group i depart from the bottle-
neck in a time interval [s;_1, s;] of length X;/u (i.e., s; = s;_1 + Xi/u), and

so=-T<S1<S< ... <S_1<85=0 (7.26)

From the determination process of the joint distribution, we see that job and location groups are sorted in the increasing
order of their indices. Hence, the proposition means that users who live in locations closer to the CBD and have jobs with
higher VOTs depart from the bottleneck at times closer to the desired time. Fig. 10 shows an example of the optimal index
path of the problem with ] =2,K =4, and u = 1. We see that users depart from the bottleneck in the following order along
time s: (j, k) = (1,1), (1,2), (2,2), (2,3), (2,4).

Some final remarks about the analytical solution are presented in order. First, the interpretation of the analytical solution
provides a clear relationship between short-run and long-run choice problems. It is easily seen that the determination of
the joint distribution {X;} corresponds to the long-run job-location choice problem. Given this demand distribution, the
problem (7.24) determines the short-run departure time choice problem. Second, the solution can be understood from the
combination of the two 2D-Monge properties: one is with respect to j and k, and the other is with respect to i and s (see
Appendix G for details).

8. Concluding remarks
This paper presented a systematic approach for analyzing the departure-time choice equilibrium (DTCE) problem of a
single bottleneck with heterogeneous commuters. The approach is based on the fact that the DTCE is equivalently repre-

sented as an LP problem with a special structure, which can be analytically solved by exploiting the theory of optimal
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transport combined with a hierarchical decomposition. Through applying the proposed approach to several types of model
with heterogeneous commuters, it is revealed that (i) the essential condition for emerging equilibrium “sorting patterns,”
which have been known in the literature, is that the schedule delay functions have the “Monge property,” (ii) equilibrium
problems with the Monge property can be solved analytically (or reduced to a very simple system of equations), and (iii)
the proposed approach can be applied to a more general problem with more than two types of heterogeneities.

For an extension of this approach, we need to explore whether an equilibrium problem has an equivalent and structured
LP and its appropriate decomposition. Such a straightforward example would be models of simultaneous departure time
and route choice in a single bottleneck per route network (e.g., a single O-D network with multiple parallel routes) (e.g.,
Kuwahara and Newell, 1987; Arnott et al., 1992; Iryo et al., 2005; Iryo and Yoshii, 2007; Liu et al., 2015). As the equilib-
rium condition can be equivalently represented as a structured LP problem, the approach proposed herein could be applied
without significant modification.

Another interesting direction would be to extend the proposed approach to analyze the DTCE problem in a corridor
network with multiple bottlenecks (for a specific instance of the corridor problem, see Akamatsu et al., 2015). Although a
straightforward formulation of the problem in a corridor network does not reduce to an LP problem, but instead to an LCP,
the recent study by Fu et al., 2021 reveals that the solution of the DTCE assignment with homogeneous commuters can be
analytically constructed from that of the DSO assignment formulated as a structured LP problem. Therefore, it is expected
that the solution of the DTCE problem with heterogeneous commuters would also be obtained from an LP problem, which
can be analyzed by extending the approach presented herein. The partial (positive) answer to this conjecture is provided in
Osawa et al. (2018), and a full treatment is planned for future work.
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Appendix A. Notations

The main notations used in the formulation are summarized in Tables A.1 and A.2.

Table A1l

Main notations in Sections 2-6.
Indices
kek Group number; £ = {1,...,K}
teT Arrival time at the bottleneck
seS Departure time from the bottleneck
Flow-related
Q Total mass of continuum users
Qx Total mass of users in group k
X,L’ Total mass of early (h = e) and late (h =) arrival users in group k
N Bottleneck capacity
A(t), D(t) Cumulative arrival and departure at the bottleneck by time t
A(t), fi(t) Arrival and departure flow rates at the bottleneck at time t
E(t) Number of users queuing at the bottleneck at time ¢t
x(s) Departure flow rates from the bottleneck at time s
Cost-related
c(€) Schedule delay cost of users in group k
d(t) Queuing delay of users with arrival time t at the bottleneck
b(s) Queuing delay of users with departure time s from the bottleneck
p(s) Exogenous toll
Uy Equilibrium trip cost for users in group k
oy Value of time for users in group k
Brs Yk Schedule delay cost parameters for early and late arrivals for group k
Others
o Preferred departure time
€ Schedule delay
A Derivative operation with respect to bottleneck-departure-time s
7(s) Arrival time function
T Length of the morning rush hour
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Table A2
Main (additional and changed) notations in Section 7.
Indices
jeJg Location number; J ={1,..., I
kek Job number; £ ={1,..., K}
Flow-related
R; The maximum allowable number of users living in location j
Q Labor demand of job k
Cost-related
Cjk(€) Commuting disutility for location j and job k
g(t) Early bird cost for a user departing from their home at time t
Vv Equilibrium utility
T Rent at location j
I Free-flow travel time between location j and the CBD
Wy Wage of job k
o, B Vi Values of travel time, schedule delay and activity at home

Appendix B. Point queue model

According to Kuwahara and Akamatsu (1993, 1997), the point queue model can be represented by the following three
conditions. First, the state equation for the number of users queuing at bottleneck E(t) is:

E(t) = A(t) — D(¢) (B1a)

dE(t)/dt = A(t) — fi(t) (B.1b)

where A(t) [D(t)] denotes the cumulative arrival [departure| flow at the bottleneck by time, t, and their derivatives with
respect to time, t, are A(t) = dA(t)/dt and ji(t) = dD(t)/dt.
The second condition is the exit flow model. That is, the departure flow rate, fi(t), from the bottleneck at time ¢ is

i " if E(t)>0
M(t):{min{k(t),,u} if E(t)=0 (B2)

The final condition concerns the relationship between the state variables and the queuing delay. In the point queue
model, the queuing delay d(t) for a user arriving at the bottleneck at time, t, is the horizontal distance between the cumu-
lative arrival curve A(t) and the cumulative departure curve D(t). That is,

d(t) =E(t)/1 (B.3)

By combining these conditions, (B.1)-(B.3), we can obtain condition (3.2a).

Appendix C. Proof of Lemma 4.1

We prove At(s) =1— Ab(s) > 0 (i.e., the non-negative and the finiteness of arrival flow rate) if Ac,(s) > —1. Consider
first a time window S, c § when there is at least one group, say k, that has a positive departure flow rate, i.e., x,(s) > 0.
Then, the users’ optimal choice condition (4.1b) can be written as

() +b(s)—v, =0 Vs € S.
This implies that
Ab(s) = —Ack(s) Vs e S;.

Thus, Aci(s) > —1 asserts that Ab(s) < 1.
For the remaining time window (i.e., x(s) = 0), b(s) = 0 holds because of the queuing condition (4.2b), which implies
Ab(s)=0. O

Appendix D. Strong duality and complementarity slackness for the problem [2D-LP(x)]

D1. Strong duality

We first prove the strong duality of [2D-LP(x)] and [2D-LP(u, v)], both of which have infinite-dimensional decision vari-
ables. We first observe the weak duality.
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Theorem B.1. Let x and (u,v) be arbitrary feasible solutions of [2D-LP(x)] and [2D-LP(u, v)], respectively. Then, we have
Z(x) > Z(u,v).

Proof. We have

200~ 2w =3 [ alom)ds+p [ uds— Y- Qu

kek kek
= Z[ ck(s)xk(s)der,u/ u(s)ds — ka/xk(s)ds
keK s s kek §

keK kel

- /S {Zka (Ci(s) + u(s) — ) + u(s) (u - Zka)]ds (D)

>0
where the inequality is due to (4.7), (4.8), and (4.10). We thus have Z(x) > Z(u,v). O

Next, we divide the interval S into several pieces. Let N be an arbitrary positive integer, and let the sub-interval be
defined by

Sn=[s+ (n—1)AS, s+ nAS) n=12,...,N

with AS = (5 —s)/N. Moreover, let ¢, and ¢, be piecewise constant (step/staircase) functions defined as

X (s e Sp) i (ses)
Ek = ’ gk = :
e (seSn) c,‘;“,‘\? (s e Sy)

with

P2 = sup{ce(s) | s € Sa}. it = inf{ci(s) | s € Sa}.
Then, both functions belong to the following function set

PCy = {function f: S — R | f(s) is constant over S, for n=1,...,N}
Now, consider the following problems:

e [2D-LP(x)-u]: a problem analogous to [2D-LP(x)] with ¢, (s) replaced by ¢ and the constraint x;(s) € PCy is added.
e [2D-LP(x)-1]: a problem analogous to [2D-LP(x)] with c(s) replaced by ¢, and the constraint x,(s) € PCy is added.
e [2D-LP(u, v)-u]: a problem analogous to [2D-LP(u, v)] with c,(s) replaced by ¢, and the constraint u(s) € PCy is added.
e [2D-LP(u, v)-1]: a problem analogous to [2D-LP(u, v)] with ¢, (s) replaced by ¢, and the constraint u(s) € PCy is added.

Note that these four problems can be regarded as LP problems with finite-dimensional decision variables because x,(s) and
u(s) are piecewise constant functions. Therefore, the strong duality must hold between [2D-LP(x)-u] and [2D-LP(u, v)-u],
and between [2D-LP(x)-1] and [2D-LP(u, v)-1].

Now, let val[ -] and F[ -] be the optimal value and feasible set of problems |[-]. Then, we have the following lemma.

Lemma B.1. For any N > 0, we have

0 < val[2D-LP(x)] — val[2D-LP(u, v)] < val[2D-LP(x)-u] — val[2D-LP(u, v)-1]
= val[2D-LP(x)-u] — val[2D-LP(x)-1]

Proof. The first inequality is due to the weak duality, and the equality follows as val[2D-LP(u, v)-1] and val[2D-LP(x)-1] are
the primal-dual pair of finite-dimensional LP problems. Thus, we only show the second inequality.

We first show val[2D-LP(x)] < val[2D-LP(x)-u]. Let Z(x) be the objective function of [2D-LP(x)-u]. Then, from ¢ (s) < T,(s),
we have Z(x) < Z(x) for any x > 0. Moreover, we have F[2D-LP(x)-u] € F[2D-LP(x)] because [2D-LP(x)-u] has additional
constraints x,(s) € PCy(k € K). Thus, we have val[2D-LP(x)] < val[2D-LP(x)-u].

Next, we show val[2D-LP(u, v)] > val[2D-LP(u, v)-1]. Notice that Z(u, v) serves as the objective function of [2D-LP(u, v)-
1] as well as [2D-LP(u, v)]. Moreover, we have F[2D-LP(u,v)-1] € F[2D-LP(u, v)| since F[2D-LP(u, v)-1] has additional con-
straints x;(s) € PCy(k € K) and it follows ¢, (s) + u(s) — vy >0 = c,(s) +u(s) — v, > 0. Hence we have val[2D-LP(u, v)] >
val[2D-LP(u, v)-1]. This completes the proof. O

Using this lemma, we can show the strong duality of [2D-LP(x)] and [2D-LP(u, v)].
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Theorem B.2. Suppose that c,(s) is continuous over S. Then we have val[2D-LP(x)] = val[2D-LP(u, v)].

Proof. First, we fix N > 0 arbitrarily. Let X* and xV be the optima of [2D-LP(x)-u] and [2D-LP(x)-1], respectively. Noting
Xﬁ’(s),gﬁ’(s) € PCy, we denote the nth constant of ?ﬁ(s) and xN(s) by Rﬁn and gﬁn, respectively, for each k € K. Moreover,

let N > 0 be defined by -
8" = max {C(s) — ¢ (5) } kek, ses}
= max {cf* — it | ke K. ne{l1.2,....N}}.
Then, we have

val[2D-LP(x)-u] — val[2D-LP(x)-1]
=3 [aoR©d-Y [aodcas

kek P
< = N _ M
< REZK/SCk(S)&k (s)ds kEZK/Sg((s)gk (s)ds
=2 / 5NN (s)ds
kekc S
o (D.2)
kek

where the first inequality follows because %V is the optimum of [2D-LP(x)-u] and xN belongs to F[2D-LP(x)-u]. Because c;(s)
is continuous, we have limy_, o, 8¥ = 0. This together with (D.2) and Lemma B.1 yields val[2D-LP(x)] = val[2D-LP(u, v)]. This
completes the proof. O

In the above theorem, we assumed that c,(s) is continuous over S. However, even when ¢, (s) is discontinuous at a finite
number of points on S, we can obtain the same result.

Corollary B.1. Suppose that there exists §p (m=1,2,...,M) such that c,(s) is continuous over S\ {51,...,3y}. Then we
have val[2D-LPI(x)]| = val[2D-LP(u, v)].

Proof. Considering the finitely many sub-intervals [s,$7), [$1.52)...., [Suy.S]. we can prove the corollary in a similar
manner. [

D2. Equivalence of complementarity slackness conditions

Note that (D.1) implies that

Z(x) ~ Z(u,v) = /S {Zxk(sxck(s) +1(S) — ) + u(s) (u - st))}ds.

ke ke

Hence, if x and (u,v) satisfy (4.11)-(4.12), then we have Z(x) — Z(u,v) = 0; that is, X and (u,v) are optima of [2D-LP(x)]
and [2D-LP(u, v)], respectively.

On the contrary, if x and (u, v) optimize [2D-LP(x)] and [2D-LP(u, v)], respectively, then we have Z(x) — Z(u, v) = 0; that
is, (4.11)-(4.12) are satisfied.!”

Appendix E. Proofs of the Monge property
E1. Proof of Lemma 5.1

We show that the function c : £ x S — R defined by (5.9) is a strict submodular:
C(8) + 1 (8') < Cp1 (5) + ¢ (s)) foralls<s’, 1 <k<K. (E)
Condition (E.1) can be rewritten using f(€) as follows.

f(€(0y41.5) +85) — f(€(0441.5)) - f(e(0.5) + 85) — f(e(0y,9))
8s ds
where §s =’ — s > 0. The strict convexity of the function f implies that the slope monotonically increases with the increase

(E2)

17 In this case, the equalities in (4.11) and (4.12) hold almost everywhere over S.
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in €. Combining this property with € (o}, 1,5) < €(0},s) (" 0k < 0y,1), we conclude that Eq. (E.2) and thus Eq. (E.1) hold
true. O

E2. Proof of Lemma 6.1
We show that the function ¢ : £ x S — R defined by (6.1) is a strict supermodular for s < 0:
C(8) + 1 (8') > i1 (5) + ¢ (s)) foralls<s'<0, 1<k <K (E.3)

The condition (E.3) can be rewritten as follows:

(B = B - (f5(s) = f*(s")) > 0 (E4)

This holds true because B, — B, > 0 and f¢(-) is a decreasing function of s (or €). O
E3. Proof of Lemma 7.1

We prove that the function c¢: 7 x K x S — R defined by (7.19) satisfies the three-dimensional Monge property. To do so,
we show that the function c is submodular with respect to any two of its arguments:

Cik(S) + Cixp1(8") < Cippa () + Cjk(s) foralls<s'<0, 1<k<K, VjeJg (E.5a)
Cik(S) +Cir1k(8) < Cjpak(s) +¢jx(s) foralls<s’'<0, 1<j<]J Ykek (E.5b)
Cik(S) + Cji1.k+1(S) < €1k (S) +Cjpia (8) forall1<j<] 1<k<K, Vs<0 (E.5¢)
By a straightforward manipulation, we have the following equivalent conditions:
fs)—f(s) g —1) —gs-1)
Bk = Ber1) ——5—+ Vi — Yks1) ! >0 (E.6a)
s s
1086 —1lj11) —8g6s—1lip1) 8" 1)) —g(s - 1))
- 51( 35 - 3s >0 (E.6b)
&(s —ljy1) —g(s = 1))
= (o = ) + (Ve = Vi) g > 0 (E6c)

where ds=s"—s> 0, and 8l = l; — ;1 > 0. The first line holds true because B — By 1 < 0. ¥k — Y11 <0 and f'(s).g'(t) <
0; the second line holds true because g”(t) < 0; and the third line holds true because oy — oty 1 <0. O

Appendix F. Other proofs in Section 6
F1. Proof of Proposition 6.2
By solving the following recursive equation:
Vi 1= Uy — G (=51 + Ce(=50) = Uy + Bef*(=s0) Vk=1,....K-1. (F1)

with the boundary condition vg = cx(-T) = ,3Kfe(—s,<), it is evident that the analytical solution (6.8) is obtained. By sub-
stituting v* into a user’s optimal choice condition, we have

u*(s) = v, — Befe(s) Vs e [—sk, —Si_1], Yke K (F2)
Combining the queuing condition (4.2b) with Lemma 6.2 yields

D X)) =0<p = u(s)=0 Vse S8\ S. (E3)

kek

Thus, we conclude that Eq. (6.9) holds. O

F2. Proof of Lemma 6.4

Suppose that the objective function of the upper-level problem is convex. Then the optimality condition of the upper-
level problem (6.24) is given as the following variational inequality (VI) problem.
Find s* € 2 = {Egs. (6.25) and (6.26)}such that (E4)

Y hen VZu(s™) - (s" —s™) = 0 s e Q. :

178



T. Akamatsu, K. Wada, T. Iryo et al. Transportation Research Part B 148 (2021) 152-182

where the element of the gradient of the objective function VZy(s") is given by

3Zu(s) |
%=M(ﬂk—ﬂk71)fe(—si if h—e

k E5)
dZu(s") . (
TosL T 1Yy — Ve () if h=1

We then show the strict monotonicity of VZy(s"). For any two non-negative vectors s" and s" (s" £ s"'), we have

(VZu(s?) = VZiy(s)) - (s° = 7)) = ;Y (Br — Bi){fe(=s5) — fo(=s§)}(s§ —s) > 0
keK
(VZu(s") = VZu(s") - (' =s") = 1YWy iy = Yy i) U ) = FL SN, —s1) > 0
ke
The last inequalities of both equations follow from the fact that fe(s) is a decreasing function of s and f!(s) is an increasing

function of s. Thus, we conclude that the upper-level problem (6.24) is actually a convex programming problem and the
optimal solution of it (or the VI problem (F.4)) is unique. O

F3. Proof of Proposition 6.5

Because properties 1 and 2 of Proposition 6.5 are trivial, we show the proof of the property 3 only. If 8 > B,.1 = Vi >
Vks1, Yk € K, then k= (k), Yk € K and the flow conservation condition (6.26) reduces to

(8= )+ (sh—sh 1) =Q/1 Vke K (E.6)

By summing this equation for all k¥’ <k, we obtain the first line of Eq. (6.28). If the strict inequality holds in constraint
(6.25) or condition (6.27), the equilibrium costs of early and late arrival users in group k must be identical (i.e,, vj* = uf{*):

Y {Besr s} = ¥ {rer s} Vke K (E7)
k'>k k'>k
which implies
Bife(=si) = Pif!(s) Vk e K (E8)
We thus have Eq. (6.28). O

We show that the second remark below Proposition 6.5 holds. Assume that y, /B, = n (constant) for all k € K. Suppose
also that Eq. (E.8) is satisfied for all k € K, that is,

S+ 5h) = T Qe
{fe(ﬁs;;) - (ska vhek (F9)

From these equations, we first see that s; and sf( are positive for 3",/ Qp > 0. This is because both f*(-s) and fl(s) are
zero at s = 0 and are strictly increasing functions of s > 0. We then consider the consecutive groups k and k + 1 and assume
that sp > siH. From the second condition of Eq. (F.9), we obtain:

i) = flsky) & sk=sh,. (F10)
We thus conclude that

e 1 e !

Sk Sk = Skt t Skgr- (E11)
However, this condition contradicts the first condition of Eq. (F9) (i.e., flow conservation), ie., s; < SE_H must hold. By the
same logic, we can obtain sf( < 55<+1' Hence we finally obtain

0<S}11<Sg<...<557<_1<S;'< VheH (F12)

which shows that Eq. (F.8) is actually satisfied. Thus, the departure time vector s obtained from Eq. (6.28) is the unique
optimal solution of [2D-LP(x)] when /B = n (constant) for all k € K.

F4. Proof of the strict monotonicity of v (X)

We show that the strict monotonicity of vi*(X") for the case of h = e (we omit the proof for the case of h = because
almost the same discussion holds). From the analytical solution (6.8) and the definition of s, the equilibrium trip cost can
be expressed as an explicit function of y¢:

VEX®) =3 B - fo(= Comaie X5/ 10) Vk ek (F13)
k'>k
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or its vector-matrix form of
v*(X®) = LTe(—s%(X%)) (F14)

where L (LT) is the lower (upper) triangle matrix, c(—s¢(X¢)) = [/:31 fe(=s9), ,BK fe(—s¢ )]T and s¢(X¢) =
X3/, ..., Pk <k X e /]t = (1/u)LXE. We thus have, for any two non-negative vectors Xe and Xe,
(v (X®) = v*(X%)) - (X? = X?) = {LT(e(=s°(X?)) — e(—s°(X*)))}"(X* — X°)
= (e(—s°(X%)) — e(—s°(X*))TL(X* - X°)
=1y Bl fe (=) = f (=555 - 5) = 0
kek

The last inequality follows from the fact that f¢(s) is a decreasing function of s. Thus, we conclude that the VI problem
(6.29) is a monotone problem. Furthermore, if the function f¢(.) is continuously differentiable, we have

WX _ {( /1) Seaic B F2(=55) if k=k (F15)
0X¢ L1/ Sonemantiesey Bm - fo(=85) i kK

This shows that Vv*(X®) is symmetric and v*(X®) is integrable.

Appendix G. Hierarchical decomposition of [3D-LP(x)]
To see the combination of the two Monge properties definitively, we define a new variable X as follows:
Xy = /S X;.(5)ds. (G1)

Substituting the commuting disutility function (7.19) into the objective function of [3D-LP(x)], we can then see that Z(x) can
be decomposed into the following two terms:

Z(X) = Zy(X) + Zs(x) (G.2)
where
Zu(X) EZZCH( j.k (G3)
jeJ kek
200 =1 [ (62 + ) (G.4)
jeJ kek

This implies that [3D-LP(x)] allows the following decomposition:

min. Zu(X) +Z(X) (G.5)
subject to > " Xj =R; VieJg (G.6)
ke
D Xj=Q Vke K (G.7)
jeJg
where Z{(X) = mi(gl. Zs(x | X) (G.8)
X>
subject to Y ") "Xji(s) = p Vsed (G.9)
JjeJ kek
[ %;(5)ds = X ¢ Vied, Vkek (G.10)
3

The lower-level problem (or subproblem) determines the short-run DTCE for a given joint distribution of {R;} and {Q}.
The upper-level (or master) problem determines the long-run job-location choice equilibrium based on the cost including
the short-run effect Z§(X). While the upper-level and sub-problems should be solved iteratively in general, the analytical
solution implies that these problems can be solved sequentially. Specifically, the upper-level problem can be solved by the
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northwest corner rule (i.e., the objective function (G.5) satisfies the 2D-Monge property with respect to j and k), and the
lower-level problem can also be solved in a similar manner for a given optimal solution {X;} or equivalently {X;} (i.e., the
objective function (G.8) satisfies the 2D-Monge property with respect to s and i).
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