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S U M M A R Y
Named by the bowtie shape in traveltime surface, triplications can cause a serious problem
in seismic processing such as the data with phases arrive close in time and overlap with
each other, which should be properly handled or avoided for tomography and other inversion
methods. Compared with transversely isotropic (TI) media, the triplication in orthorhombic
(ORT) medium is more complicated and seldom investigated since two S waves behaviour
differently and the presence of singularities. In order to analyse the triplication condition for
pure and converted waves in ORT media, we define the local curvature defined by the elliptic
function. For a given point at the slowness surface, three possible cases are analysed for the
existence of the triplications. Tested in the numerical examples, the triplications for all wave
modes are examined from the defined function. We show that the triplications for S waves
caused by singularities and concave curvature behave differently. For converted P S1 and P S2

waves, the triplications are only induced by singularities. In order to see the impact from
different type of triplication on the wave front that can be referred accordingly when handling
the seismic data, we illustrate the anomalous behaviour of the traveltime surface in ORT model
due to the presence of triplications for different cases.
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I N T RO D U C T I O N

Normal surfaces, slowness surfaces and wave surfaces are used to study the wave propagation in anisotropic media. Compared with the other
two, wave surfaces are most complicated and comparatively less known (Grechka & Obolentseva 1993). The traveltime approximation for a
reflected wave in an elastic anisotropic media is derived from the curvature of the slowness (Zillmer & Kashtan 2002). The relation between
slowness surface and the wave surface is discussed by Thomson (1999). When three rays with different ray parameters emerge at the same
distance, and the traveltime surface has three distinct branches (three arrivals at a given distance), this feature is called a triplication named
by its bowtie shape of traveltime surface. The existence of triplications can be a serious problem in seismic data and processing (Ni et al.
2000). It is challenging to use the triplication data since the three individual phases arrive close in time and overlap with each other (Tao et al.
2017). Typically, the triplication data is avoided for seismic tomography. For transversely isotropic media with vertical symmetry axis (VTI),
due to the convexity of P waves in slowness surface, there are no triplications for P and converted PSV waves (Roganov & Stovas 2010),
whereas they can exist for SV waves resulting in a complication since the traveltime becomes a multivalued function of offset. The SV-waves
triplications have been well discussed for transversely isotropic (TI) media. Shown in (Delinger 1991; Thomsen & Dellinger 2003; Tygel
et al. 2007; Roganov & Stovas 2010), the triplication can be defined in terms of anisotropic and moveout parameters (Thomsen 1986). The
triplications can occur if the anisotropy is sufficiently strong (Thomsen & Dellinger 2003). Under weak anisotropy, the shapes of slowness and
wave surfaces and the behaviour of waves are usually much simpler and modelling of propagating waves is much easier (Farra 2001, 2005).
Thomsen & Dellinger (2003) present a condition for triplication that explains how great the anisotropy has to be to make this triplication effect
for homogeneous VTI media. The approximate condition for off-axis triplication is derived in Schoenberg & Daley (2003). The condition
for on-axis triplication in multilayered VTI medium is shown in Tygel et al. (2007). However, it is not clear whether the occurrence of a
triplication can be used as a criterion for distinguishing weak anisotropy from the strong one. Based on the ray theory, the conditions and the
range of SV-wave triplications in a homogeneous and multilayered VTI medium are defined by Roganov & Stovas (2010). The calculation
of qP-wave traveltime is obtained by solving the quartic equation from the coupled slowness surface of qP and quasi-SV (qSV) waves (Han
et al. 2017).
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Table 1. The model parameters for two VTI models.

Vp0 (km s–1) Vs0 (km s–1) ε δ z(km)

VTI model 1 2 1 0.22 -0.1 1
VTI model 2 2 1 0.22 0.1 1

Figure 1. The vertical slowness surface for three wave modes P (Blue), SV (Red) and PSV (Black) computed from two VTI models. The results computed for
VTI model 1 and 2 are shown by solid and dashed lines, respectively. The model parameters are listed in Table 1.

The orthorhombic (ORT) model is introduced by Schoenberg & Helbig (1997) and has gained more attention due to the need to
characterize the fractured earth. This model has become a new standard to cover the azimuthal dependence of the traveltime surface. Tsvankin
(1997) defines nine elastic model parameters for ORT model and Stovas (2015) derives azimuthally dependent kinematic properties of
the ORT media. Ravve & Koren (2016) define the normal moveout velocity for pure and converted waves in layered ORT medium. The
geometrical properties of ORT media is presented using the Gaussian curvature of the slowness surface in (Gajewski 1993). The computation
of P wave rays, traveltime and the slowness surface in ORT media is shown in Mensch & Farra (1999). On contrary with TI case, only few
papers are devoted to triplications in ORT model (concave regions on the slowness surfaces) due to the much more complicated behaviour.
There are two coupled S waves (S1 and S2) in ORT media that behave differently in different vertical symmetry planes (Chapman & Shearer
1989; Coates & Chapman 1990). The triplications can occur for both S waves as well as for the converted S1 S2 wave. Furthermore, the S-wave
triplications can exist even in the case of weak anisotropy due to presence of point singularity points (Vavryčuk 2001). The points in the phase
domain where S waves slowness surfaces touch at the vertices of two cones are called the singularity points and the complications arise near
slowness surface of the singularities where two shear waves coincide (Crampin 1981).

The properties of S waves near singularity are shown by Vavryčuk (1999). In the vicinity of singularity points, the anomalous curvature
in slowness surfaces is obtained and the slowness surfaces of the S waves have complicated shapes (Grechka 2015). This results in rapid
variations in polarization directions, multipathing and discontinuities of the shear wave fronts (Ivanov & Stovas 2017). The effects of
anisotropic slowness surface conical points on shear wave fronts are discussed by Rumpker & Thomson (1994). The geometrical structure
of shear wave surfaces near singularity direction in anisotropic media is discussed by Grechka & Obolentseva (1993). The existence of the
singularity points makes the condition of triplications in ORT model hard to evaluate (Hanyga & Seredyńska 1999). For converted waves in
symmetry planes, there are no triplications for P S1 and P S2 waves (Roganov & Stovas 2010). The conditions and properties of on vertical
axis triplication defined in terms of kinematic parameters for homogeneous ORT model are discussed by Stovas (2016). However, no work
has been done for the converted waves in ORT model.

The phenomenon of triplication occurs when the measurement of anisotropy is particularly large and it exists in some field data. In the
context of seismic ray tracing modelling, the triplication induced mistake in traveltime poses great challenges, since travel time and amplitude
information is critical for locating and estimating magnitudes of target events. In ORT model, the triplication is caused by different factors
and they affect the wave front (traveltime surface) in a different way. However, in the recorded triplicated seismic data, it is very hard to
classify these triplicated traveltime surface. The research for the off-axis triplication for S1 and S2 waves and the triplication for converted
P S waves still remains in the blank. The motivation of this work is to investigate the triplication for pure and converted waves in ORT model
and distinguish different triplicated traveltime surface accordingly.

In this paper, we define the local curvature of the slowness surface by introducing the elliptic function based on the principal curvature.
We analyse the cases of azimuthally dependent triplication for pure and the converted wave modes in ORT model. For a given point on the
slowness surface, three possible cases are analysed for the existence of the triplications. Tested in the numerical examples, the triplications for
all wave modes (pure waves and converted waves) are examined by the sign of the proposed function. The triplication induced by singularities
and concave curvature are analysed. The anomalous behaviour of the traveltime surface in ORT model due to the triplications is also illustrated.
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Figure 2. The second order derivatives of vertical slowness with respect to horizontal slowness for three wave modes [P (top), SV (middle) and PSV (bottom)]
computed for two VTI models. The results computed for VTI model 1 and 2 are shown by solid and dashed lines, respectively. The model parameters are listed
in Table 1.

Triplications in the elastic VTI media

The triplication in group velocity surface or traveltime surface occurs if the slowness surface has the abnormal (concave) curvature (Delinger
1991; Thomsen & Dellinger 2003). In a homogeneous VTI medium, P and SV waves can be characterized by the vertical P- and SV-wave
velocities Vp0 and Vs0 and two anisotropy parameters δ and ε (Thomsen 1986). The slowness surface pz(px ) for P and SV waves in a VTI
medium is shown in Tsvankin & Thomsen (1994) and Ursin & Stovas (2006). The converted wave vertical slowness is obtained by averaging
the vertical slowness of P and SV waves, pP SV

z = (pP
z + pSV

z )/2. The condition for triplication yields the non-negative value of the second
order derivative in the vertical slowness with respective to the horizontal slowness (px )

∂2 pi
z

∂p2
x

≥ 0, (1)

where i = P, SV, P SV represents the corresponding wave mode.
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The parametric offset-traveltime equation is computed from the derivative of corresponding vertical slowness,

xi = −z
dpi

z

d px
,

ti = zpi
z + xi px , (2)

where z is the depth of the reflector.
We introduce two VTI models with the parameters given in Table 1. The vertical slowness curve for three wave modes P, SV and PSV

computed from two VTI models are shown in Fig. 1. We can see the concave shape of the slowness surface is for the SV wave from VTI
model 1. The second order derivative of the vertical slowness with respective to the horizontal slowness for three wave modes (P, SV and
PSV) computed for two VTI models are shown in Fig. 2. For P and PSV waves in a VTI model, the second order derivatives (∂2 pz/∂p2

x ) are
always negative (Roganov & Stovas 2010), while for SV wave, the non-negative (∂2 pz/∂p2

x ) is obtained from VTI model 1 for a given range
of horizontal slowness that corresponding to the concave shape of slowness surface. The traveltime computed from two VTI models for P,
SV and PSV waves are shown in Fig. 3. One can see that for SV wave traveltime, there is an off-axis triplication, and there is no triplication
for P and PSV waves.

The slowness surfaces in the elastic ORT media

The characteristic Christoffel equation in ORT media is defined by setting the determinant of the matrix M that represents with nine
independent density normalized stiffness coefficients ci j to be zero (det M = 0),

M =

⎛
⎜⎝c11 p2

x + c66 p2
y + c55 p2

z − 1 (c12 + c66)px py (c13 + c55)px pz

(c12 + c66)px py c66 p2
x + c22 p2

y + c44 p2
z − 1 (c23 + c44)py pz

(c13 + c55)px pz (c23 + c44)py pz c55 p2
x + c44 p2

y + c33 p2
z − 1

⎞
⎟⎠ (3)

Setting the determinant of the matrix (eq. 3) to zero results in a cubic equation for the vertical slowness squared p2
z ,

ap6
z + bp4

z + cp2
z + d = 0, (4)

where the coefficients a, b, c and d are functions of stiffness coefficients ci j (shown in the Appendix), px and py are the projections of
horizontal slowness vector defined in two vertical symmetry [X, Z ] and [Y, Z ] planes, respectively.

Schoenberg & Helbig (1997) and Tsvankin (1997) derive the solution of cubic equation similar to eq. (4) for phase velocity. The solution
for vertical slowness squared is given by Stovas (2017),

p2
z = 2

√
− P

3
cos

(
1

3
cos−1

(
3Q

2P

√
− P

3

)
− 2nπ

3

)
− b

3a
, (5)

with n = 0, 1, 2 corresponding to S1,S2 and P wave, respectively. Parameters P and Q are given by

P = 3ac−b2

3a2 ,

Q = 2b3−9abc+27a2d
27a3 .

(6)

The expression for three slowness surfaces can be represented by P and S wave vertical velocities: Vp0 and Vs0, and seven anisotropy
parameters (Tsvankin 1997): δi (i = 1, 2, 3), εi (i = 1, 2) and γi (i = 1, 2) (the Appendix) defined in [X, Z ], [Y, Z ] and [X, Y ] symmetry
planes.

Three homogeneous ORT models with the parameters given in Table 2 are defined. We show the slowness surface comparison using the
parameters from ORT model 1 for three pure wave modes (S1,S2 and P) within three symmetry [X, Z ], [Y, Z ] and [X, Y ] plane in Fig. 4,
left, middle and right, respectively. One can see that two S-wave slowness surfaces are crossing in [Y, Z ] symmetry plane that corresponds to
a singularity point. For [X, Z ] and [X, Y ] symmetry planes, there is no singularity point.

The principal curvature of the slowness surface

The second order derivatives of the corresponding wave mode slowness surface can be defined by the matrix N given by Gajewski (1993)

N =
⎛
⎝ ∂2 pi

z

∂p2
x

∂2 pi
z

∂ px ∂ py
∂2 pi

z
∂ px ∂ py

∂2 pi
z

∂p2
y

⎞
⎠ , (7)

where pi
z(px , py) is the corresponding pure wave mode slowness surface with i = (P, S1, S2). The slowness surface for the converted wave

is computed by averaging of the corresponding pure wave mode with pi j
z = (pi

z + p j
z )/2, (i �= j = P, S1, S2).
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Figure 3. The traveltime for three wave modes [P (top), SV (middle) and PSV (bottom)] computed for two VTI models. The results computed for VTI model
1 and 2 are shown by solid and dashed lines, respectively. The model parameters are listed in Table 1.

The principal curvatures of the slowness surface k1 and k2 are given by

k1,2 = λ1,2√
1 +

(
∂pi

z
∂ px

)2
+

(
∂pi

z
∂ py

)2
, (8)
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Table 2. The model parameters for three ORT models.

ORT model 1 ORT model 2 ORT model 3

Vp0 (km s–1) 2 2 2.326
Vs0 (km s–1) 1 1 0.894
ε1 0.1 0.1 0.082
δ1 0.3 0.4 –0.24
γ1 0.1 0.05 0.25
ε2 0.15 0.05 0.135
δ2 0.25 0.35 –0.166
γ2 0.2 0.1 0.438
δ3 0.1 0.1 –0.089

Figure 4. The slowness surface for three wave modes (S1,S2 and P) computed from ORT model 1 within three symmetry plane [X, Z ] (left), [Y, Z ] (middle)
and [X, Y ] (right). The P , S1 and S2 waves are illustrated by solid, dashed and dotted lines, respectively. The parameters for ORT model 1 are listed in Table 2.

where λ̄ = (λ1, λ2)T is the vector of the eigenvalues of the matrix N (Stovas 2018) given by

λ1,2 = 1

2

⎛
⎜⎝∂2 pi

z

∂p2
x

+ ∂2 pi
z

∂p2
y

±

√√√√(
∂2 pi

z

∂p2
x

+ ∂2 pi
z

∂p2
y

)2

+ 4

(
∂2 pi

z

∂ px∂ py

)⎞
⎟⎠ , (9)

The curvature for a given point M(px , py) in the slowness surface is defined by the principal curvature k1 and k2 in an elliptic form,

W = k1 cos (� − θ0)2 + k2 sin (� − θ0)2, (10)

where � = θ, ϕ. Note that θ is the local azimuth defined for a given point M(px , py) shown in Fig. 5 (top, left) and its value is measured in
the horizontal plane from the x axis (Fig. 5, bottom), ϕ is the acquisition azimuth (phase azimuth) defined for the source point S(0, 0) shown
in Fig. 5 (top, right), θ0 is the orientation of the curvature ellipse at the given point M(px , py) computed from the second order derivatives of
the slowness (Grechka & Tsvankin 1998) given by

θ0 = tan−1

⎛
⎜⎜⎝

∂2 pi
z

∂p2
y

− ∂2 pi
z

∂p2
x

+
√(

∂2 pi
z

∂p2
y

− ∂2 pi
z

∂p2
x

)2
+ 4

(
∂2 pi

z
∂ px ∂ py

)2

2∂2 pi
z

∂ px ∂ py

⎞
⎟⎟⎠ . (11)

There are three possible cases for the triplication at the given point M(px , py):

Case 1. The principal curvature k1 and k2 are all negative. The slowness surface is locally convex and there is no triplication.
Case 2. The principal curvatures k1 and k2 are all non- negative. The slowness surface is locally concave and the result indices the full azimuth
triplication.
Case 3. The product of k1 and k2 is non-positive (k1k2 ≤ 0). The point M(px , py) is the saddle point and the wave front folds/triplicates along
a given range of azimuth θ .

To illustrate the triplication for different Cases, we select three points for three wave modes (S1,S2 and converted S1 S2) using the
parameters from ORT 2 shown in Table 2: Point A(px = 0.6 s km−1, py = 0.2 s km−1), Point B(px = 0.15 s km−1, py = 0.2 s km−1) and
Point C(px = 0.1 s km−1, py = 0.1 s km−1). The triplication can be predicted from the sign of the elliptic curvature function defined in
eq. (10). The polar plot of

√
W (θ ) for three wave modes: S1 (blue line),S2 (red line) and converted S1 S2 (black line) computed for points (A, B

and C) are shown in Fig. 6, top, middle and bottom, respectively. Note that the green line in the plots indicates the acquisition azimuth (phase
azimuth) for the computation point with ϕ = tan−1(py/px ). The solid line is plotted for

√
W (θ ) while the dotted line is plotted for

√−W (θ ).
The results indicate the azimuth range for non-triplication (dotted line) and triplication (solid line). One can tell from the plots that for Point
A, this is no triplication for all three waves for all local azimuths θ . For Point B, S1 wave has the full azimuthal triplication while there is no
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Figure 5. The sketch for principal curvatures at a given point M(px , py ). Note that θ is the local azimuth for the given point M(px , py ), ϕ is the acquisition
azimuth for the origin point S(0, 0) and θ0 is the orientation angle of the curvature ellipse with respect to acquisition frame.

triplication for S2 and converted S1 S2 waves. For Point C, the triplication is conditional (saddle point on the slowness surface) at the certain
range of azimuth for S1 and S2 wave while for the converted S1 S2 wave, there is no triplication. The corresponding range of local azimuth θ

for the triplication is different for S1 (θ ∈ (−45◦, 68◦)) and S2 wave (θ ∈ (80◦, 140◦)). The azimuth range corresponding to the triplication
is symmetrical. Shown by the green line, we can see that S1 waves at Point B and C have the triplications measured at the source point. The
curvature function computed for Point C is plotted versus the local azimuth θ for S1, S2 and converted S1 S2 waves in Fig. 7 (top). One can
see from the plot that for S1 and S2 waves, they both have the conditional triplication for a specified azimuth range. However, since two S
waves compensate for each other, which results in no triplication for the converted S1 S2 wave. Another example for curvature function with
the position of computation point (px = 0.05 s km−1, py = 0.1 s km−1) is shown in Fig. 7 (bottom). We can see that all three wave modes
(S1,S2 and converted S1 S2) are conditional triplication with different azimuth range.

Numerical tests for the triplications in the elastic ORT model

In order to see whether there is a triplication in ORT model, we plot the curvature function Wr (the one computed with the acquisition azimuth
(phase azimuth) ϕ measure at the source point shown in eq. 8) for all wave modes (pure waves: P , S1, S2; converted waves: P S1, P S2 and
S1 S2) computed for ORT models 1, 2 and 3 (Table 2) in Figs 8–10, respectively. Note that W is the general form while Wr is the one computed
with the acquisition azimuth ϕ measure at the source point. Only one quadrant is shown since the slowness surface s symmetric with respect
to the ORT symmetry planes. We can tell from the plots that, generally, there is no triplication for P wave regardless of the models. The
triplication in ORT model occurs for the rest wave modes (S1, S2, P S1, P S2 and S1 S2).

The triplication region (Wr ≥ 0) is shown by the area within the blue line. The white dot in the plots indicates the singularity point. For
the test on ORT 1 in Fig. 8, only S1 wave has the triplication. Here the triplication is induced by two factors that are: the singularity and
the concave curvature itself. There is one singularity point for S1wave in [Y, Z ] symmetry plane. Just like a pin tapping into the slowness
surface, the triplication (top in S1 wave plot in Fig. 8) is generated surrounding the singularity point since two S waves start to separate from
the vertical symmetry plane. Another triplication (S1 wave) is caused by the concave

curvature itself (to the bottom of the top-right plot in Fig. 8) starts from the origin point in [X, Z ] symmetry plane. The triplication
azimuth range is about ϕ ∈ (0◦, 43◦). For the converted waves, there is no triplication due to the compensation from P wave and no triplication
occurs for S2 and converted S1 S2 waves. For S1 wave on ORT 2 model in Fig. 9, the triplications induced by singularity point and the
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Figure 6. The polar plots of
√

W (θ ) for three wave modes: S1 (blue line),S2 (red line) and converted S1 S2 (black line) computed for points A, B and C (Fig. 9)
are shown in top, middle and bottom, respectively. The ORT 2 model is used for computation where the parameters are listed in Table 2. The results indicate the
azimuth range corresponding to non-triplication (dotted line) and triplication (solid line). Note that the green line in the plots indicts the acquisition azimuth
for points A, B and C.

concave curvature are connected with each other, which makes it full azimuth triplication. The triplication also occurs for P S1 wave since the
triplication induced by the singularity for S1 wave is very strong. For the curvature induced triplication for S waves, P-wave compensation can
cover that contribution, therefore, only the singularity induced triplication occurs for the converted PS waves. Note that the red dots shown
in Fig. 9 are the positions of the corresponding points A, B and C related to the acquisition azimuth shown by green lines in Fig. 6.

Model ORT 3 has a more complex behaviour. There are four singularity points for the S1 wave that causes the triplication region has
a more complicated shape stretching along the whole slowness surface between the singularity points. Similar to the test for the S1 wave on
ORT 2 model in Fig. 9, the regions corresponding to the triplication caused by the singularity and the concave curvature are connected with
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Figure 7. The curvature function W plotted versus local azimuth θ computed at point C (px = 0.1 s km−1, py = 0.1 s km−1) (top) and another point
(px = 0.05 s km−1, py = 0.1 s km−1) (bottom) for three wave modes: S1 (blue line),S2 (red line) and converted S1 S2 (black line). Note that for the plot at point
C (top), there is no triplication for the converted S1 S2 wave, although the triplication occurs for individual S1 and S2 wave modes.

each other for the S2 wave. For the converted S1 S2 wave, the existence of triplication is fully azimuthal due to the full azimuth triplication for
both S1 and S2 waves.

We plot the slice of the curvature function Wr versus the radial slowness pr (pr =
√

p2
x + p2

y) for all waves computed for the models

ORT 1 (ϕ = 15◦), ORT 2 (ϕ = 80◦) and ORT 3 (ϕ = 10◦) in Fig. 11, top, middle and bottom, respectively. One can see from the slice plots
that for ORT 1 model (ϕ = 15◦) only on vertical axis triplication occurs for the S1 wave. For ORT 2 model (ϕ = 80◦), S2 wave has the on
vertical axis triplication, S1 wave and P S1 wave have the triplication for a certain range of radial slowness since the slice goes through the
singularity induced triplication region. For ORT 3 model (ϕ = 10◦), the triplication occurs for S1, S2, converted P S1 and S1 S2 waves and S1

wave have two specified ranges for the triplication.

The triplication traveltime surface in the elastic ORT model

The offsets-traveltime equation for different waves in ORT model is computed from the derivatives of the corresponding vertical slowness,

xi = −z
dpi

z

d px
,

yi = −z
dpi

z

d py
,

ti = zpi
z + xi px + yi py, (12)

where i = (P , S1, S2, P S1, P S2 and S1 S2) indicates the corresponding wave mode.
In order to see the effect from the triplication on the traveltime surface, we analyse three different cases as following:

Case A: the triplication caused by abnormal (concave) curvature located outside of vertical axis (S2 wave and converted S1 S2 wave in ORT
model 3 in Fig. 10).
Case B: the triplication caused by abnormal (concave) curvature on the vertical axis (S1 wave in ORT model 1 (bottom triplication) in Fig. 8
and S2 wave in ORT model 2 in Fig. 9).
Case C: the triplication caused by the singularity point (S1 wave in ORT model 1 (top triplication) in Fig. 8, converted P S1 wave in ORT
model 2 in Fig. 9, S1 (bottom triplication) and converted P S1 wave in ORT model 3 in Fig. 10).
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Figure 8. The curvature function Wr (eq. 8) for all wave modes (pure waves: P , S1, S2; converted waves: P S1, P S2 and S1 S2) computed for ORT 1 model.
The parameters for ORT model 1 are listed in Table 2.
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Figure 9. The curvature function Wr (eq. 8) for all wave modes (pure waves: P , S1, S2; converted waves: P S1, P S2 and S1 S2) computed for ORT 2 model.
The red dots indicate the positions of points A, B and C with the curvature illustrated by the green lines in Fig. 6. The parameters for ORT model 2 are listed
in Table 2.
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Figure 10. The curvature function Wr (eq. 8) for all wave modes (pure waves: P , S1, S2; converted waves: P S1, P S2 and S1 S2) computed for ORT 3 model.
The parameters for ORT model 3 are listed in Table 2.
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Figure 11. The slice of the curvature function Wr versus radial horizontal slowness pr (pr =
√

p2
x + p2

y ) for all waves computed from models: ORT 1

(ϕ = 15◦) (top), ORT 2 (ϕ = 80◦) (middle) and ORT 3 (ϕ = 10◦) (bottom). The results shown for pure wave modes: P , S1 and S2 are illustrated by solid
black, solid blue and solid red colours, respectively. The results shown for converted wave modes: P S1, P S2 and S1 S2 are shown by dashed blue, dashed red
and dashed black colours, respectively.

First, we show the triplication traveltime curve for the converted S1 S2 wave in ORT model 3 (case A) in two vertical symmetry [X, Z ] and
[Y, Z ] planes in Fig. 12 (top, left) and (top, right), respectively. This triplication exists for all azimuths (Fig. 10), the abnormal traveltime occurs
for the traveltime curves in both vertical symmetry planes. The traveltime corresponding to the triplication region (Wr ≥ 0) is represented
by the surface shown between the cusps points A and B on two symmetry planes. Point C is the intersection point between two traveltime
curves. The traveltime surface corresponding to the triplication (Wr ≥ 0) and non-triplication (Wr < 0) region is shown in Fig. 12 (bottom,
left) and (bottom, right), respectively. One can see from the plots that the triplication traveltime surface lasts for all azimuths and the size of
the anomaly can be fitted with the curvature function plot in Fig. 10 for the converted S1 S2 wave.

Then, the triplication traveltime for S1 wave in ORT model 1 (bottom triplication) in [X, Z ] symmetry plane is shown in Fig. 13 (top)
(Case B: the triplication caused by abnormal (concave) curvature located at zero offsets). We can see that the traveltime curve is symmetric
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Figure 12. The triplication in traveltime surface for the converted S1 S2 wave in ORT model 3 in two vertical symmetry [X, Z ] (top, left) and [Y, Z ] (top,
right) planes. The traveltime surfaces corresponding to the triplication (Wr ≥ 0) and non-triplication (Wr < 0) regions are shown in the bottom, left and right,
respectively.

with respect to the vertical axis. The triplication traveltime curve is the one in between two cusps points A and B, and crosses with vertical
axis with the point D. We show the triplication traveltime surface (Wr ≥ 0) for S1 wave in ORT model 1 (bottom triplication) in Fig. 13
(bottom). Associated with the triplication plots in Fig. 8, one can tell from the plot that the triplication traveltime surface is symmetric to the
[Y O Z ] plane and lasts for a certain range of group azimuth.

Due to the existence of the singularity point, the triplication occurs in the traveltime surface for the converted PS waves. We show
the triplication traveltime for converted P S1 wave in ORT model 3 in [X, Z ] symmetry plane in Fig. 14(top). The shape of the triplication
traveltime is very similar to the one shown in Fig. 12. The triplication traveltime surface (Wr ≥ 0) computed for a quadrant slowness range
for converted P S1 wave (Fig. 10) is shown in Fig. 14(bottom). One can see from the plots that a triplication traveltime surface is almost a
circular plane with a certain degree of dip angle.

D I S C U S S I O N S

For the triplication on vertical symmetry axis, the correspondence of the slowness for offset-traveltime computation needs to be taken into
consideration. One can see that there is a zero offset triplication for S1 wave in [X, Z ] symmetry plane in ORT 1 model from Fig. 8. We
plot the slowness curve in [X, Z ] symmetry plane for S1 wave using ORT 1 model and the corresponding S1 wave traveltime versus offset in
Fig. 15, left and right, respectively. The traveltime from the different correspondence of the slowness is marked by different colours. We can
see from the plots that a range of negative slowness results in the positive traveltime curve because of its convex curvature. When plotting the
traveltime surface with one quadrant (only positive offset) for this zero offset triplication case, the negative slowness needs to be involved for
the traveltime curve computation instead of the positive one at the short offset. More details about on vertical symmetry axis triplication can
be found in Stovas (2016).

Note that the triplication in VTI and ORT model is very different. In ORT model, there are more model parameters since S1 and S2waves
are coupled while in TI media, SH wave is decoupled. In symmetry planes, S1 and S2 waves behave similar to SV and SH waves, but outside
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Figure 13. The triplication traveltime for S1 wave in ORT model 1 in [X, Z ] symmetry plane (top); the triplication traveltime surface (Wr ≥ 0) for S1 wave in
ORT model 1 (bottom).

the symmetry planes, they are more complex. In addition, the more complicated behaviour is obtained due to the presence of singularities
while there is no singularity point in VTI model. The triplication causes traveltime surface with three distinct branches since three rays with
different ray parameters emerge at the same distance. In VTI model, the triplication only occurs fro S wave caused by the abnormal curvature
shown by the bowtie shape in the traveltime data. However, the triplication in ORT model is caused by abnormal (concave) curvature,
singularity and the combination of these two factors, which makes the shape of traveltime surface much more complicated. By using the
model parameters for ORT model 2, we show the triplication traveltime for S1 wave in [Y, Z ] symmetry plane in Fig. 16. One can see from
the plot the triplication is caused by both abnormal curvature and singularity. In this case, more than three distinct branches in traveltime exist
at the same distance, which makes the shape much more complicated and it is very hard to address this issue in the field data.

C O N C LU S I O N S

We define the local curvature of the slowness surface by introducing the elliptic form function based on the principal curvature. The
triplications for pure and the converted wave modes in ORT model are examined by the sign of the defined function. Three possible cases are
analysed for the presence of the triplication for the given point at the slowness surface. The triplications in ORT model are evaluated for all
wave modes in the numerical tests. For S waves, the triplications are caused by the singularities and the abnormal (concave) curvature due to
the strong anisotropy. The combination of these two factors also results in the full azimuthal triplication. Since the convexity of the P wave
can compensate the curvature induced triplication, the triplications for converted P S1 and P S2 waves are only caused by the singularity points
at S1 and S2 slowness surfaces. The situation with triplication for converted S1 S2 wave depends on the individual S waves. The traveltime
anomalies due to the presence of triplications are also illustrated. The different triplication behaves differently in the traveltime surface and
the size of the traveltime anomaly can be associated with our proposed curvature function. For abnormal curvature induced triplication, the
triplication on traveltime surface is symmetric to the symmetry plane and the shape is related to the triplication condition plot. For singularity
induced triplication, the triplication on traveltime surface is almost a plane shape with a certain degree of the dip angle.
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Figure 14. The triplication traveltime for converted P S1 wave in ORT model 3 in [X, Z ] symmetry plane (top); the triplication traveltime surface (Wr ≥ 0)
for converted P S1 wave in ORT model 3 (bottom).

Figure 15. The slowness surface in [X, Z ] symmetry plane for S1 wave using ORT 1 model and the corresponding S1 wave traveltime versus offset. The
corresponding branches of slowness and traveltime surface are indicated by the same colours.
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Figure 16. The triplication traveltime for S1 wave in ORT model 2 in [Y, Z ] symmetry plane.
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A P P E N D I X : PA R A M E T E R I Z AT I O N I N O RT H O R H O M B I C M E D I A

The form of the coefficients a, b, c and d are functions of stiffness coefficients ci j (Stovas 2017) given by

a = c33c44c55,

b = −c2
23c55 p2

y − c44(c55 + c13 p2
x + 2c13c55 p2

x + 2c23c55 p2
y)

+c33(c55(−1 + c66 p2
x + c22 p2

y) + c44(−1 + c11 p2
x + c66 p2

y)),

c = c44 + c55 + c2
13 p2

x − (c11c44 + c55(−2c13 + c44 + c66))p2
x +

(c11c44c55 − c13(c13 + 2c55)c66)p4
x + c2

23 p2
y − (c44(−2c23 + c55 + c66)

−(−c11c23(c23 + 2c44) − 2c13c22c55 + 2c12(c23 + c44)(c13 + c55) + 2(c13(c23 + c44) +
(c23 + 2c44)c55)c66)p2

x + c22(c55 + c2
13 p2

x ))p2
y + (c22c44c55 − c23(c23 + 2c44)c66)p4

y +
c33((−1 + c11 p2

x )(−1 + c66 p2
x ) − (c11 + c66 + (c2

12 − c11c22 + 2c12c66)p2
x )p2

y + c22c66 p4
y),

d = (−1 + c55 p2
x + c44 p2

y)(1 − c22 p2
y − c2

12 p2
x p2

y + c11 p2
x (−1 + c66 p2

x + c22 p2
y)

−c66(p2
x + p2

y + 2c12 p2
x p2

y − c22 p2
y)). (A1)

The density normalized stiffness coefficients ci j can be given in terms of the Tsvankin type (Tsvankin 1997) anisotropy parameters Vp0,

Vs0, δi (i = 1, 2, 3), εi (i = 1, 2) and γi (i = 1, 2)

c33 = V 2
p0, c55 = V 2

s0,

c11 = (1 + 2ε1) V 2
p0, c22 = (1 + 2ε2) V 2

p0,

c13 =
√(

V 2
p0 − V 2

s0

) (
(1 + 2δ1) V 2

p0 − V 2
s0

) − V 2
s0,

c12 =
√(
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p0 − (1 + 2γ2) V 2

s0

) (
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s0
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s0,
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√(

V 2
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)
V 2

s0

) (
(1 + 2δ2) V 2
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(
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V 2
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)
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(
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s0,

c44 =
(

1 + 2γ2
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V 2

s0,

c66 = (1 + 2γ2) V 2
s0. (A2)

where Vp0 and Vs0 are the vertical velocities for P and S1 wave, δi (i = 1, 2, 3), εi (i = 1, 2) and γi (i = 1, 2) are the anisotropy parameters
defined in [X, Z ], [Y, Z ] and [X, Y ] symmetry planes.

Downloaded from https://academic.oup.com/gji/article-abstract/215/1/677/5061633
by Universitetet i Trondheim user
on 08 August 2018

http://dx.doi.org/10.1046/j.0956-540x.2001.01387.x
http://dx.doi.org/10.1046/j.1365-246X.2002.01779.x

