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ABSTRACT
In seismic data processing, serious problems could be caused by the existence of
triplication and need to be treated properly for tomography and other inversion
methods. The triplication in transversely isotropic medium with a vertical symmetry
axis has been well studied and concluded that the triplicated traveltime only occurs
for S wave and there is no triplication for P and converted PS waves since the P wave
convexity slowness always compensates the S wave slowness concavity. Compared
with the vertical symmetry axis model, the research of the triplication in transversely
isotropic medium with a tilted symmetry axis is still keeping blank. In order to
analyse the triplication for the converted wave in the tilted symmetry axis model,
we examine the traveltime of the triplication from the curvature of averaged P and
S wave slowness. Three models are defined and tested in the numerical examples to
illustrate the behaviour of the tilted symmetry axis model for the triplicated traveltime
with the change of the rotation angle. Since the orientation of an interface is related
to the orientation of the symmetry axis, the triplicated traveltime is encountered
for the converted wave in the tilted symmetry axis model assuming interfaces to be
planar and horizontal. The triplicated region is influenced by the place and level of
the concave curvature of the P and S wave slowness.
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INTRODUCTION

The traveltime surface has three arrivals at a given distance
when three rays with different ray parameters emerge at the
same distance, this special feature is called triplication since
the traveltime surface has a bowtie shape. The existence of
the triplications can be a serious problem in seismic data and
processing like the tomography and other inversion methods
(Gajewski 1993; Ni, Ding and Helmberger 2000; Jiang, Ren
and Jin 2011). It is challenging for us to use the triplicated
data since the three individual phases arrive close in time
and overlap with each other (Tao, Grand and Niu 2017).
Chu, Schmandt and Helmberger (2012) showed that the
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triplicated waveform can bring the redundant signal for seis-
mic data processing which is necessary to study the kinematics
of the triplication behaviours. Normally, the triplicated data
need to be handled properly or avoided for seismic tomogra-
phy. For transversely isotropic media with vertical symmetry
axis (VTI), due to the convexity of the P waves in slowness
surface, there are no triplications for the P and converted PS
waves (Roganov and Stovas 2010), whereas they can exist for
the S (SV wave) waves resulting in a complication since the
traveltime becomes a multivalued function of the offset.

The S wave triplications have been well discussed for
VTI media shown in the works of literature (Dellinger
1991; Schoenberg and Daley 2003; Thomsen and Dellinger
2003; Tygel, Ursin and Stovas 2007; Roganov and Stovas
2010). Thomsen (1986) showed that the triplication can be
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defined in terms of anisotropic and moveout parameters. The
triplications can occur if the anisotropy is sufficiently strong
(Thomsen and Dellinger 2003). Under weak anisotropy, the
shapes of slowness and wave surfaces and the behaviour of
waves are usually much simpler (Rumpker and Thomson
1994), and modelling of propagating waves is much easier
(Farra 1991, 2005). Thomsen and Dellinger (2003) presented
a condition for the triplication that explains how great
the anisotropy has to be to make this triplication effect
for homogeneous VTI media. Stovas (2016) showed the
vertical on-axis triplication in orthorhombic (ORT) media.
The existence of the singularity point could also induce
the triplication in the ORT model (Xu and Stovas 2019).
They described more details about the kinematics of the
converted wave. Xu and Stovas (2018) proposed to use the
local curvature defined by the elliptic function to examine the
existence of the triplication in a homogeneous ORT medium
for pure and converted wave modes.

A transverse isotropic model with a tilted symmetry axis
(TTI) is one of the most effective approximations to the Earth’s
subsurface, especially for imaging purposes. The essential is-
sue for the difference between VTI and TTI model is the orien-
tation of an interface (normal) relative to the orientation of the
symmetry axis. In this perspective, the model is (locally) VTI if
the interface normal is parallel to the symmetry axis (and TTI
otherwise). The computation of the traveltimes in TTI media
is algebraically complicated and usually requires the imple-
mentation of numerical or perturbation methods (Alkhalifah
2011). Using a combination of the perturbation theory with
respect to the anelliptic parameter and Shanks transform to
improve the accuracy of the expansion, an explicit formula for
the vertical slowness that is highly accurate for all practical
purposes is developed by Stovas and Alkhalifah (2013) in TTI
model.

In the VTI model, it is proved that there is no triplica-
tion for converted wave since the P wave convexity slowness
always compensates the S wave slowness concavity (Roganov
and Stovas 2010). However, the situation becomes much more
complicated when the rotation is considered. There is no re-
search concerning the converted wave triplication in the TTI
model so far. In order to fill this gap, we investigate the con-
verted wave traveltime triplication in the TTI model in this
paper using the averaged P and S wave slowness. Three VTI
models are defined in the numerical examples to show the
triplication situation. The analysis for the triplicated travel-
time is also done by testing with a different value of the rota-
tion angle. We could conclude that the triplication in the TTI
model depends on whether the concave shape of the averaged

S wave exists, where the concave shape occurs and the level
of the concavity.

TRIPL ICATIONS IN THE ELASTIC
TRANSVERSELY ISOTROPIC M EDIA WITH
A V E R T I C A L S Y M M E T R Y A X I S M E D I A

The existence of the triplications can be a serious problem in
seismic data and processing. Shown in Fig. 1 for the synthetics,
we can find that the triplicated seismic data generated from
the tested model (Chu et al. 2012). Triplicated arrival times
are displayed in red lines. These triplicated waveforms bring
the redundant signal for the data processing, which could
induce the mistake in the structure imaging. Therefore, the
study of the kinematics of the triplication is very important
for seismic data processing.

The triplication in the group velocity surface or travel-
time surface occurs if the slowness surface has the concave
curvature (Dellinger 1991; Thomsen and Dellinger 2003). In

Figure 1 The traveltime synthetics from the tested velocity model
(Chu et al. 2012). Triplicated arrival times are displayed in red lines.
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Table 1 The model parameters for three VTI models

vP0 (km/s) vS0 (km/s) ε δ z (km)

VTI model 1 3 1.5 0.25 0.1 1
VTI model 2 3 1.5 −0.35 0 1
VTI model 3 3 1.5 0.3 −0.2 1

a homogeneous vertical symmetry axis (VTI) medium, the P
and S waves can be characterized by the vertical P and S wave
velocities vP0, vS0, and two anisotropy parameters δ and ε

(Thomsen 1986). The slowness expression of pz(px) for P and
S waves in a VTI medium is shown in the Appendix. The
converted wave vertical slowness is obtained by averaging the
vertical slowness of the P and S waves, pPS

z = (pP
z + pS

z )/2. The
condition for the triplication yields the non-negative value of
the second-order derivative in the vertical slowness with re-
spective to the horizontal slowness (px):

∂2 pi
z

∂p2
x

≥ 0, (1)

where i = P, S, PS represents the corresponding wave mode.

Figure 2 The second-order derivative of the vertical slowness with respective to the horizontal slowness for the P and S waves computed for
three VTI models.

Figure 3 The vertical slowness curve computed from three VTI models. Note that the concave slowness could be found in VTI models 2 and 3
and they are indicated by the red arrows.
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Figure 4 The second-order derivative of the vertical slowness (top) and the vertical slowness (bottom) for the converted PS wave in three VTI
models.

The parametric offset-traveltime equation is computed
from the derivative of corresponding vertical slowness:

xi = −z
∂pi

z

∂ px
,

ti = zpi
z + xi px, (2)

where z is the depth of the reflector.
We introduce three VTI models with the model param-

eters defined in Table 1. The second-order derivative of the

Figure 5 The traveltime computed from three VTI models for the P, S and PS waves are shown in the top, middle and bottom, respectively.
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Figure 6 The vertical slowness for P and S wave in three defined models with a rotation angle θ = 30◦. The green arrow denotes the rotation
angle θ = 30◦ and the red lines indicate the computation range for converted wave.

vertical slowness with respective to the horizontal slowness
for the P and S waves computed for three VTI models is
shown in Fig. 2. For the P waves, the second-order derivatives
(∂2 pz/∂p2

x) are always negative (Roganov and Stovas 2010),
while for the S wave, the non-negative (∂2 pz/∂p2

x) is obtained
from VTI models 2 and 3 for a given range of horizontal
slowness.

The vertical slowness for P and S waves computed from
three VTI models is shown in Fig. 3. We can see that the
concave shape of the slowness surface (indicated by the red
arrows) is for the S wave from VTI models 2 and 3. The
concave shape in vertical slowness is obtained at the zero
horizontal slowness in VTI model 2 and non-zero horizontal
slowness in VTI model 3, which will also be represented by
the traveltime triplication. Three VTI models are introduced
to emphasize different cases in triplication. The vertical P and
S wave velocities are settled to be the same and difference lay
only in the anisotropy parameters. To visualize the triplication
behaviour, the values of the anisotropy parameters are larger
than the case in the real data. In general, shown in Fig. 3,
at least one case in the S wave triplication will be encoun-
tered shown from our three defined VTI models: model 1 (no

triplication), model 2 (on-axis triplication) and model 3 (off-
axis triplication).

We show the second-order derivative and the slowness for
the converted PS wave in three VTI models in Fig. 4, one can
see from the plots that the derivatives are all negative and the
corresponding slowness are all convex regardless of the tested
models. The traveltime computed from three VTI models for
the P, S and PS waves are shown in Fig. 5, top, middle and
bottom, respectively. One can see that for the P wave and the
converted PS wave, there is no triplication while the S wave
traveltime has triplication, there is an on-axis triplication in
VTI model 2 and an off-axis triplication in model 3, which
could also be compared with the concave shape slowness plots
in Fig. 3.

TRIPL ICATIONS IN THE ELASTIC
TRANSVERSELY ISOTROPIC M EDIA WITH
A T I L T E D S Y M M E T R Y A X I S M E D I A

For the vertical symmetry axis (VTI) model, due to the com-
pensation from the P wave slowness, the slowness of the con-
verted PS wave is always concave (no triplication) regardless

C© 2019 European Association of Geoscientists & Engineers, Geophysical Prospecting, 68, 1126–1138
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Figure 7 The traveltime for P, S and converted PS wave computed for defined model 1 with a rotation angle θ = 30◦ are shown in the top,
middle, and bottom, respectively.

of the value of the model parameters. However, the situation
is changed when the rotation is involved in the tilted symme-
try axis (TTI) model. The mechanism of the converted wave
triplication needs to be investigated.

TTI medium is obtained by applying the rotation matrix
M shown as

M =
[

cos(θ ) sin(θ )

− sin(θ ) cos(θ )

]
, (3)

where θ is the dip angle defined along the x-axis.
The rotation operator in a homogeneous TTI medium for

vertical and horizontal slowness is given by

p̂x = px cos(θ ) + pz sin(θ ),
p̂z = −px sin(θ ) + pz cos(θ ),

(4)

where px and pz are the horizontal and vertical slowness in
VTI models, p̂x and p̂z are the new horizontal and vertical
slowness coordinates related to a TTI medium. The parametric
offset and traveltime equation can be computed similar to
equation (2):

x̂i = −z
∂ p̂i

z

∂ p̂x
,

t̂i = zp̂i
z + x̂i p̂x, (5)

where i = P, S, PS represents the different wave modes. The
solutions of the different wave models for the VTI model are
computed and shown in the Appendix. By substituting the
solutions from the VTI model into equation (4), the solutions
of the P and S waves in the TTI model could be computed ac-
cordingly. Different from the VTI case, the solutions obtained
in the TTI model are algebraically complicated and could not
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Figure 8 The traveltime for P, S and converted PS wave computed for defined model 2 with a rotation angle θ = 30◦ are shown in the top,
middle, and bottom, respectively.

be expressed explicitly. In the TTI model, apart from the level
of anisotropy, the influence from the rotation angle needs to
be taken into consideration. As the rotation is applied to the
vertical and horizontal projections for both P and S waves, the
curvature of the averaged slowness for converted wave could
be changed. The corresponding triplication could occur for
the converted wave in the TTI model because of the averaged
irregular curvature (concave). Note that the VTI model could
be treated as a special case for the TTI model with the value
of the rotation angle to be zero (θ = 0).

We show the vertical slowness of the P and S waves in
three defined models with a rotation angle θ = 30◦ in Fig. 6.
The vertical slowness for the converted wave is obtained by
averaging the vertical slowness of the P and S waves with
(Stovas 2016)

pPS
z = pP

z + pS
z

2
, (6)

where the range in horizontal slowness for the converted wave
depends on the range of the P wave horizontal slowness. Note
that the converted wave is defined by the wave with the con-
version from P to S wave after the reflection. The vertical
slowness of the converted is computed from the average of
P and S waves since we are averaging with depth (preferable
direction).

One can see from the plots that the part of vertical slow-
ness used for averaging is changing with the rotation angle,
which may cause the triplication in traveltime for the con-
verted wave. This average for the vertical slowness is carried
out along the vertical direction for both VTI and TTI media
since the preferable direction for averaging is along with the
depth. In the VTI model, no matter how strong the S wave
triplication is, the P wave compensation always covers the S
wave concavity in the slowness curve after the average making
the second-order derivative of the converted wave negative all
the time. Therefore, there is no converted wave triplication

C© 2019 European Association of Geoscientists & Engineers, Geophysical Prospecting, 68, 1126–1138
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Figure 9 The traveltime for P, S and converted PS wave computed for defined model 3 with a rotation angle θ = 30◦ are shown in the top,
middle, and bottom, respectively.

in the VTI model (Roganov and Stovas 2010). In the TTI
model, apart from the level of anisotropy, the influence from
the rotation angle needs to be taken into consideration. The
factor from the rotation angle will bring the triplication for
converted waves. The corresponding rotation is applied to the
VTI model to form the TTI model (see Fig. 6), this rotation is
made though the axis from the origin point (green arrow) for
both P and S wave slowness curves. For the converted wave,
the average mechanism is the same, which means we still use
the computation along the vertical direction (red dashed line).
In this case, the P wave compensation for the convexity of
the converted wave could not be guaranteed. During the ro-
tation process, at a certain point, the S wave concavity could
be larger than the P wave convexity, which induces the trip-
lication (concave curvature in the slowness) for the averaged
converted PS wave.

The traveltime plots for the P, S and converted PS waves
computed for three defined models with a rotation angle θ =

30◦ are shown in Figures 7–9, respectively. For the P wave,
there is no triplication for all three TTI models while there is
a triplicated traveltime in TTI models 2 and 3 for the S wave.
For converted PS wave, we can see the triplication occurs in
TTI models 2 and 3 (the triplication in model 3 is very small).

NUMERICAL EXAMPLES

In order to see how the triplication goes in tilted symmetry
axis (TTI) model for the converted wave, we test the converted
wave traveltime in three defined models with different rotation
angles: θ = 0◦ (vertical symmetry axis [VTI] case), 10◦, 20◦,
30◦, 40◦ and 50◦ in Fig. 10.

When the rotation angle is 0 (VTI case), the converted
wave traveltime is symmetric with respect to the vertical
axis for all three models. For the numerical examples in TTI
model 1, there is no triplication regardless of the value of the
rotation angle.

C© 2019 European Association of Geoscientists & Engineers, Geophysical Prospecting, 68, 1126–1138
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Figure 10 The converted wave traveltime in three defined models with different rotation angles: θ = 0◦(VTI case),10◦, 20◦, 30◦, 40◦ and 50◦.
The converted wave traveltime computed by different dip angle is induced by different colours correspondingly.

For the numerical examples in TTI model 2, with the
increase in the value of the rotation angle, the off-axis trip-
lication starts to appear, and the triplicated area is increas-
ing with the value of the rotation angle. Note that when
the rotation angle reaches up to 50◦, the triplication is dis-
appeared, the reason for this is discussed in the Discussion
part. The cut-off θ at which for model 2 are: θ = 3◦ and
θ = 50◦, the triplication occurs in the range of rotation angle
θ ∈ [3◦, 50◦].

For the numerical examples in TTI model 3, we can see
that the triplication starts to appear on the left side and in-
crease with the rotation angle up 20◦ after that the triplicated
traveltime region starts to disappear and then appear again on
the right side. This abnormal change is caused by the change
in the averaged slowness from the P and S waves that are dis-
cussed in the Discussion part. The cut-off θ for model 3 is:

θ = 11◦, θ = 31◦ and θ = 45◦, the triplication occurs in the
range of rotation angle θ ∈ [11◦, 31◦] and θ > 45◦.

D I S C U S S I O N S

For the selection of the vertical symmetry axis (VTI) model,
based on the triplication condition in the VTI model, the ex-
istence of the triplication relies on the anisotropy parameters
(Stovas 2016). Therefore, the vertical velocities of P and S
waves are kept same for all three defined VTI models where
leaves the differences in anisotropy parameters. The chosen
anisotropy parameters for our tests meant to represent the
strong anisotropy to amplify the triplication while in the real
data the anisotropy is much weak than our cases. The tripli-
cation behaviour becomes strong with a large absolute value
in anisotropic parameters (delta and epsilon). These three

C© 2019 European Association of Geoscientists & Engineers, Geophysical Prospecting, 68, 1126–1138
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Figure 11 The converted traveltime computed for TTI model 2 with rotation angles are 40◦ and 50◦, and the corresponding slowness curves.
The green arrow denotes the rotation angle and the red lines indicate the computation range for converted wave.

specific models are selected to illustrate three different be-
haviours for the converted wave triplication: model 1 (no
triplication), model 2 (increasing triplication in one direction)
and model 3 (changing triplication in two directions).

In the numerical example part, some abnormal be-
haviours in traveltime triplication have occurred in tilted sym-
metry axis (TTI) models 2 and 3. For the tests in TTI model 2,
when the rotation angle is changing from 40◦ to 50◦, the
triplicated traveltime is disappeared, this behaviour could be
explained by the change in the P and S waves slowness used
for average. We show the converted traveltime computed for
TTI model 2 with rotation angles 40◦ and 50◦, and the cor-
responding slowness curves in Fig. 11. We can see that the
rotation angle is 40◦, the concave shape slowness of the S
wave is involved. When it rotates up to 50◦, the concave part
falls outside the averaging range leading both P and S wave
slowness to be convex that is why the triplicated traveltime
disappears when the rotation angle reaches to 50◦. In this case,
the values for the anisotropy parameters remain the same, the

only difference is the change in the rotation angle. For the con-
verted wave (pPS

z = (pP
z + pS

z )/2), the average range is decided
by the P wave slowness curve since there is no converted wave
outside the computation range (red dashed arrows). In this
case, during the rotation process from 40◦ to 50◦, the strong
S wave concave curve moves outside the computation range,
which is not included for the converted wave computation.

For the examples in TTI model 3, the change in traveltime
triplication also depends on the different averaging parts from
the P and S wave slowness. For the P wave, the slowness
shape is always convex, the existence of the triplication for
converted wave depends on the included S wave slowness
shape whether is concave or convex. We show the converted
traveltime computed for TTI model 3 with rotation angles
20◦ and 50◦ angles and the corresponding slowness curves
in Fig. 12. We can see that the S wave concavity lays in the
different signs of the horizontal slowness, which could explain
that the appeared traveltime triplication varies from left to
the right side in the top in Fig. 12. Note that the working
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Figure 12 The converted traveltime computed for TTI model 3 with rotation angles are 20◦ and 50◦, and the corresponding slowness curves.
The green arrow denotes the rotation angle and the red lines indicate the computation range for converted wave. The concave slowness curve
part is indicated by the blue arrow.

part is the computation range (red dashed arrows) for the
converted wave that is decided by the rotated P wave slowness
curve. In this case, the S wave concave slowness (indicated
by the blue arrow) falls into the computation range, which
induces the triplicated traveltime for converted wave. During
the rotation process from 20◦ to 50◦, the concave slowness
curve part (indicated by the blue arrow) is changing from one
direction to the other direction. This change in direction causes
the corresponding moving in orientation for the triplicated
traveltime of the converted wave.

The influence of the triplication from the rotation angle
could also be used for the orthorhombic (ORT) model to
examine the triplication in the tilted ORT model. Since three
Euler angles could be applied for the rotation, the triplication
for the tilted ORT model is much more complicated than the
case in the ORT model. We can apply one rotation to the ORT

model and test three on-axis triplications of the symmetry
planes in our future research.

CONCLUSIONS

The vertical slowness for the converted wave is computed
from the average of individual wave modes. It is confirmed
that there is no triplication of the converted wave in the ver-
tical symmetry axis (VTI) model since the P wave convex-
ity slowness compensates the S wave slowness concavity all
along, which always resulting in the convex slowness for the
converted wave. However, the situation is changed for the
converted wave in the tilted symmetry axis (TTI) model when
the dip angle is involved. By applying the rotation angle, we
examine the existence of the traveltime triplication in a ho-
mogeneous TTI model by the averaged slowness individually

C© 2019 European Association of Geoscientists & Engineers, Geophysical Prospecting, 68, 1126–1138



Triplication in TTI media 1137

from the P and S waves. Three models are defined and tested
to illustrate the behaviour of the converted wave triplication
in the numerical examples. We find that the triplication can
be encountered in the TTI model and affected by the model
parameters and the rotation angle. In addition to the influence
of model parameters (strong anisotropy), we can tell from the
tested examples that the triplication in TTI model depends on
the concave shape of the S wave that is considered for the con-
verted wave calculation, where does the concave shape occur
and what is the degree of concavity.
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APPENDIX: T HE VERTICAL SLOWNESS IN
A HOMOGENEOUS VTI AND TTI MEDIA

The solution for vertical slowness in a homogeneous VTI
model can be computed by setting the determinant of the
Christoffel matrix shown below to be 0:

M =

⎛
⎜⎜⎝

c11 p2
x + c55 p2

z − 1 0 (c13 + c55)px pz

0 c66 p2
x + c44 p2

z − 1 0

(c13 + c55)px pz 0 c55 p2
x + c33 p2

z − 1

⎞
⎟⎟⎠.

(A1)

Setting the determinant of the matrix (equation (A1)) to
0 results in three solutions for the vertical slowness squared
p2

z . The result of the vertical slowness in the VTI model is
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obtained from the cubic equation by setting the determinant
of the matrix to be 0:(

c66 p2
x + c44 p2

z − 1
) (

1 − c33 p2
z − c2

13 p2
x p2

z

+ c11 p2
x

(
c55 p2

x + c33 p2
z − 1

)
− c55

(
p2

x + p2
z + 2c13 p2

x p2
z − c33 p4

z

)) = 0. (A2)

Since it is a homogeneous VTI model, the SH wave is
decoupled with P wave and not shown. Solving the cubic
equation, the solutions for P and S wave (SV wave) are given
below:

p2
z = c33 + c55 + (c2

13 − c11c33 + 2c13c55)p2
x ± K

2c33c55
,

K =
√(

c33 + c55 + (c2
13 − c11c33 + 2c13c55)p2

x

)2 − 4c33c55(c55 p2
x − 1)(c11 p2

x − 1), (A3)

where ci j is the stiffness coefficient. Different sign – and +
in the equation represents the solution for P and S wave,
respectively. The transformation from stiffness coefficients to
Thomsen anisotropy parameters are given by

c11 = v2
P0(1 + 2ε),

c33 = v2
P0,

c55 = v2
S0,

c13 =
√(

v2
P0 − v2

S0

) (
(1 + 2δ) v2

P0 − v2
S0

) − v2
S0. (A4)

The elastic P and S waves vertical slowness is given by
the anisotropy parameters (Ursin and Stovas 2006)

p2
z,P = 1

2

v2
S0 + v2

P0

(
1 − 2p2

x

(
v2

S0(1 + δ) + v2
P0(ε − δ)

)) − √
K0

v2
P0v2

S0

,

p2
z,S = 1

2

v2
S0 + v2

P0

(
1 − 2p2

x

(
v2

S0(1 + δ) + v2
P0(ε − δ)

)) + √
K0

v2
P0v2

S0

,

(A5)

with

K0 = −4v2
P0v2

S0

(
p2

xv2
S0 − 1

) (
p2

xv2
P0(1 + 2ε) − 1

)
+(

v2
S0 + v2

P0

(
1 − 2p2

x

(
v2

S0(1 + δ) + v2
P0(ε − δ)

)))2
. (A6)

To compute the vertical slowness in TTI model, the rota-
tion matrix M shown below is applied

M =
⎡
⎣ cos(θ ) sin(θ )

− sin(θ ) cos(θ )

⎤
⎦ , (A7)

where θ is the dip angle defined along the X-axis.
The rotation operator in a TTI model for vertical and

horizontal slowness is given by

p̂x = px cos(θ ) + pz sin(θ ),

p̂z = −px sin(θ ) + pz cos(θ ), (A8)

where px and pz are the horizontal and vertical slowness in
the VTI model, p̂x and p̂z are the new horizontal and vertical
slowness coordinates related to the TTI medium. To compute
the vertical slowness in the TTI model p̂z( p̂x), the inverse
transformation from the VTI model is

px = p̂x cos(θ ) − p̂z sin(θ ),

pz = p̂x sin(θ ) + p̂z cos(θ ). (A9)

For the TTI model, the cubic equation is obtained
by applying the inverse transformation (px = p̂x cos(θ ) −
p̂z sin(θ ), pz = p̂x sin(θ ) + p̂z cos(θ ).) to the cubic equation in
the VTI model shown in equation (A2). Solving this cubic
equation gives us the solutions for the vertical slowness in the
TTI model ( p̂z( p̂x)), which is no longer symmetric to either
vertical or horizontal symmetry axis due to the angle rota-
tion. Different from the VTI case, the solutions obtained in
the TTI model are algebraically complicated and could not be
expressed explicitly.
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