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ABSTRACT
Compensation for geometrical spreading along the ray-path is important in am-
plitude variation with offset analysis especially for not strongly attenuative media
since it contributes to the seismic amplitude preservation. The P-wave geometrical
spreading factor is described by a non-hyperbolic moveout approximation using the
traveltime parameters that can be estimated from the velocity analysis. We extend
the P-wave relative geometrical spreading approximation from the rational form to
the generalized non-hyperbolic form in a transversely isotropic medium with a ver-
tical symmetry axis. The acoustic approximation is used to reduce the number of
parameters. The proposed generalized non-hyperbolic approximation is developed
with parameters defined by two rays: vertical and a reference rays. For numerical
examples, we consider two choices for parameter selection by using two specific
orientations for reference ray. We observe from the numerical tests that the pro-
posed generalized non-hyperbolic approximation gives more accurate results in both
homogeneous and multi-layered models than the rational counterpart.

Key words: Geometrical spreading approximation, VTI medium, Seismic modelling.

1 INTRODUCTI ON

Geometrical spreading describes the main source for ampli-
tude decay of the wave propagation that is one of the fun-
damental subjects in seismic data processing. Geometrical
spreading needs to be considered for pre-stack Kirchhoff mi-
gration, amplitude versus offset (AVO) analysis and other seis-
mic data processing methods that require true amplitude pro-
cessing. The amplitude signature of reflected waves depends
on the radiation pattern of the source and receiver, geometrical
spreading, attenuation, and the reflection/transmission coeffi-
cients along the ray-path (e. g., Maultzsch et al. 2003; Wang
2003). As AVO analysis is aimed at the reflection coefficient
at the target horizon, an essential element of AVO processing
is to remove the influence of other factors from the measured
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amplitude. If the medium is not strongly attenuative, geo-
metrical spreading makes the most significant contribution to
the amplitude distortion above the target horizon (Ursin and
Hokstad 2003). If the velocity model is anisotropic, the am-
plitude distribution along the wavefront of the reflected wave
can be changed significantly compared to the isotropic case.
Without an accurate geometrical spreading correction, estima-
tion of the reflection coefficient for targets beneath anisotropic
layers may be strongly affected since it acts as a 3D focusing
lens that may significantly change the amplitude distribution
along the wavefront of the reflected wave (Tsvankin 1995).

If the velocity model of the overburden is available,
the relative geometrical spreading can be computed by per-
forming dynamic ray tracing (Gajewski and Pšenčı́k 1990).
Tsvankin (1995, 2012) derives the analytic approximations
of the Green’s function for P and SV waves in a transversely
isotropic (TI) layer for homogeneous models. However,
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Generalized non-hyperbolic approximation 1291

accurate information about the anisotropic velocity model for
the whole overburden is rarely available for practice. To avoid
the use of dynamic ray tracing, expressing the geometrical
spreading through traveltime of the reflection events recorded
at the surface using ray theory (Červený 2001) is a more prac-
tical method for seismic processing. Therefore, it is conve-
nient to express geometrical spreading in terms of the offset
traveltime-based parameters that can be estimated from the
non-hyperbolic velocity analysis.

Ursin (1990) proposes the geometrical spreading approx-
imations represented by traveltime parameters for an isotropic
layered medium. One of the practical contributions from
paraxial ray theory is an expression for geometrical spreading
in terms of the traveltime functions at source and receivers
locations (Červený 2001). Zhou and McMechan (2000) de-
rive an analytical formula for the geometrical spreading of P
waves in a layered TI medium with vertical symmetry axis
(VTI) with the source and receivers in the same layer. Ursin
and Hokstad (2003) extend the method from Ursin (1990)
for a layered VTI medium with the source and receivers in
different layers. Moveout-based geometrical spreading ap-
proximation in TTI media is derived by Golikov and Stovas
(2013). Geometrical spreading of pure reflection modes (P or
SV) in layered anisotropic media as a function of traveltime
derivatives is obtained by Xu Tsvankin and Pech (2005). Ge-
ometrical spreading correction for an azimuthally anisotropic
medium is derived by Xu and Tsvankin (2006). Since the
parameters for geometrical spreading are derived from ve-
locity analyses of reflection traveltime, these methods can
be called the traveltime-based approximations. The move-
out function has a non-hyperbolic form in a homogeneous
anisotropic and heterogeneous media. Tsvankin and Thomsen
(1994) derive the non-hyperbolic traveltime approximation
that has been widely used. Various non-hyperbolic moveout
approximations for a homogeneous VTI model are listed and
discussed in Fowler (2003), Fomel (2004) and Golikov and
Stovas (2012). Fomel and Stovas (2010) propose the gener-
alized non-hyperbolic moveout approximation (GMA) based
on parameters computed from the zero-offset ray and one
additional non-zero-offset ray. This approximation is very ac-
curate and can be converted into other well-known approxi-
mations by the appropriate choice of parameters. Ravve and
Koren (2017) propose the moveout approximation that con-
verges to correct asymptote for infinite offsets and both single-
and multi-layer models.

Shown in Ursin and Hokstad (2003), the relative geo-
metrical spreading in a horizontally layered VTI medium is
represented by first- and second-order traveltime derivative

with respect to the offset. Typically, the relative geometrical
spreading approximation is obtained by approximating the
traveltime first, taking the corresponding derivatives with re-
spect to the offset then substituting them into the form of rel-
ative geometrical spreading. We refer this approximation for
geometrical spreading based on the traveltime approximation
as the indirect approximation. The direct type approxima-
tion is obtained by approximating the geometrical spreading
term directly from the parametric offset-relative geometrical
spreading equations. The first example of direct geometrical
spreading is done by Stovas and Ursin (2009), who developed
the direct rational form approximation. They showed that the
direct rational approximation (DRA) is simpler and more ac-
curate than the indirect counterpart for a homogeneous and
multi-layered VTI model.

In this paper, we extend the direct approximation for
relative geometrical spreading from rational form to a more
accurate GMA form in a homogeneous VTI medium. By using
the reference offset and infinite offset information, the GMA
is developed in two modifications for both indirect and di-
rect type. The indirect GMA is obtained from the traveltime
derivatives using the GMA traveltime approximation (Fomel
and Stovas 2010). We test all direct and indirect GMAs for
a homogeneous and multi-layered VTI models. In order to
apply the geometrical spreading approximation derived from
the homogeneous medium for a multi-layered VTI medium,
we use the effective parameters by the Dix-type equations
(Stovas 2015). The numerical tests show that the GMA-type
approximations are much more accurate than the rational
counterparts. Apart from more simple form, the direct type
GMA are more accurate compared with the indirect ones for
most cases.

2 R ELATIVE GEOMETRICAL SPREADING
I N A N A C O U S T I C T R A N S V E R S E L Y
ISOTROPIC M EDIUM W ITH V ERTICAL
S Y M M E T R Y A X I S

The relative geometrical spreading in a VTI model is given by
(Ursin and Hokstad 2003)

L = √
cos θS cos θR

(
1
x

dt
dx

)−1/2( d2t
dx2

)−1/2

, (1)

where θS and θR are the angles between the ray (group) velocity
and the normal to the surface measured at the source and
receiver, respectively, t is the traveltime and x is the source–
receiver offset.

C© 2018 European Association of Geoscientists & Engineers, Geophysical Prospecting, 66, 1290–1302



1292 S. Xu and A. Stovas

In our paper, we neglect the propagation angle and define
the term LN that is given as

LN =
(

1
x

dt
dx

d2t
dx2

)−1/2

. (2)

The relative geometrical spreading term LN is related
with the geometrical spreading L in equation (1) by LN =
L/
√

cos θS cos θR. Equation (2) can be written as a function of
horizontal slowness p as follows

LN =
(

x
p

dx
dp

)1/2

. (3)

For an acoustic homogeneous VTI model (Alkhalifah
1998), the offset can also be given in terms of horizontal
slowness,

x(p) = pt0v
2
nmo(

1 − 2ηp2v2
nmo

)3/2√
1 − (1 + 2η) p2v2

nmo

, (4)

where t0 is the vertical traveltime, vnmo is the normal move-
out (NMO) velocity with vnmo = v0

√
1 + 2δ, where v0 is

the P-wave vertical velocity and δ is the Thomsen param-
eter (Thomsen 1986) and η is the anellipicity parameter
(Alkhalifah and Tsvankin 1995) with η = (ε − δ)/(1 + 2δ).

Substituting equation (4) into equation (3) gives (Stovas
and Ursin 2009)

LN = t0v
2
nmo

√
1 + 4ηp2v2

nmo − 6η (1 + 2η) p4v4
nmo(

1 − 2ηp2v2
nmo

)2 [
1 − (1 + 2η) p2v2

nmo

] . (5)

3 M ETHOD

3.1 Direct and indirect type approximation for the relative
geometrical spreading

We discuss two types of approximation for the relative geo-
metrical spreading: indirect and direct. The definition of direct
and indirect type is on how the approximation for the relative
geometrical spreading LN(x) is derived.

Instead of approximating the geometrical spreading di-
rectly, the approximation using the approximation for travel-
time t(x) and substitute it (t(x)) into the relative geometrical
spreading form shown in equation (2) after taking the cor-
responding derivatives (dt/dx, d2t/dx2) is called the indirect
type approximation. We refer to this type of approximations
(Ursin 1990; Ursin and Hokstad 2003; Xu et al. 2005; Xu
and Tsvankin 2006) as ‘indirect’ since what they are approx-
imating is the traveltime instead of the relative geometrical
spreading.

The form of relative geometrical spreading can be rewrit-
ten as a function of horizontal slowness p (shown in equa-
tion (3)), for acoustic VTI medium, the corresponding offset
is also given by horizontal slowness p. The approximation
for relative geometrical spreading LN(x) can be computed di-
rectly from the parametric equations (x(p) and LN(p)) shown
in equations (4) and (5). We reference the approximations
derived directly from the corresponding parametric equation
and the direct type approximation.

3.2 Rational type approximation for the relative
geometrical spreading

3.2.1 Indirect rational approximation for the relative

geometrical spreading

The indirect rational type approximation (IRA) for the rel-
ative geometrical spreading is derived by using the ratio-
nal type traveltime approximation (Alkhalifah and Tsvankin
1995)

t2(x) = t2
0

[
1 + x̂2 − 2ηx̂4

1 + (1 + 2η) x̂2

]
, (6)

where x̂ = x/(vnmot0) is the normalized offset
Computing first- and second-order derivatives of trav-

eltime given by equation (6) and substituting them into
equation (2) results in

LN(IRA) = t0v
2
n

[
1 + (1 + 2η) x̂2

]2 [
1 + 2 (1 + η) x̂2 + x̂4

]
√

1 +∑6
i=1 ci x̂2i

, (7)

where the coefficients ci (i = 1, . . . , 6) are given by

c1 = 2(3 − 2η),

c2 = 3(5 − 2η − 4η2),

c3 = 4(5 − 4η − 4η2),

c4 = 15 + 44η + 36η2 − 16η3,

c5 = 6(1 + 2η)3,

c6 = (1 + 2η)2(1 + 6η + 4η2). (8)

3.2.2 Direct rational approximation for the relative

geometrical spreading

The DRA for the relative geometrical spreading (LN) is given
by Stovas and Ursin (2009)

LN(DRA) = L0

(
1 + A2x̂2 + A4x̂4

1 + B2x̂2

)
, (9)
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Table 1 The value of model parameters in the multi-layered VTI model

Layer
Layer thickness
(km)

Vertical P-wave
velocity v0(km/s)

NMO velocity
vn(km/s)

Anellipticity
parameter η

Anisotropy
parameter ε

Anisotropy
parameter δ

1 0.3 1.5 1.7 0.1 0.271 0.142
2 0.7 1.8 2 0.12 0.265 0.117
3 1 2 2.3 0.18 0.399 0.161
4 1.5 2.2 2.5 0.2 0.404 0.146
5 0.5 2.5 2.8 0.22 0.403 0.127

where the zero-offset term L0 = t0v
2
n, A2 and A4 are the

second- and fourth-order coefficients in Taylor series com-
puted at the zero-offset,

A2 = 1 + 8η, A4 = −9η (1 + 4η) , (10)

and the coefficient B2 can be obtained from the slope of LN

at the infinite offset limit given by

B2 = 9η(1 + 4η)
√

1 + 2η

(1 + 8η)
√

1 + 2η − 1
. (11)

Note that for elliptical case (η = 0), limη→0 B2 = 1. Com-
pared with the form from direct type approximation LN(DRA)

shown in equation (9), the indirect formLN(IRA) in equation (7)
is more algebraically complicated due to the first- and second-
order traveltime derivatives it used.

We introduce a homogeneous VTI model with param-
eters: t0 = 1 s, vn = 2 km/s and η = 0.2 and a multi-layered
VTI model with parameters shown in Table 1. The relative er-
ror (LN − LN(approximation))/LN in relative geometrical spread-
ing using direct and indirect rational approximation in the
introduced homogeneous and multi-layered VTI models are
plotted in Fig. 1, left and right, respectively. The range of
computation is up to normalized offset 2.5 for the homoge-
neous VTI model and offset-depth 1.25 for the multi-layered
VTI model. The reason why we set this value is to keep the
same offset range (X = 5 km) for both homogeneous and
multi-layered VTI models. The effective model parameters
for multi-layered VTI model are computed by the Dix-type
equations (Stovas 2015) shown in Appendix A. Note that ref-
erence result is obtained by dynamic ray tracing given by the
parametric equations (4) and (5). One can see that the indi-
rect rational approximation overestimates the ray-theoretical
result at the short offset and underestimates for far offset for
both homogeneous and multi-layered VTI models. The DRA
is more accurate at short offset for both homogeneous and
multi-layered VTI model and it is also monotonous and does
not undergo a sign change.

3.3 Generalized non-hyperbolic type approximation for the
relative geometrical spreading

Based on the parameters computed from the zero-offset ray
and the reference ray, the GMA for traveltime approximation
is proposed by Fomel and Stovas (2010), which is more accu-
rate than the rational counterpart. We plot the relative error in
traveltime using the rational approximation (Alkhalifah and
Tsvankin 1995) and the GMA-type traveltime approxima-
tion (Fomel and Stovas 2010) with the parameters computed
from the infinite offset limit (equations (B1) and (B3)) for the
introduced homogeneous and multi-layered VTI models in
Fig. 2, left and right, respectively. One can see that compared
with the rational approximation, GMA-type approximation is
much more accurate for both homogeneous and multi-layered
VTI models.

In order to derive a more accurate approximation for
the relative geometrical spreading, similar GMA form is de-
rived. We analyse two GMA-type approximations in both in-
direct and direct form for the relative geometrical spreading.
The direct GMA-type approximation for the relative geomet-
rical spreading is derived from the parametric equation by
the form resembling of Fomel and Stovas (2010). The indirect
GMA type approximation is obtained from using the GMA
traveltime approximation (Fomel and Stovas 2010) shown in
Appendix B and its derivatives. The first type of GMA
(GMA∞) is defined from zero-offset ray and the horizontal
reference ray, another GMA (GMAX) is defined from zero-
offset ray and a given reference ray.

3.3.1 Indirect GMA for the relative geometrical spreading

The indirect GMA form relative geometrical spreading is
computed by using the GMA traveltime approximation
(Appendix B). We rewrite the GMA traveltime approxima-
tion (Fomel and Stovas 2010) as

t2(x) = t2
0 [1 − ε + (1 − εB)x̂2 + ε

√
1 + 2Bx̂2 + Cx̂4], (12)

where ε = A/(C − B2).
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1294 S. Xu and A. Stovas

Figure 1 The relative error in the relative geometrical spreading using the rational type approximations in a homogeneous (left) VTI and a
multi-layered (right) VTI model. The error in the homogeneous VTI model is using the model parameters: t0 = 1 s, vn = 2 km/s and η = 0.2
and plotted versus normalized offset x̂ = x/(vnt0); the error in the multi-layered VTI is using the model defined in Table 1 and plotted
versus offset–depth ratio. The errors for indirect (equation (7)) and direct (equation (9)) approximations are shown by dashed and solid lines,
respectively.

The indirect GMA-type approximation for the relative
geometrical spreading is computed by using the traveltime
derivatives from the approximation in equation (12) with re-
spect to the offsets according to equation (2),

LN(IGMA) = 2t2t2
0 v2

n

√
2x̂

F1

(
2t2 F2 − F1

2
) , (13)

where t is the traveltime given in equation (12) and F1 and F2

are given by

F1(x̂) = t2
0

[
2(1 − Bε)x̂ + 4εx̂(B + Cx̂2)

2
√

1 + 2Bx̂2 + Cx̂4

]
,

F2(x̂) = ∂F1(x̂)
∂ x̂

= t2
0

[
2(1 − Bε) − 4εx̂2(B + Cx̂2)2

(1 + 2Bx̂2 + Cx̂4)3/2

+ 2ε(B + 3Cx̂2)√
1 + 2Bx̂2 + Cx̂4

]
. (14)

The coefficient A takes the form A = −4η, the other co-
efficients B and C depend on the reference ray selection as
shown in Appendix B.

Two types of indirect GMA for the relative geometrical
spreading (GMAX and GMA∞) are specified by using different

Figure 2 The relative error in traveltime using the rational and GMA types approximation in a VTI model (left) and a multi-layered VTI model
(right). The error in the homogeneous VTI model is using the model parameters: t0 = 1 s, vn = 2 km/s and η = 0.2 and plotted versus normalized
offset x̂ = x/(vnt0); the error in the multi-layered VTI is using the multi-layered model defined in Table 1 and plotted versus offset–depth ratio.
The errors for rational and GMAs are shown by dashed and solid lines, respectively.
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GMA traveltime approximation in equations (B1) and (B2)
and equations (B1) and (B3), respectively.

3.3.2 Direct GMA for the relative geometrical spreading

Based on the parametric equations (4) and (5), the direct
GMA (DGMA) type approximation of the relative geomet-
rical spreading is derived by the form resembling of Fomel
and Stovas (2010)

LN(DGMA) = L0

(
1 + A2 x̂2 + 2A4 x̂4

1 + C2 x̂2 +√
1 + 2C2 x̂2 + C4 x̂4

)
,

(15)

where A2 and A4 are the Taylor series coefficients computed
from zero offset and given in equation (10). Non-zero offset
information is needed to compute the coefficients C2 and C4.

Similar to the parameters computed for traveltime ap-
proximation, for a normalized offset X̂, the coefficients C2

and C4 are computed from a reference ray from equations:
W1 = LN(x̂ = X̂) and W2 = dLN/dx̂(x̂ = X̂). They take the
following form:

C2 = 2L0 A2 X̂ − W2

2L0 X̂ − 2W1 X̂ + W2 X̂2
− 2L0 A4 X̂2

L0 − W1 + L0 A2 X̂2
,

C4 = (2L0 A2 X̂ − W2)
2

X̂2(2L0 − 2W1 + W2 X̂)
2 + 4L0 A4

L0 − W1 + L0 A2 X̂2
. (16)

Note that x̂ is the normalized offset, it is a variable, while
X̂ is the specified value of normalized offset after we ensure
the value of the offset X in advance from the seismic acquisi-
tion. The computation of W1 and W2 in equation (16) requires
information about traveltime derivatives (up to the third or-
der) taken at the given reference offset. To compute them,
the a priori information about the traveltime function and its
derivatives are required. The equation for function LN at the
reference offset x = X takes the form

W1 = LN(X) =
(

1
x

dt
dx

d2t
dx2

)−1/2
∣∣∣∣∣
x=X

. (17)

The derivative of geometrical spreading at the reference
offset takes the form

W2 = ∂LN

∂x

∣∣∣∣
x=X

= W1

2x

{
1 −

[(
d2t
dx2

)2

+
(

dt
dx

d3t
dx3

)]
W2

1

}∣∣∣∣∣
x=X

.

(18)

To illustrate the behaviour of coefficients C2 and C4 as a
function of normalized offset, we use the homogeneous VTI
model introduced above and show the results in Fig. 3 (top).

One can see that both C2 and C4 have the extreme at certain
normalized offset. The negative anellipticity parameter η can
be selected for the computation. We plot coefficients C2 and
C4 in Fig. 3 (bottom) by using the negative η using the model
parameters: (t0 = 1s, vn = 2 km/s and η = −0.2). We can see
that negative η causes the coefficients C2 to be negative and
for C4 the amplitude is larger. Similar to the GMA travel-
time approximation, the coefficients C2 and C4 are defined
from the non-zero offset information that describing the non-
hyperbolic behaviour. There is no physical meaning for these
coefficients and their shapes are model dependent.

For a horizontal reference ray, we define two asymptotic
terms of geometrical spreading in the GMA form from the
infinite offset limit,

lim
x̂→∞

LN

x̂2
= s2,

lim
x̂→∞

(LN − s2x̂2) = s0, (19)

where s0 and s2 corresponds to the asymptotic intercept and
asymptotic slope, respectively.

Applying the infinite offset limits for coefficients C2 and
C4 defined in equation (16), these coefficients take the follow-
ing form (Appendix C):

C2 = L0 A2 − s2

L0 − s0
− 2L0 A4

L0 A2 − s2
,

C4 =
(L0 A2 − s2

L0 − s0

)2

, (20)

shown explicitly as

C2 = 18η
√

1 + 2η (1 + 4η)√
1 + 2η (1 + 8η) − 1

,

C4 =
[ √

1 + 2η (1 + 8η) − 1√
1 + 2η − (1 + 2η)2 (1 + 6η)

]2

. (21)

For a horizontal reference ray, the coefficients C2 and
C4 are computed from the infinite offset limit and depend on
anellipicity parameter η only. Note that for η = 0, lim

η→0
C2 =

lim
η→0

C4 = 1. The coefficients

C2 and C4 computed from the infinite offset limit (shown
in equation set (21)) are plotted versus η in Fig. 4. One can
see that C2 is almost linearly increasing with η, while C4 is
decreasing with η. Note that the coefficients C2 and C4 in
the approximation are only defined by fitting the subsequent
term for the asymptotic behaviours at the infinite offset limit
for the relative geometrical spreading. By setting C4 = 2C2,
the GMA form approximation (equation (15)) is reduced to
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Figure 3 The coefficients C2 and C4 for direct GMA-type approximation as a function of normalized offset x̂ = x/(vnt0) using the homogeneous
VTI model: t0 = 1 s, vn = 2 km/s and η = 0.2 (top) and the VTI model with negative anellipticity parameter: t0 = 1 s, vn = 2 km/s and η = −0.2
(bottom).

the ration form (equation (9)) defined by Stovas and Ursin
(2009). When setting η = 0 for elliptical anisotropic model,
all approximations (rational and GMA form) result in the
same expression with the reference one regardless of direct or
indirect type shown by

LN = L0(1 + x̂2). (22)

3.3.3 Numerical examples

In order to compare the proposed direct type approximations
with the indirect ones, we test two types of GMA (GMAX and
GMA∞) in two numerical examples for the homogeneous and

multi-layered VTI models. For the GMA type approximation
computed from the reference offset GMAX, we select the refer-
ence ray with a normal offset of X̂ = 2.5. Note that X̂ depends
on the model parameters and the offset in the acquisition pro-
cess and its value is computed in advance. Notice that the
indirect formula is also an approximation and used to be com-
pared with the direct one and the exact geometrical spreading
(reference result) in the numerical example is obtained by dy-
namic ray tracing given by the parametric equations (4) and
(5) for an acoustic VTI model.

We use the introduced homogeneous and the multi-
layered VTI model (effective parameters are shown in
Appendix A) presented above and show the error comparison

C© 2018 European Association of Geoscientists & Engineers, Geophysical Prospecting, 66, 1290–1302
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Figure 4 The coefficients C2 and C4 computed form the infinite offset limit for direct GMA-type approximation as a function of the anellipticity
parameter η.

between the GMAX and GMA∞ approximations defined for
indirect and direct type in Fig. 5, left and right, respectively.
One can tell that for the homogeneous VTI model, the direct
GMAs (GMAX and GMA∞) are monotonous and do not un-
dergo a sign change. The best approximation is direct GMA
computed from the given reference offset limit (GMAX). The
indirect GMAs (GMAX and GMA∞) overestimate the ray-
theoretical result at the short and far offsets, while underesti-
mate at the intermediate offset. Note that for indirect GMAX

approximation, the geometrical spreading error computed at

the reference ray offset x̂ = X̂ = 2.5 is not zero since the sec-
ond order traveltime derivative is entering the equation for
geometrical spreading (equation (2)). The only traveltime and
first-order traveltime derivative are preserved in the standard
GMA form with parameter selection given in equation (16).

For the multi-layered VTI model, the direct GMAX ap-
proximation results in better accuracy compared with the in-
direct counterpart, while the GMA∞ approximation for indi-
rect is slightly better than the direct one. The indirect GMAX

overestimates the reference ray-theoretical result, while the

Figure 5 The relative error in the relative geometrical spreading for four types of GMAs in a homogeneous VTI model (left) and a multi-layered
VTI model (right). The error in the homogeneous VTI model is using the model parameters: t0 = 1 s, vn = 2 km/s and η = 0.2) and plotted
versus normalized offset x̂ = x/(vnt0); the error in the multi-layered VTI is using the multi-layered model defined in Table 1 and plotted versus
offset–depth ratio. The error for direct GMA∞ (equations (15) and (21)), and GMAX (equations (15) and (16)), indirect GMA∞ and GMAX

are shown by the red dashed, blue dashed, red solid and blue solid lines, respectively.
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Figure 6 The relative error in relative geometrical spreading by using
the negative η (t0 = 1 s, vn = 2 km/s and η = −0.2) for two GMA-
type approximation (direct and indirect) computed from infinite offset
limit GMA∞.

other GMAs are opposite. Note that the sign change phe-
nomenon in the indirect type approximation is due to the
extremely complicated form of the approximation by taking
the traveltime derivatives. Compared with the indirect coun-
terparts, the direct type approximations are much simpler that
explains the smoother curve in the numerical examples. In the
multi-layered case, the intercept time is non-zero when the
horizontal slowness approaching its critical value (which cor-
responds to infinite offset), while for a single layer model it is
zero. Note that for a multi-layer medium, due to the positive-
induced anellipticity caused by vertical velocity variations, it
is unlikely to get a resulting negative effective anellipticity, but
for a single layer, a negative intrinsic anellipticity is possible.

We also show the relative error in relative geometrical
spreading by using the negative η (t0 = 1 s, vn = 2 km/s and
η = −0.2) for two GMA-type approximation (direct and indi-
rect) computed from infinite offset limit GMA∞ in the Fig. 6.
One can tell that the direct one is still accurate than the indirect
conterpart, while the error computed from negative anellip-
ticity is always larger than the one computed from positive
anellipticity (Fig. 5, left).

The amplitude signature of reflected waves depend
on the radiation pattern of the source and receiver, geo-
metrical spreading factor LN, attenuation, and the reflec-
tion/transmission coefficients along the ray-path given by
Wang (2003)

A(x) = A0

CQ

�LN

K∏
k=0

Ck, (23)

where A0 is the amplitude along the ray close to the source
point, � is the radiation pattern of the source and receiver, CQ

is the intrinsic attenuation factor and
∏

CK is the product of
P–P wave reflection and transmission coefficients. Since there
are too many factors affecting the ray amplitude, we focus
only on the effect of relative geometrical spreading factor,

A(x)�

A0CQ

K∏
k=0

Ck

= 1
LN

. (24)

Equation (24) provides the so-called true amplitude fac-
tor that is only related to the geometrical spreading. We
plot the geometrical spreading inverse using the introduced
homogeneous VTI model for reference result, indirect and
DRAs; reference result and direct GMA∞ type approxima-
tion in Fig. 7, left and right, respectively. Since the GMAX

approximation is more accurate than GMA∞, we just use
GMA∞ approximation here for illustration. One can see that
the indirect and DRAs are all divided from the exact one
while direct GMA∞ approximation almost coincides with the
exact one. This indicates the preservation of the amplitude
depends on the accuracy of the approximation in relative ge-
ometrical spreading. The inversion in AVO analysis is dealing
with the approximation for P–P reflection coefficient from the
Zoeppritz equation (Bortfeld 1961) that is beyond the scope
of this paper.

D I S C U S S I O N

Since the geometrical spreading is always described in terms
of other parameters, in that sense one could argue that both
types of approximations in this paper are indeed ‘indirect’. The
qualification of the approximations specified into indirect and
direct type is based on how the approximation for relative
geometrical spreading is derived. Generally, more accurate
traveltime approximation results in more accurate geometrical
spreading approximation, however, there is no guarantee for
that. The forms for indirect type approximation are more
algebraically complicated by using the traveltime derivatives
while these complexities do not help in improving the accuracy
of the approximation compared with the direct counterparts.

For the multi-layered VTI case, the expressions for geo-
metrical spreading approximation we use are computed from
the homogeneous model with the effective model parameters
computed from the Dix-type equations (shown in equations
(A1)). Compared with the direct GMA computed from the
reference offset GMAX, the GMA type approximation com-
puted from infinite offset limit GMA∞ is less accurate for
multi-layered VTI model. That is because the coefficients in
the approximations are computed from the horizontal ray
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Figure 7 The relative geometrical spread-
ing inverse from the reference result and
indirect and direct rational approxima-
tions (left), the reference result and direct
GMA∞-type approximation (right) ver-
sus normalized offset x̂ = x/(vnt0) using
the introduced homogeneous VTI model
with parameters: t0 = 1 s, vn = 2 km/s
and η = 0.2.

(infinite offset), while, it is impossible to trace the horizontal
rays for the multi-layered case, which means that the assump-
tion for infinite offset limit is not availed anymore. After using
the Dix-type equations for effective model parameters, the ap-
proximations used for multi-layered VTI case become effec-
tive homogeneous, while for the computation of the reference
result, we still need to take the properties of each individual
layer (t0 j , vnmoj and η j ) into consideration that is different
with the reference result calculation in the homogeneous VTI
case, which explains the difference in the error plot in Fig. 5.
For GMA-type approximation computed from given reference
offset (GMAX), the expression computed from homogeneous
VTI model is still applicable to the multi-layered case since
the information at certain offset X is needed for computation
regardless the model is homogeneous or not.

For the direct GMA with parameters computed using
the horizontal ray (GMA∞), the only parameters we need
are the traveltime parameters: t0, vn and η (equations (15)
and (21)) estimated from the velocity analysis. However, for
the approximation with parameters computed from the refer-
ence ray (GMAX), the application is not straightforward. The

relative geometrical spreading approximation using the refer-
ence ray GMAX in equations (15) and (16) can be computed
from the estimated traveltime parameters: (t0, vn and η), ref-
erence offset X and the set of traveltime derivatives: (dt/dx,
d2t/dx2 and d3t/dx3). Since we select the reference offset X

for computation, the error at this certain offset X should be
zero. However, the error may not be zero in the application
due to the error from higher order data (third-order traveltime
derivative) and the low signal to noise ratio obtained from the
far offset data.

CONCLUSIONS

We extend the direct relative geometrical spreading approxi-
mation from the rational form to a more accurate GMA form
in an acoustic homogeneous VTI medium. Two types of direct
GMAs are derived with parameters defined by two reference
rays: zero-offset ray and the horizontal reference ray; zero-
offset ray and a given reference ray. The indirect counterparts
using the GMA traveltime approximation in derivatives are
used for comparison. We test all direct and indirect GMAs for
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a homogeneous and multi-layered VTI models. Shown in the
numerical examples, the GMA-type approximation performs
better than the rational type approximations regardless to the
model. The direct type approximations are monotonous and
do not undergo a sign change for the error plot for both homo-
geneous and multi-layered VTI models. The direct GMA with
parameters computed from the given reference offset GMAX

is the most accurate one among all approximations.
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APPENDIX A

The effective model computed from the Dix-type equation

To test our approximations for a multi-layered VTI model,
we select a five-layer model with the parameters shown in
Table 1.

In order to apply the geometrical spreading approxima-
tion derived from the homogeneous medium for a multi-
layered VTI medium, we use the effective parameters com-
puted by the Dix-type equations (Stovas 2015):

t̃0 =
m∑

j=1

t0 j ,

ṽnmo =
√∑m

j=1 v2
nmoj t0 j

t̃0
,

η̃ = 1
8

[∑m
j=1 (1 + 8η j )v

4
nmoj t0 j

ṽ4
nmot̃0

− 1

]
, m = 1, .., 5. (A1)

The reference result of relative geometrical spreading in
the multi-layered VTI case is computed from the summation
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along each individual layer as shown below

x(p) =
m∑

j=1

pt0 jv
2
nmoj(

1 − 2η j p2v2
nmoj

)3/2√
1 − (

1 + 2η j

)
p2v2

nmoj

,

LN(p) =
m∑

j=1

t0 jv
2
nmoj

√
1 + 4η j p2v2

nmoj − 6η j

(
1 + 2η j

)
p4v4

nmoj(
1 − 2η j p2v2

nmoj

)2 [
1 − (

1 + 2η j

)
p2v2

nmoj

] ,

m = 1, . . . , 5. (A2)

APPENDIX B

The generalized non-hyperbolic moveout approximation

The GMA for traveltime square is given by Fomel and Stovas
(2010)

t2(x) = t2
0

(
1 + x̂2 + Ax̂4

1 + Bx̂2 + √
1 + 2Bx̂2 + Cx̂4

)
. (B1)

The traveltime coefficients are computed from two rays:
zero-offset ray (t0, Vn and A) and a non-zero-offset reference
ray coefficients (B and C). For an acoustic anisotropic media,
the coefficient A takes the form A = −4η. The other coeffi-
cients B and C can be computed from the reference ray

B = t2
0 X̂ − PT

X̂
(
t2
0 − T2 + PTX̂

) − At2
0 X̂2

t2
0 + t2

0 X̂2 − T2
,

C =
(
t2
0 X̂ − PT

)2

X̂2
(
t2
0 − T2 + PTX̂

)2 + 2At2
0

t2
0 + t2

0 X̂2 − T2
. (B2)

Here X̂ = X/(t0vn) with X being the offset from the ref-
erence ray, T is the corresponding traveltime from the ray,
T = t(X̂), and P is the traveltime derivative with respect to
normalized offset, P = dt/dx̂(x̂ = X̂).

For a homogeneous VTI medium and a horizontal ref-
erence ray, the coefficients B and C are given by Alkhalifah
(1998)

B = 1 + 8η + 8η2

1 + 2η
, C = 1

(1 + 2η)2 . (B3)

These coefficients can also be obtained from expressions
given in equations (B2) by taking the infinite offset limit.

Similar to the IRA, the indirect GMA-type approximation
is derived by using the GMA traveltime approximation (B1)
and its derivatives with respect to the offsets according to
equation (2).

Note that when x̂→�, equation (B1) is accurate for
homogeneous VTI model. However, when the model is

multi-layered, the intercept is not correct anymore for the
approximation computed from the infinite offset assump-
tion that explains why the GMA traveltime error (Fig. 2,
right) and geometrical spreading error (Fig. 5, right, red
dashed line) is increasing with the offset in multi-layered
VTI case.

APPENDIX C

The direct generalized non-hyperbolic approximation
for relative geometrical spreading by using a horizontal
reference ray

For relative geometrical spreading, we derive the GMA form
resembling of Fomel and Stovas (2010) as follows

LN(DGMA) ≈ L0

(
1 + A2 x̂2 + 2A4 x̂4

1 + C2 x̂2 +√
1 + 2C2 x̂2 + C4 x̂4

)
,

(C1)

where the coefficients
A2 and A4 are obtained from the Taylor series at the zero-

offset shown in equation (10). We use one horizontal ray and
calculate the series coefficients C2 and C4 matching with the
infinite terms from the asymptotic behaviour at the infinite
normalized offset limit.

We derive two asymptotic terms of geometrical spreading
by

lim
x̂→∞

LN

x̂2
= s2,

lim
x̂→∞

(LN − s2x̂2) = s0, (C2)

where s0 and s2 correspond to the asymptotic intercept
and asymptotic slope, respectively. Computing these limits
gives

s2 = L0√
1 + 2η

,

s0 = L0 (1 + 6η) (1 + 2η)3/2
. (C3)

To compute the asymptotic, we take the corresponding
limits from approximation given in equation (C1),

S2 = lim
x̂→∞

LN(GMA)

x̂2
= L0[2A4 + A2(C2 +√

C4)]

C2 +√
C4

,

S0 = lim
x̂→∞

(LN(GMA) − S2x̂2
) = L0 + L0 A2 − S2√

C4

. (C4)
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By fitting s2 with S2 and s0 with S0, respectively, we obtain
the coefficients C2 and C4

C2 = L0 A2 − s2

L0 − s0
− 2L0 A4

L0 A2 − s2
,

C4 =
(L0 A2 − s2

L0 − s0

)2

, (C5)

explicitly given by

C2 = 18η
√

1 + 2η(1 + 4η)√
1 + 2η(1 + 8η) − 1

,

C4 =
[ √

1 + 2η(1 + 8η) − 1√
1 + 2η − (1 + 2η)2(1 + 6η)

]2

. (C6)

These coefficients can also be obtained from expressions
given in equations (16) by taking the infinite offset limit. Note
that for η = 0, lim

η→0
C2 = lim

η→0
C4 = 1.
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