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S U M M A R Y
Compared with P waves, S waves propagation in elastic orthorhombic (ORT) media is much
more complicated due to the existence of the singularity point, which is the touched point for
two S-wave sheets in the slowness domain. This singularity point calls for more attention and
needs to be specially dealt with since the anomalous curvature in slowness surfaces is obtained
in the vicinity of singularity points. We examine the position of singularity point by a defined
difference function for the ORT model and derive the expression for the singularity point for
ORT model within the symmetry plane. Three conditions for the existence of the singularity
point are discussed. A two-layered ORT model is used to investigate the variation in position of
the singularity point for the effective ORT model computed from zero- and infinite-frequency
limit. Shown from the numerical examples, we find that the position of the singularity point
is moving with the change in the thickness ratio between two ORT layers. The comparison
for the singularity point between the effective ORT models from zero- and infinite-frequency
limit is illustrated. The deviation in positions of the singularity point for the effective ORT
model within the symmetry plane computed from zero- and infinite-frequency limit has also
been investigated.
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I N T RO D U C T I O N

The orthorhombic (ORT) model was introduced by Schoenberg & Helbig (1997) and has gained more attention due to the need to describe
vertically fractured layered earth. This model has become a new standard to cover the azimuthal dependence of the traveltime surface (Xu
& Stovas 2017). It is a challenging task to describe the elastic wave propagation in ORT medium. Due to the convex slowness surface, the
wave propagation for P waves is relatively straightforward. For the slowness surface of S waves, the concave regions are encountered, which
leads to the existence of the triplications with multiple arrivals along a given direction (Dellinger 1991; Thomsen & Dellinger 2003; Xu
& Stovas 2018). Typically, the triplication data needs to be avoided for the seismic tomography. For transversely isotropic (TI) media, the
triplication occurs when the anisotropy is sufficiently strong (Roganov & Stovas 2010). There are two coupled S waves (S1 and S2) in ORT
media that behave differently in different vertical symmetry planes (Chapman & Shearer 1989; Coates & Chapman 1990). In ORT medium,
the S wave triplications can exist even in the case of weak anisotropy due to the existence of the singularity point (Crampin 1981; Vavryčuk
2001). Singularity points are defined as the points in the phase space where two S wave slowness surfaces touch at the vertices of two cones
(Crampin 1981; Ivanov & Stovas 2017). The behaviour of the slowness surfaces of the S waves in ORT media complicates dramatically due to
the existence of the singularity points. The properties of S waves near singularity are shown by Vavryčuk (1999). In the vicinity of singularity
points, the anomalous curvature in slowness surfaces is obtained and the slowness surfaces of the S waves have complicated shapes (Grechka
2015). This results in rapid variations in polarization directions, multipathing and discontinuities of the shear wavefronts (Ivanov & Stovas
2017).

The singularity point for ORT model commonly exists. According to Crampin (1991), the number of the singularity point varies from
zero to seven in one of the symmetric quadrant (Vavryčuk 2005). The geometrical structure of shear wave surfaces near singularity direction in
anisotropic media is discussed by Grechka & Obolentseva (1993). The existence of the singularity points makes the condition of triplications
in ORT model hard to evaluate. The existence of the singularity point poses great challenges for seismic processing (Grechka & Obolentseva
1993; Vavryčuk 2003; Grechka 2015, Xu et al. 2016) that needs to be either avoided or treated in a special manner (Vavryčuk 2001). The
existence of triplications can be a serious problem in seismic data and processing (Ni et al. 2000). It is challenging to use the triplication data
since the three individual phases arrive close in time and overlap with each other (Tao et al. 2017). Typically, the triplication data is avoided
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for seismic tomography. Recently, there are some studies for the singularity point in ORT model (Grechka 2015; Ivanov & Stovas 2017; Xu
& Stovas 2018) by the wavefront properties, Gaussian and principal curvatures of the slowness surface while these models are assumed to be
homogeneous. The singularity point in the heterogeneous model and how the heterogeneity affects the position of the singularity point is still
waiting to be discovered.

When a seismic wave propagates through the heterogeneous medium with the heterogeneity size being much smaller than the seismic
wavelength, we cannot detect the reflected events from all the heterogeneities. However, we can replace the heterogeneous medium with
effective homogeneous one. The procedure to compute the parameters of the effective medium is called upscaling (Schoenberg & Muir 1989;
Kumar 2013; Ivanov & Stovas 2016). The effective velocity of the wave propagating in a heterogeneous medium is frequency dependent.
Generally, this dependence is very complicated since it depends on all medium parameters including heterogeneities. However, for practical
use, we often use two limits: the zero-frequency limit (Backus averaging; Backus 1962) and the infinite-frequency limit (ray theory; Červený
2001). The thinner layering is the closing velocity to the zero-frequency limit. For high-frequency, velocity gradually approaches the infinite-
frequency limit. The difference in P-wave propagation velocity in the anisotropic medium between zero- and infinite-frequency limits can
be as high as 15 per cent and its variation between these limits can be even higher (Stovas & Ursin 2007). Comparison between low- and
high-frequency limits in TI medium with a vertical symmetry axis is performed in Costa e Silva & Stovas (2009). Since the singularity point
affects the modelling and imaging results, it is very important to investigate the effect of the singularity for the effective ORT model in seismic
data processing.

In this paper, we use a two-layered ORT model to study the singularity point for the effective ORT model computed from zero- and
infinite-frequency limits. The expression for the singularity point position for the ORT model within the symmetry plane is derived. We
define a difference function used for the examination of the singularity point for ORT model and discuss the conditions for the existence
of the singularity point on symmetry plane. The comparison for the singularity point between the effective ORT models from zero- and
infinite-frequency limit is illustrated in the numerical example. The variation of the singularity point with the change in the ratio between two
ORT layers and the difference in singularity point position for the effective ORT model computed from zero- and infinite-frequency limit are
investigated.

T H E S L OW N E S S S U R FA C E S I N T H E E L A S T I C O RT M E D I A

The characteristic Christoffel equation in ORT media is defined by setting the determinant of the matrix M given by

M = pcp − I, (1)

where p is the slowness vector, c is the density-normalized forth-order stiffness tensor (of an ORT medium), and I is the second-order identity
tensor.

The matrix M that represents nine independent density-normalized stiffness coefficients ci j to be zero (det M = 0),

M =

⎛
⎜⎝c11 p2

x + c66 p2
y + c55 p2

z − 1 (c12 + c66)px py (c13 + c55)px pz

(c12 + c66)px py c66 p2
x + c22 p2

y + c44 p2
z − 1 (c23 + c44)py pz

(c13 + c55)px pz (c23 + c44)py pz c55 p2
x + c44 p2

y + c33 p2
z − 1

⎞
⎟⎠ . (2)

Setting the determinant of the matrix (eq. 2) to zero results in a cubic equation for the vertical slowness squared p2
z ,

ap6
z + bp4

z + cp2
z + d = 0, (3)

where the coefficients a, b, c and d are functions of stiffness coefficients ci j (shown in Appendix A), px and py are the projections of the
horizontal slowness vector defined in two vertical symmetry [X, Z ] and [Y, Z ] planes, respectively.

Schoenberg & Helbig (1997) and Tsvankin (1997) derive the solution of cubic equation similar to eq. (3) for phase velocity. The solution
for vertical slowness squared is given by Tsvankin (1997),

p2
z = 2

√
− P

3
cos

(
1

3
cos−1

(
3Q

2P

√
− 3

P

)
− 2nπ

3

)
− b

3a
, (4)

with n = 0, 1, 2 corresponding to S1,S2 and P wave, respectively. Parameters P and Q are given by

P = 3ac − b2

3a2
,

Q = 2b3 − 9abc + 27a2d

27a3
.

(5)

The expression for three slowness surfaces can be represented by P- and S-wave vertical velocities: Vp0 and Vs0, and seven anisotropy
parameters (Tsvankin 1997): δi (i = 1, 2, 3), εi (i = 1, 2) and γi (i = 1, 2) (Appendix A) defined in [X, Z ], [Y, Z ] and [X, Y ] symmetry planes.
Note that there are two S waves polarized in different direction. Vs0 = √

c55 is the velocity of S wave that is propagating in x3 and polarized in
x1 direction. Note that the definition of the anisotropy parameters in our paper is slightly different from the ones defined by Tsvankin (1997).
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Table 1. The model parameters for two ORT models.

VP0 (km s−1) VS0(km s−1) ε1 δ1 γ1 ε2 δ2 γ2 δ3

Model 1 2.2 1.2 0.1 0.2 0.15 0.155 0.05 0.1 0.1
Model 2 3.3 1

−0.15 −0.18
0.1 0.15 0.1 0.05 0.15

Figure 1. The slowness surface for three wave modes (P , S1 and S2) using the model parameters from ORT models 1 and 2 shown in Table 1. The P , S1 and
S2 waves are illustrated by green, blue and red colours, respectively.

The index i = 1, 2 in our paper represents the anisotropy parameters defined in [X, Z ] and [Y, Z ] symmetry planes, while it is opposite in
Tsvankin’s notation (1997), the anisotropy parameters are defined by the expression shown in Appendix A.

Two homogeneous ORT models with the parameters given in Table 1 are defined. We show the slowness surface comparison using the
parameters from ORT models 1 and 2 for three pure wave modes (S1,S2 and P) in Fig. 1, left-hand and right-hand side, respectively. One
can see that there are two singularity points for the slowness surface in ORT model 1 and three singularity points for the slowness surface in
ORT model 2. The slowness surfaces within the vertical [X, Z ] and [Y, Z ] symmetry planes computed from ORT models 1 and 2 are shown
in Fig. 2. One singularity is existed for each symmetry plane for ORT model 1, and for ORT model 2, there are two singularity points along
[Y, Z ] plane and the corresponding S waves switch their mode at the singularity point. For the horizontal [X, Y ] plane, there is no singularity
point for the introduced ORT models.

E F F E C T I V E O RT M O D E L F RO M Z E RO - A N D I N F I N I T E - F R E Q U E N C Y L I M I T

Seismic waves propagation through a layered anisotropic medium is frequency dependent. Zero- and infinite-frequency limit are applied for
the layered homogeneous ORT model to compute the effective ORT model.

Zero-frequency limit

In order to calculate the zero-frequency limit, the upscaling formalism proposed by Schoenberg & Muir (1989) is applied to obtain the effective
medium form arbitrary anisotropic layers in a long wavelength assumption. For a medium composed of ORT layers with their symmetry
planes aligned, the expressions for effective stiffness elements c̃i j represented through a function of individual ORT stiffness coefficients are
shown (Kumar 2013)

c̃11 = 〈
c11 − c2

13c−1
33

〉 + 〈
c13c−1

33

〉2〈
c−1

33

〉−1
,

c̃22 = 〈
c22 − c2

23c−1
33

〉 + 〈
c23c−1

33

〉2〈
c−1

33

〉−1
,

c̃33 = 〈
c−1

33

〉−1
,

c̃44 = 〈
c−1

44

〉−1
,

c̃55 = 〈
c−1

55

〉−1
,

c̃66 = 〈c66〉 ,

c̃12 = 〈
c12 − c13c23c−1

33

〉 + 〈
c13c−1

33

〉 〈
c23c−1

33

〉 〈
c−1

33

〉−1
,
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c13 − c−1

33

〉 〈
c−1
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,
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〉 〈
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(6)
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322 S. Xu and A. Stovas

Figure 2. The slowness surfaces for ORT model on the vertical [X, Z ] and [Y, Z ] symmetry planes computed from ORT models 1 and 2 with the parameters
defined in Table 1. The plots for [X, Z] symmetry plane are to the left, while those for [Y, Z] symmetry plane are to the right. The plots for S1 and S2 waves are
illustrated by solid and dashed lines, respectively.

where ci j are the elements of the stiffness matrix CORT
i j in homogeneous layered ORT model given by

CORT
i j =

⎡
⎢⎢⎢⎢⎢⎢⎢⎣

c11 c12 c13

c12 c22 c23

c13 c23 c33

c44

c55

c66

⎤
⎥⎥⎥⎥⎥⎥⎥⎦

. (7)

Note that the elements not shown are all zeros. The Backus averaging of anisotropic layers result in an effective anisotropic (ORT) model.
The effective stiffness coefficient c̃i j is used to compute the vertical slowness ( p̃z) shown in eq. (4) for the layered ORT model, which could
be used to explore the existence of the singularity point. Note that we consider a layered medium with all symmetry planes aligned. Such
medium has a limited geometry. If a more general layered ORT model where all layers share the horizontal symmetry plane is considered,
the azimuths of the vertical symmetry planes are depth-dependent, i.e. different in the layers. In this case, the Backus averaging will lead to a
monoclinic effective medium, and an infinite-frequency effective medium will also be monoclinic.

Infinite-frequency limit

The ray theory is used for the propagation of the seismic waves in an infinite-frequency limit. The effective vertical slowness for ORT model
( p̃z) with the infinite-frequency limit is defined by the averaging of the corresponding slowness surfaces from each individual layers by
p̃z = 〈pz〉, where pz is the vertical slowness for individual layer shown in eq. (4).

In order to illustrate the singularity point for effective ORT model computed from zero and infinite-frequency limit, we introduce a
two-layered homogeneous ORT model and a coefficient α that controls the ratio of the layer thickness between two ORT model shown in
Fig. 3. The vertical slowness for this effective ORT model computed from zero (Backus averaging) and infinite (ray theory) frequency limits
are shown by

p̃ f →0
z = F

(
c̃i j

)
,
(
c̃i j = αc̃ORT1

i j + (1 − α)c̃ORT2
i j

)
, (8a)

p̃ f →∞
z = αpORT1

z + (1 − α)pORT1
z , (8b)
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Figure 3. The sketch for the two-layered ORT model with a coefficient α that controls the layer thinness ratio between two ORT models. The ratio α is defined
by α = �z1/(�z1 + �z2).

where F is the function for vertical slowness shown by stiffness coefficient shown in eq. (4).
Shown in eq. (8b), the infinite-frequency averaging is based on the intercept time τ ,

τ = τ1 + τ2 = pz,1�z1 + pz,2�z2, (9)

with the relation with the thickness parameter α given by

τ = p̄z(�z1 + �z2),

p̄z = pz,1�z1 + pz,2�z2

�z1 + �z2
= α pz,1 + (1 − α)pz,2,

α = �z1

�z1 + �z2
.

(10)

N U M E R I C A L E X A M P L E S O F S I N G U L A R I T Y P O I N T I N E F F E C T I V E O RT M O D E L

The singularity is defined by the points in the phase domain where S waves slowness surfaces touch at the vertices of two cones. The
complications arise near the slowness surface of the singularities where two shear waves coincide. The Gaussian curvature (Ivanov & Stovas
2017) and principal curvature (Xu & Stovas 2018) of the slowness are proposed to analyse the behaviour in the vicinity of the singularity
point. In this paper, what we are interested in is the location of the singularity point, a dimensionless function in the difference of the vertical
slowness from two S waves that was used for seeking the singularity point is defined by

�D =
∣∣pz,S1 − pz,S2

∣∣√
p2

z,S1
+ p2

z,S2

, (11)

where pz,S1 and pz,S2 are the vertical slowness for S1 and S2 waves computed from eq. (4). The position for the singularity point is computed
from the zero value of the defined function shown in eq. (11). Note that the absolute value in the numerator of �D and the normalizing factor
in the denominator make it more suitable to present the criterion graphically.

We plot the difference function �D for two ORT models with parameters defined in Table 1 in Fig. 4. One can see from the plots that
the singularity points are shown by the black dots along two vertical symmetry planes, which can also be found in Fig. 2.

The difference function �D for our introduced two-layered ORT model computed from the zero-frequency limit (Backus averaging)
with a different value of the coefficient α(α = 0, 0.2, 0.4, 0.6, 0.8, 1) is shown in Fig. 5. With the increase in α, the shape of the function �D
is changing from the one computed in ORT model 2 to the one computed from ORT model 1. The singularity points can also be found in the
plots. Note that the number of singularity point along [Y, Z ] plane is changing from two to one with the increase in α.

The difference function �D for our introduced two-layered ORT model computed from the infinite-frequency limit (ray theory) with
a different value of the coefficient α(α = 0, 0.2, 0.4, 0.6, 0.8, 1) is shown in Fig. 6. When α = 0or1, the layered ORT model becomes
homogeneous that is ORT models 2 and 1, respectively. The tendency in the shape of the function �D is changing with α. The positions of the
singularity point along two vertical symmetry planes can be found from the plots. The singularity point positions for the effective ORT model
computed from zero- and infinite-frequency limit is almost the same. Different from the case of zero-frequency limit, there is no singularity
point along [X, Z ] plane when α = 0.2 for infinite-frequency case.

In order to see how the position of the singularity point varies with the change of the thickness ratio between two ORT layers, we plot
the singularity points along [X, Z ] and [Y, Z ] symmetry planes for effective ORT model computed from infinite-frequency limit with α = 0,
0.1, 0.2, 0.3, 0.4, 0.5, 0.6, 0.7, 0.8, 0.9 and 1 in Fig. 7. We can see the variation of the singularity point from one homogeneous case (ORT
model 2) to another homogeneous case (ORT model 1) with the change in α. Note that some singularity points are missing when α = 0.1 and
0.2 for effective ORT model computed from infinite-frequency limit. The reason is explained in the Discussions part. The comparison for the
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324 S. Xu and A. Stovas

Figure 4. The difference function �D plot for two ORT models with parameters defined in Table 1. The singularity points are shown by the black dots along
the two vertical symmetry planes. The plots are related to symmetry plane [X, Y].

Figure 5. The difference function �D plot for the effective ORT model computed from zero frequency limit (Backus averaging) with a different value of the
coefficient α(α = 0, 0.2, 0.4, 0.6, 0.8, 1). The plots are related to symmetry plane [X, Y].
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Singularity in effective ORT model 325

Figure 6. The difference function �D plot for the effective ORT model computed from infinite frequency limit (ray theory) with a different value of the
coefficient α(α = 0, 0.2, 0.4, 0.6, 0.8, 1). The plots are related to symmetry plane [X, Y].

Figure 7. The singularity points along [X, Z ] and [Y, Z ] symmetry planes for effective ORT model computed from infinite frequency limit with α = 0, 0.1,
0.2, 0.3, 0.4, 0.5, 0.6, 0.7, 0.8, 0.9 and 1. Note that some singularity points are missing when α = 0.1 and 0.2. The blue and red solid lines indicate the vertical
slowness for S1 and S2 in ORT model 1 (α = 1), respectively. The blue and red dotted lines indicate the vertical slowness for S1 and S2 in ORT model 2 (α = 0),
respectively.
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Figure 8. The comparison for the singularity point plot along [X, Z ] and [Y, Z ] symmetry planes for effective ORT model computed from zero- and infinite-
frequency limits with α = 0, 0.1, 0.2, 0.3, 0.4, 0.5, 0.6, 0.7, 0.8, 0.9 and 1. Note that the high-frequency case is missing two singularity points along [X, Z ]
symmetry plane and one singularity point along [Y, Z ] symmetry plane.

Figure 9. The difference function �D plot for ORT model with the parameters: Vp0 = 2.326 km s−1, Vs0 = 0.894 km s−1, ε1 = 0.082, δ1 = −0.24,
γ1 = 0.25, ε2 = 0.135, δ2 = −0.166, γ1 = 0.438 and δ3 = −0.089. The position for the singularity point in 3-D slowness surface is [px , py , pz] =
[0.4439, 0.4742, 0.4573].

singularity point plot along [X, Z ] and [Y, Z ] symmetry planes for effective ORT model computed from zero- and infinite-frequency limits
with α = 0, 0.1, 0.2, 0.3, 0.4, 0.5, 0.6, 0.7, 0.8, 0.9 and 1 are shown in Fig. 8. One can see from the plots that the positions of singularity point
are all different for the effective ORT model computed from zero- and infinite-frequency limits regardless of the value of α. The difference is
smaller when α is close to 1. Compared with the zero-frequency case, the high-frequency case is missing two singularity points along [X, Z ]
symmetry plane and one singularity point along [Y, Z ] symmetry plane.

D I S C U S S I O N S

The condition for the existence of the singularity point is obtained when the vertical slowness of two S waves are equivalent. In order to
simplify the form, the computation for the singularity point on the [X, Z ] symmetry plane is shown in Appendix B. However, the singularity
point could exist outside the symmetry plane (Ivanov & Stovas 2017). The solutions for the vertical slowness of two S waves (shown in
eq. 4) need to be used to find the position of the singularity point. The expression for the position of singularity point outside the symmetry
plane is algebraically complicated and could only be computed numerically. To illustrate the singularity point outside the symmetry plane,
we introduce an ORT model with parameters: Vp0 = 2.326 km s−1, Vs0 = 0.894 km s−1, ε1 = 0.082, δ1 = −0.24, γ1 = 0.25, ε2 = 0.135,
δ2 = −0.166, γ1 = 0.438 and δ3 = −0.089, and plot the difference function �D in Fig. 9. One can see from the plot that there is a singularity
point outside the symmetry with the coordinates:[px , py, pz] = [0.4439, 0.4742, 0.4573] (s km−1) and when this model is used for effective
ORT model computation, the singularity point is moving in 3-D slowness domain.

For the numerical example in singularity point computation, some singularity points are missing for the effective ORT model computed
from infinite-frequency limit. For ray theory, the averaging of the slowness surface from two individual layers to compute the effective
anisotropic model results in discontinuous slowness surface. We plot the slowness surface on [X, Z ] symmetry plane of S1 and S2 waves
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Figure 10. The slowness surface on [X, Z ] symmetry plane of S1 and S2 waves computed in ORT models 1, 2 and the corresponding averaged ORT model
with α = 0.1. The model parameters for ORT models 1 and 2 are defined in Table 1.

Figure 11. The comparisons in the slowness of two averaged S waves for infinite-frequency limit with α = 0, 0.1, 0.3. The plots for S1 and S2 waves are shown
by solid and dashed lines, respectively.

computed in ORT models 1, 2 and the effective ORT model with α = 0.1 in Fig. 10. We can see from the plot that there is a discontinuous
part for the averaged slowness in both S1 and S2 waves. The comparisons in the slowness of two averaged S waves with α = 0, 0.1, 0.3
are shown in Fig. 11. One can tell that when α = 0, there is one singularity point. With the increase in α, the singularity disappears and
then appears again. The reason for this behaviour is that for infinite-frequency case, the ray propagates through the anisotropic model. The
incident angle increases when the coefficient α decreases. The ray will not propagate through the second layer if the incident angle is larger
than the critical one. When applying the averaging on the individual layer, there is a discontinuity for the effective slowness when the ray
propagation approaches to horizontal, which explains the missing singularity points in the numerical examples. Note that we consider a
layered medium with all symmetry planes aligned. Such medium has a limited geometry. If a more general layered ORT model where all
layers share the horizontal symmetry plane is considered, the azimuths of the vertical symmetry planes are depth-dependent, that is, different
in the layers. In this case, the Backus averaging will lead to a monoclinic effective medium, and an infinite-frequency effective medium will
be also monoclinic. This effective monoclinic model is induced by zero- and infinite-frequency limit. The number of singularities in such
media still needs to be investigated.

In the vicinity of singularity points, the anomalous curvature in slowness surfaces is obtained and the slowness surfaces of the S waves
have complicated shapes. This results in rapid variations in polarization directions, multipathing and discontinuities of the shear wavefronts.
The effect of the singularity points on the traveltime surface is shown by Xu & Stovas (2018). The study about the way to find the singularity
point and the difference by zero- and infinite-frequency limit for effective ORT model can be extended to more complicated multilayered
(more than two layers) ORT model. In our approach, we investigate the singularity position from zero- and infinite-frequency limit. There is
a drawback of this approach that is the point singularity by using the effective ORT model computed from zero- and infinite-frequency limit
is not the same with the one in the individual layer, which may bring the errors in the practical use.

C O N C LU S I O N S

We examine the position of singularity point by a defined difference function for the ORT model. The expression for the coordinates of the
singularity point within the symmetry plane is derived. Three cases for the condition of the singularity point for ORT model on symmetry
plane are analysed. The effective ORT model composited by two homogeneous ORT layers with different layer thickness is introduced to
investigate the variation in the position of the singularity point. The effective ORT model is computed from zero- and infinite-frequency limit.
In the numerical example, we show the positions of the singularity point for the introduced effective ORT model with a different thickness
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328 S. Xu and A. Stovas

ratio between two ORT layers for both zero- and infinite-frequency cases. From the numerical examples, we find that the variation of the
singularity point is moving from one homogeneous case to another homogeneous case with the change in the layer thickness ratio α. The
difference in the positions of the singularity point for the effective ORT model computed from zero- and infinite-frequency limit can also be
found.
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A P P E N D I X A : PA R A M E T R I Z AT I O N I N O RT M E D I A

For ORT model, the form of the coefficients a, b, c and d in eq. (8) are functions of stiffness coefficients ci j (Xu & Stovas 2019) given by

a = c33c44c55,

b = −c2
23c55 p2

y − c44(c55 + c13 p2
x + 2c13c55 p2

x + 2c23c55 p2
y)

+ c33(c55(−1 + c66 p2
x + c22 p2

y) + c44(−1 + c11 p2
x + c66 p2

y)),

c = c44 + c55 + c2
13 p2

x − (c11c44 + c55(−2c13 + c44 + c66))p2
x +

(c11c44c55 − c13(c13 + 2c55)c66)p4
x + c2

23 p2
y − (c44(−2c23 + c55 + c66)

− (−c11c23(c23 + 2c44) − 2c13c22c55 + 2c12(c23 + c44)(c13 + c55) + 2(c13(c23 + c44) +
(c23 + 2c44)c55)c66)p2

x + c22(c55 + c2
13 p2

x ))p2
y + (c22c44c55 − c23(c23 + 2c44)c66)p4

y +
c33((−1 + c11 p2

x )(−1 + c66 p2
x ) − (c11 + c66 + (c2

12 − c11c22 + 2c12c66)p2
x )p2

y + c22c66 p4
y),

d = (−1 + c55 p2
x + c44 p2

y)(1 − c22 p2
y − c2

12 p2
x p2

y + c11 p2
x (−1 + c66 p2

x + c22 p2
y)

−c66(p2
x + p2

y + 2c12 p2
x p2

y − c22 p2
y)). (A1)

D
ow

nloaded from
 https://academ

ic.oup.com
/gji/article-abstract/217/1/319/5289579 by guest on 14 February 2019

http://dx.doi.org/10.1029/JZ067i011p04427
http://dx.doi.org/10.1111/j.1365-246X.1989.tb05251.x
http://dx.doi.org/10.1111/j.1365-246X.1990.tb01773.x
http://dx.doi.org/10.1190/1.3075143
http://dx.doi.org/10.1016/0165-2125(81)90026-3
http://dx.doi.org/10.1111/j.1365-246X.1991.tb01413.x
http://dx.doi.org/10.1111/j.1365-246X.1993.tb01483.x
http://dx.doi.org/10.1190/geo2014-0156.1
http://dx.doi.org/10.1190/geo2015-0392.1
http://dx.doi.org/10.1190/geo2016-0642.1
http://dx.doi.org/10.1046/j.1365-246x.2000.00982.x
http://dx.doi.org/10.1111/j.1365-2478.2009.00850.x
http://dx.doi.org/10.1190/1.1444297
http://dx.doi.org/10.1190/1.1442685
http://dx.doi.org/10.1111/j.1365-2478.2007.00653.x
http://dx.doi.org/10.1093/gji/ggx249
http://dx.doi.org/10.1016/j.jappgeo.2003.08.008
http://dx.doi.org/10.1190/1.1444231
http://dx.doi.org/10.1046/j.1365-246X.1999.00887.x
http://dx.doi.org/10.1046/j.0956-540x.2001.01387.x
http://dx.doi.org/10.1046/j.1365-246X.2003.01845.x
http://dx.doi.org/10.1121/1.1954587
http://dx.doi.org/10.1190/geo2017-0215.1
http://dx.doi.org/10.1093/gji/ggy314
http://dx.doi.org/10.1190/geo2018-0375.1
http://dx.doi.org/10.1190/geo2015-0600.1


Singularity in effective ORT model 329

The density-normalized stiffness coefficients ci j can be given in terms of the anisotropy parameters: Vp0, Vs0, δi (i = 1, 2, 3), εi (i = 1, 2)
and γi (i = 1, 2)

c33 = V 2
p0, c55 = V 2

s0,

c11 = (1 + 2ε1) V 2
p0, c22 = (1 + 2ε2) V 2

p0,

c13 =
√(

V 2
p0 − V 2

s0

) (
(1 + 2δ1) V 2

p0 − V 2
s0

) − V 2
s0,

c12 =
√(

(1 + 2ε1) V 2
p0 − (1 + 2γ2) V 2

s0

) (
(1 + 2ε1) (1 + 2δ3) V 2

p0 − (1 + 2γ2) V 2
s0

) − (1 + 2γ2) V 2
s0,

c23 =
√(

V 2
p0 −

(
1 + 2γ2

1 + 2γ1

)
V 2

s0

)(
(1 + 2δ2) V 2

p0 −
(

1 + 2γ2

1 + 2γ1

)
V 2

s0

)
−

(
1 + 2γ2

1 + 2γ1

)
V 2

s0,

c44 =
(

1 + 2γ2

1 + 2γ1

)
V 2

s0,

c66 = (1 + 2γ2) V 2
s0, (A2)

where Vp0 and Vs0 are the vertical velocities for P and S1 waves, δi (i = 1, 2, 3), εi (i = 1, 2) and γi (i = 1, 2) are the anisotropy parameters
defined in [X, Z ], [Y, Z ] and [X, Y ] symmetry planes. The expressions for anisotropic parameters δk, εk, γk are defined by

ε1 = c11 − c33

2c33
,

ε2 = c22 − c33

2c33
,

δ1 = (c13 + c33) (2c55 + c13 − c33)

2c33 (c33 − c55)
,

δ2 = (c23 + c33) (2c44 + c23 − c33)

2c33 (c33 − c44)
,

δ3 = (c11 + c12) (2c66 + c12 − c11)

2c11 (c11 − c66)
,

γ1 = c66 − c44

2c44
,

γ2 = c66 − c55

2c55
. (A3)

A P P E N D I X B : T H E S I N G U L A R I T Y P O I N T F O R O RT M O D E L O N T H E S Y M M E T RY
P L A N E

To obtain the solutions for the vertical slowness of two S waves within the symmetry plane, the vertical [X, Z ] plane is taken as an example
for illustration. We first set the corresponding projection (py for [X, Z ] plane) to be zero on the Christoffel matrix shown in eq. (1), the matrix
then becomes

M =

⎛
⎜⎝c11 p2

x + c55 p2
z − 1 0 (c13 + c55)px pz

0 c66 p2
x + c44 p2

z − 1 0
(c13 + c55)px pz 0 c55 p2

x + c33 p2
z − 1

⎞
⎟⎠ . (B1)

The factor equation is obtained by setting the determinant of the matrix to be zero

F1 F2 = 0, (B2)

where F1 and F2 correspond to the solution for vertical of S1 and S2 waves given by

F1 = (
1 − c33 p2

z − c2
13 p2

z p2
x + c11 p2

x

(
c55 p2

x + c33 p2
z − 1

) − c55

(
p2

x + p2
z + 2c13 p2

x p2
z − c33 p4

z

))
,

F2 = (
c66 p2

x + c44 p2
z − 1

)
. (B3)

The vertical slowness for two S waves is computed from the factor equation given by

pS1
z =

√
c33 + c55 + (

(c13 + c55)2 − c2
55 − c11c33

)
p2

x + M

2c33c55
,

pS2
z =

√
1 − c66 p2

x

c44
, (B4)
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where

M =
√(

c33 + c55 + (
(c13 + c55)2 − c2

55 − c11c33

)
p2

x

)2 − 4c33c55

(
c11 p2

x − 1
) (

c55 p2
x − 1

)
. (B5)

By setting two S waves vertical slowness to be equivalent, the corresponding slowness for singularity point is given by

px =

√√√√a1 ±
√

a2
2 − 4a3

2a4
, (B6)

with

a1 = c2
44 (c11 + c55) + 2c33c55c66 + c44

(
(c13 + c55)2 − c2

55 − c11c33 − c66c33 − c66c55

)
,

a2 = c44

(
(c13 + c55)2 − c2

55 + c11 (c44 − c33) + c44c55

) − c66 (c33 (c44 − 2c55) + c44c55) ,

a3 = (c33 − c44) (c44 − c55) (c11c44 (c33c66 − c44c55) − c66 (c13c44 (c13 + 2c55) + c33c55c66)) ,

a4 = c11c44 (c44c55 − c33c66) + c66 (c13c44 (c13 + 2c55) + c33c55c66) . (B7)

Similarly, the singularity points on [Y, Z ] and [X, Y ] symmetry planes can also be computed accordingly.
There are three cases for the existence of the singularity point shown below.
Case 1: Two singularity points
The condition for two singularity point cases is given by

a2
2 > 4a3,

sgn

(
a4

(
a1 +

√
a2

2 − 4a3

))
> 0,

sgn

(
a4

(
a1 −

√
a2

2 − 4a3

))
> 0,⎛

⎜⎜⎝
√√√√a1 +

√
a2

2 − 4a3

2a4
,

√√√√a1 −
√

a2
2 − 4a3

2a4

⎞
⎟⎟⎠ ∈

[
0, min

(
1√
c66

,
1√
c55

)]
. (B8)

Case 2: One singularity point
The condition for one singularity point cases is given by

a2
2 = 4a3,

sgn

(
a4

(
a1 +

√
a2

2 − 4a3

))
∗ sgn

(
a4

(
a1 −

√
a2

2 − 4a3

))
< 0,

max

⎛
⎜⎝

√√√√a1 −
√

a2
2 − 4a3

2a4
,

√√√√a1 +
√

a2
2 − 4a3

2a4

⎞
⎟⎠ > min

(
1√
c66

,
1√
c55

)
,

min

⎛
⎜⎝

√√√√a1 −
√

a2
2 − 4a3

2a4
,

√√√√a1 +
√

a2
2 − 4a3

2a4

⎞
⎟⎠ < min

(
1√
c66

,
1√
c55

)
.

(B9)

Case 3: No singularity point
The condition for no singularity point cases is given by

a2
2 < 4a3,

sgn

(
a4

(
a1 +

√
a2

2 − 4a3

))
< 0,

sgn

(
a4

(
a1 −

√
a2

2 − 4a3

))
< 0,

min

⎛
⎜⎝

√√√√a1 +
√

a2
2 − 4a3

2a4
,

√√√√a1 −
√

a2
2 − 4a3

2a4

⎞
⎟⎠ > min

(
1√
c66

,
1√
c55

)
.

(B10)
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