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Cubic anisotropy

• Magnetocrystalline anisotropy is a common feature for ferromagnetic compounds.

• As the easy axes tend to orient along some directions related to the cubic principle 

axes, it is also referred to as the cubic anisotropy.

• This is widely seen in many materials such as the dilute ferromagnetic semiconductor.

M. Sawicki et al., Physical Review B 97, 184403 (2018)

C. Bihler et al., Physical Review B 75, 214419 (2007)
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Dilute ferromagnetic semiconductor

• In some doped semiconductor compounds, especially 

Mn-doped III-V, randomly distributed Mn ions show 

collective ferromagnetic ordering.

• They are of great importance because of its potential 

usage for spintronic devices.

Research News, Tohoku Univ.

H. Ohno, Nature Materials 9, 952 (2010)

• Possible manipulation of the magnetic easy 

axes could lead to potential application for 

future spintronics devices.

• Besides using electric field, any other ways 

of controlling the easy axes?



Heisenberg ferromagnet with cubic anisotropy
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• Many earlier theoretical works have adopted phenomenological models to explain for 

the experimental observations.

• However, the microscopic understanding/studies are still lacking.

• In this work, we study the many-body Hamiltonian as the following:

S=2, α=x,y,z

J: ferromagnetic superexchange (<0)

K: anisotropy field (>0)

h: magnetic field

• This model is known for the realization of 

cubic anisotropy as a microscopic model.

• Sign of K controls the orientation of easy axes.

• A mean field study(more than 30 years ago) 

revealed an extraordinary phase transition.

• Here, we extend the previous study with 

modern numerical method.
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Tensor network

• Tensor network ansatz, by its construction, fulfills the area law of entanglement. 

• In this work, we choose the 2D tensor network ansatz in the thermodynamic limit, 

iPEPS, to probe our spin model.

1D:
Matrix product state

2D:
Entangled projected-pair state

Bond dimension D

For a fixed D it contributes at most

log(D) to the entanglement entropy:

𝑆 𝐴 = 𝑐𝑜𝑛𝑠𝑡
Again each bond contributes log(D):

𝑆 𝐴 ~𝐿log(D) ∝ 𝐿

Physical indices
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Infinite projected entangled-pair states (iPEPS)

• iPEPS is, by construction, a 

variational ansatz that fulfills the 

area law for two dimensions. 

• Therefore it is suitable for the 

construction of ground state.

• In this work we variationally 

optimize the ansatz with the 

automatic differentiation(AD).
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J = 0

WLT, S.R. Ghazanfari, H.-K. Wu, H.-Y. Lee, and N. Kawashima, 

arXiv:2204.01197 (2022) 
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• We first study the case when J=0.

• The Hamiltonian degenerates to an one-site model.

• After diagonalization, we obtain the following 

eigen-states and eigen-energies:

• |𝜓1 > and |𝜓5 > are composed of |2> 

and |-2> due to the quartic term.

• This leads to a new set of Hilbert 

space rather than ordinary S=2.



Phase diagram and energy spectrum
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WLT, S.R. Ghazanfari, H.-K. Wu, H.-Y. Lee, and N. Kawashima, 

arXiv:2204.01197 (2022) 

Ground state(GS) phase diagram:Energy spectrum along h:

• Eigne-state degeneracy happens at h=0(three-fold) and 

h=2K(two-fold).

• This leads to the ground state phase diagram on the left.

• Since < 𝜓𝑛|𝑆
±|𝜓𝑛 > are zero, within most of 

the phase diagram there is no 𝑆𝑥(𝑆𝑦) moment.

• However, due to the degeneracy at h=0 and 

h=2K, off-diagonal moments can appear 

through superposition.
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arXiv:2204.01197 (2022) 

J ≠ 0
Mean-field analysis:

• By solving the mean-field Hamiltonian iteratively, the 

self-consistency can be achieved.

iPEPS:
• We adopt a 1x1 unit cell 

where tensor possesses the 

𝐶4𝑣 point group symmetry.

• The optimization scheme 

follows the previously 

mentioned AD optimization.

Phase diagram:

• A horizontal cut indicates a series of C → P → 

C → P phase transition.

• This peculiar phase transition agrees with 

previous results (Domanski and Sznajd (1988)).

P: Polarized phase

C: Canted phase



Inside the canted phase…
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arXiv:2204.01197 (2022) 

• As mentioned earlier, when K>0 the easy axes go along the <111> direction.

• When h=0 it is indeed the case but as h becomes larger, easy axes do no longer 

necessarily align along <111>.

Field-induced easy 

axes “softening”



Emergent U(1) symmetry breaking
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Energy spectrum along h:In mean-field analysis:

• As the self-consistency is reached, we realized 

that there is a phase coherence among 5 states.

• This is due to the reshuffled new Hilbert space.

• The phase of each state will determine the 

final easy axes and as K>0, they go along 

<111>.

• On the other hand, softening of easy axes 

occurs as the “decoherence” takes place due to 

the J term.

• Near h=2K, only two states (|𝜓1 > and |𝜓2 >) 

share similar energies. 

• As J is not too large, the entanglement introduced 

by it can lead to the decoherence.

• In fact, the scenario of the easy-axis softening is 

equal to a U(1) symmetry breaking.



Effective model and application
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• At h=2K, (t, V, B)=(1.8, -0.81, -0.36) and thus the above 

hard-core boson model results in a superfluid(SF) phase.

• This SF phase breaks the continuous U(1) symmetry.

• Therefore, there is no preferred orientation for canted 

magnetization(in x-y plane).

Easy-axis manipulation

• This leads to a possible way of manipulating the easy axes, 

through applying a small in-plane magnetic field.

• Our scenario is likely realized within a dilute ferromagnetic 

semiconductor (Ga,Mn)P.



Summary
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• We study a microscopic ferromagnetic model with cubic anisotropy.

• When J = 0, a newly formed Hilbert space is constructed, and their eigen-

energies show three-fold(two-fold) degeneracy at h=0(h=2K).

• Mean-field analysis and iPEPS are both adopted when J is turned on, and 

both of them demonstrate a C → P → C → P phase transition.

• Within the canted phase, near h=2K iPEPS predicts an effect of easy-axis 

softening.

• Such effect is due to the phase decoherence and can be understood through 

an effective hard-core boson model.

• The softening provides a new possible measure to manipulate the 

ferromagnetic easy axes in a dilute ferromagnetic semiconductor, (Ga,Mn)P.

WLT et al., arXiv:2204.01197 (2022)
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