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Introduction

Tensor network (TN) ansatz has been largely used 

for the studies of quantum many-body systems 

with great success in the last three decades [1].

Besides the ground state, AD can be helpful in many other aspects. This work will demonstrate 

how, along with the properly defined generating functions, we can avoid evaluating the 

summation of tensor graphs by taking the derivatives.

One-particle excitation:

In this work, we consider a periodic uniform matrix product state (PUMPS) with a finite size N. 

This TN ansatz can be drawn down as the following:

As Eq.(1) suggests, now the ansatz is composed of a repeating MPS tensor A and therefore is 

translationally invariant. The ground state can be obtained by variationally minimizing the 

energy for our target model. Here, we again use AD for calculating the gradient of energy to 

the tensor elements [3].

Next, we want to solve for the excitation ansatz, which can be expressed as the following:

The B tensor can be evaluated by solving the following eigenvalue problem:

Eq.(3) is composed of effective Hamiltonian (𝐻𝜇υ) and norm (𝑁𝜇υ), which can be constructed 

by considering a series summation of corresponding tensor graph [4]. However, here we will 

adopt another strategy by replacing the tensor ansatz with a generating function. By taking 

the derivative to the target variables, we are able to arrive at the same outcome.

First, we introduce the following generating function:

In Eq.(4), each blue tensor is equal to 𝐴 + λ𝑒−𝑖𝑘𝑟𝑗𝐵, whose phase changes along with the site 

but everything else remains unchanged. With this, we can construct the final generating 

function for norm matrix and it is:

By taking the derivative in respect to B (
𝜕

𝜕𝐵
𝐺𝑁(λ, 𝐵)|λ=1,𝐵=0), finally we obtain the norm matrix as 

shown in Ref. [4]. The effective Hamiltonian can be evaluated in a similar way. 

To confirm the correctness, here we demonstrate the results of the excited states for the critical 

transverse Ising model and compare energy spectra with the one from exact diagonalization 

(ED) in Fig. 1. One can see that at low-energy states our method and ED agree well (Fig. 1(a)).
Conclusion

• Tensor networks combined with automatic differentiation can become a more 

powerful tool for quantum many-body systems.

• With generating functions, complex tensor summation can be avoided and instead 

we obtain the same target properties by taking the derivatives.

• Although this work only demonstrates this method for 1D finite systems with translational 

invariance, we believe more complex scenarios, such as for the infinite systems or 2D 

PEPS, can also be done in a similar way. 
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On the other hand, the machine-learning techniques 

are also widely used and combined with TN method for 

its better performance. Among them, the automatic 

differentiation (AD), which is the central technique for 

deep learning, has proven to be useful in the search for 

ground state ansatz [3]. 

Fig. 1 Benchmark comparison 

with ED. Here we choose N= 24 

transverse-field Ising Hamiltonian 

at the critical point as the target 

model. (a) The energy spectra by 

generating function and ED show 

good agreement for low-energy 

excited states. Here the bond 

dimension is D=24. (b) The 

dynamical structural factors for 

𝑆𝑥 obtained by ED and 

generating function with D= 16 

and 24 also demonstrate good 

consistency.

Dynamical structural factor

With excited states in hand, further properties can be investigated with the evaluation to 

observables of interest. One of the key observables is the dynamical spin structure factor, 

which reveals the quasiparticle type of the model and can be directly compared to 

experimental data in neutron scattering. The dynamical structural factor (DSF) is defined 

as 𝑆𝛼 𝑘,𝜔 = σ𝑛 𝑀𝑘
𝛼 2𝛿(𝜔 − 𝐸𝑛

𝑘 + 𝐸0) with 𝑀𝑘
𝛼 = Φ𝑘(𝐵𝑛)|𝑆𝑘

𝛼|ψ(𝐴) . 𝑆𝑘
𝛼 =

1

𝑁
σ𝑗=1
𝑁 𝑒𝑖𝑘𝑟𝑗 𝑆𝑗

𝛼 is the 

Fourier transform of local spin operator with 𝛼 = 𝑥, 𝑦, 𝑧 . Its generating function is:

Here, this generating function has two variables λ1 and λ2; one for the excited state and 

another for the spin operator. The blue tensor reads 𝐴 + λ1𝑒
−𝑖𝑘𝑟𝑗𝐵𝑛 where 𝐵𝑛 is the nth 

excited state for the given k, and the red matrix possesses the form 𝐼 + λ2𝑒
𝑖𝑘𝑟𝑗𝑆𝑗

𝛼. Finally, 

DSF can be obtained by taking a second-order derivative 
𝜕2

𝜕λ1𝜕λ2
𝐺𝐷𝑆𝐹
𝛼 (λ1, λ2)|λ1,λ2=0.

Fig. 1(b) shows the DSF for N=24 critical transverse Ising model by generating function and 

ED. Again one finds that they agree well. One of the major disadvantage for ED is that its 

size is greatly limited to small scale and it cannot deal with large systems. Our method, 

however, can be extended for larger systems that ED can no longer reach. To show this, 

we consider the spin-1 Heisenberg model to be our another target Hamiltonian and 

demonstrate its DSF in Fig. 2.

Comments

Besides DSF, more physical properties such as the static structural factor or Renyi entropy 

can be computed with generating function using the higher-order differentiation. 

There are some numerical details worth mentioning here:

[1] For evaluating the effective norm and Hamiltonian, we took derivatives in respect to 

another tensor B. This means there are many differentiations that we need to consider. 

Fortunately, each differentiation is independent with each other and thus we can apply 

the parallel processing (MPI) so that these jobs can be put to run simultaneously.

[2] With sufficient resources, instead of the computational time the memory becomes the 

main issue for automatic differentiation, because here the full computational graph is 

recorded down for the so-called backward propagation. Using the fat nodes of Ohtaka, 

however, allows us to push the calculation for larger size or bond dimension.

[3] By using the generating functions, we can obtain some properties with a more 

convenient way. For example, we can directly apply the local Hamiltonian operator for 
𝐻𝜇υ, instead of the matrix product operator (MPO). This will make the construction of 

corresponding tensor graph much easier and save the computational time (Fig. 3). 

Fig. 2 The DSF for spin-1 

Heisenberg model with 

N=60 and D=24. Our 

result indeed indicates a 

greater spectral weight 

at π point with a Haldane 

gap equal to around 0.4. 

Similar plot can be seen 

in Ref. 5.

Fig. 3 Time consuming for calculating the 

zeroth row of effective Hamiltonian, 𝐻0υ
with υ ∈ [0, 𝑑𝐷2), under two different ways. 

The Hamiltonian under consideration here 

is the critical transverse Ising model with N

= 100. The programs were run by the Intel 

Xeon Platinum 8280 processor of System B 

(ohtaka) of the ISSP supercomputer 

center.


