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Abstract 
Sparse signal reconstruction (SSR) problems based on 

compressive sensing (CS) arise in wide application fields. 

Especially in recent years, a variety of model-based block-

structured sparse signal which frequently occurs in signal 

processing and systems biology, i.e. nonzero atoms in 

sparse signal occur in clusters, attracted extensive attention. 

To make more explicit use of block-sparsity structure, 

correspondingly many block version of SSR algorithms 

belong to convex optimization and greedy pursuit have 

been proposed. However, these two classes of block 

version of SSR algorithms may not suit to solving large-

scale problems in certain scenarios, due to, e.g., high 

computational complexity for convex optimization, and 

low robustness to ambient interferences for greedy pursuit. 

On the other hand, recently sparse adaptive filtering 

algorithms have been proved to be able to effectively solve 

large-scale CS problem for conventional vector sparse 

signal. Inspired by these facts, the purpose of this paper is 

to propose two novel block version of sparse adaptive 

filtering algorithms, i.e. block zero attracting least mean 

square (Block-ZA-LMS) algorithm, and block ℓ0 -norm 

LMS (Block- ℓ0 -LMS) algorithm, to exploit potential 

performance gain. Experimental results will demonstrate 

the superior reconstruction effects by our proposed 

algorithms. 
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1. INTRODUCTION 
In recent years, compressive sensing (CS) theory has 

been applied in extensive fields, such as signal processing, 

wireless communications, and large-scale system analysis 

[1][2]. In CS theory, one of the main issues is to reconstruct 

sparse signals via compressive sampling method [3]. That 

is, an original sparse signal 𝒔 in 𝑁-dimension domain 

with 𝐾 nonzero atoms (𝐾 ≪ 𝑁) can be pre-transformed 

to a down sampling signal 𝒚  in 𝑀 -dimension domain 

(𝐾 ≤ 𝑀 ≪ 𝑁) utilizing a suitable sensing matrix 𝑨 (𝑀 ×

𝑁 ) in transmitter, which yields the following 

underdetermined linear equation, 

 y As   (1) 

In the receiver after transmission, 𝒔  can be effectively 

reconstructed from the underdetermined Eq. (1) utilizing 

sparse signal reconstruction (SSR) algorithms. 

In this paper, we study a kind of sparse signal with 

special structure termed block sparse signal shown in Fig.1, 

i.e. nonzero atoms in original signals always exist in 

clusters form, rather than totally independent existence [4]. 

Specially, original block sparse signal 𝒔 can be expressed 

as below, 
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where 𝑁 = 𝐼 ∙ 𝑑, 𝑑 denotes the grouping distance, and 𝐼 

denotes the number of grouping. Additionally, according 

to Eq. (2), 𝒔  is called block 𝐾 -sparse where 𝐾 ∈

{1,2, … , 𝐼} is the most indices of the number of blocks 

involving nonzero atoms. It can be formulized by the 

following equation [4], 
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where 𝐼(⋅) denotes indicator function [4] defined as 
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This special kind of sparse signals usually arise in the 

practical applications of multi-band signals, or gene 

expression level measurements, e.g. network topology 

identification [5][23], also source localization in sensor 

networks, MIMO channel equalization, and magnetoen-

cephalography [4][6][7]. 

In fact, some algorithms in block version have been 

proposed to implement block sparse signal reconstruction, 

basically these algorithms belong to two classes, namely 

convex relaxation and greedy pursuit. For the convex 

relaxation class, the basis pursuit (BP) algorithm by linear 
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programming (LP) has been properly generalized to a 

mixed ℓ2 ℓ1⁄ -norm minimization recovery algorithm 

[4][8]. For the greedy pursuit class, the extension versions 

of the compressive sampling matching pursuit (CoSaMP) 

algorithm and the iterative hard thresholding (IHT) 

algorithm for block sparse signal reconstruction are 

presented in [6]. Furthermore, the block versions of 

matching pursuit (MP) algorithm, orthogonal MP (OMP) 

algorithm [9], and stagewise OMP (StOMP) algorithm 

[10] have been presented, termed as BMP, BOMP, [4] and 

Block-StOMP [11], respectively. Especially, the Block-

StOMP algorithm has been proved to be able to obtain 

excellent reconstruction performance when ambient noises 

level is moderate. However, as pointed in [11][12], convex 

optimization algorithms generally bear much 

computational burden due to their high complexity, hence 

it is not quite practicable in large-scale applications. For 

the greedy pursuit algorithms, the deterioration of 

reconstruction performance under strong noise 

interferences cannot be negligible. These unsuitable 

scenarios inspire us to propose more practical and efficient 

block version of SSR algorithms to solve block sparse 

signal reconstruction problem, and the purpose of our 

study is to obtain obvious performance improvement in 

various scenarios. 

 

 
Fig.1 Vector sparse signal vs. block sparse signals. 

Recently, stochastic gradient-based sparse adaptive 

filtering algorithms have been proved to be a kind of 

effective SSR algorithms in [12], e.g. ℓ0-norm least mean 

square (ℓ0 -LMS) algorithm and ℓ0 -norm exponentially 

forgetting window LMS (ℓ0-EFWLMS) algorithm. These 

algorithms equip low computational complexity and 

robustness against ambient strong interferences, in 

particularly their reconstruction performance is pretty 

superior comparing with other classes of algorithms. 

However, state-of-the-art sparse adaptive filtering 

algorithms aim to reconstruct the vector sparse signal in 

conventional sense, probably neglect the special cases of 

model-based block sparse signal reconstruction. Therefore, 

in this paper, we will extend sparse adaptive filtering 

algorithms to block version, to propose two novel 

algorithms, i.e. block zero attracting LMS (Block-ZA-

LMS), and Block- ℓ0 -LMS. Our proposed two block-

sparse adaptive filtering algorithms not only inherit those 

inherent advantages of conventional sparse adaptive 

filtering algorithms, moreover, they can sense and exploit 

the potential sparse structure information of block-

structured sparse signal, to evidently obtain performance 

improvement. 

The organization of this paper is as follows. In Section 

2, the conventional sparse adaptive filtering algorithms are 

reviewed. Subsequently, proposed algorithms will be 

systematically described in Section 3. Then in Section 4, 

simulation results are provided in various scenarios. 

Finally, we conclude the whole paper in Section 5. 

2. REVIEW OF SPARSE ADAPTIVE 
FILTERING ALGORITHMS 

In this section, the method of SSR based on adaptive 

filtering framework, and the sparse constraint application 

in recursion update will be reviewed. 

2.1 Adaptive Filtering Framework to Reconstruct 

Sparse Signal 

Recalling mentioned CS problem, our aim is to 

reconstruct the down sampling signal from the 

underdetermined Eq. (1). Suppose that 
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Note that in realistic transmission, harmful ambient 

additive interference is unavoidable, therefore in our study, 

Gaussian distribution-based noise interference 𝒗 is taken 

into consideration as well. Correspondingly, updated 

underdetermined equation is shown as following, 

 . y As v   (10) 

 

Table 1. Corresponding variables between CS problem and 

adaptive framework. 

CS problem Adaptive framework 

𝒂𝑗 ,  𝑗 ∈ {1,2,… ,𝑀} 𝒙𝑇(𝑛) 

𝒔(𝑛) 𝒉(𝑛) 

𝑦𝑗 = 𝒂𝑗𝒔 + 𝑣𝑗  𝑑(𝑛) = 𝒙𝑇(𝑛)𝒉 + 𝑧(𝑛) 

 

 
Fig.2 Solve CS problem by adaptive framework. 

It is well known that adaptive filtering algorithms [13] 

are a kind of pretty practical algorithms equipping simple 

structure, certain noise cancelation capability, and 

outstanding reconstruction performance. The recursion 
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error which constructs cost function of algorithms is 

denoted as below, 

 ( ) ( ) ( ) ( ),Te n d n n n x h   (11) 

where 𝑑(𝑛) denotes the desired signal contaminated by 

additive noise 𝑧(𝑛) , 𝒙(𝑛) = [𝑥(𝑛), 𝑥(𝑛 − 1), … , 𝑥(𝑛 −

𝑁 + 1)]𝑇  and 𝒉(𝑛) = [ℎ1(𝑛), ℎ2(𝑛), … , ℎ𝑁(𝑛)]
𝑇 

denote the input signal and iterative reconstruction signal 

respectively, iteration run is denoted by 𝑛 . Through 

iteratively minimizing 𝑒(𝑛), 𝒉(𝑛) is reconstructed more 

and more accurately. In [12], CS problem was solved in 

adaptive framework based on the corresponding variables 

listed in Table 1. Row vectors 𝒂𝑗 in sensing matrix 𝑨 are 

utilized as training sequences 𝒙𝑇(𝑛), and each component 

𝑦𝑗 of down sampling signal is viewed as obtained desired 

signal 𝑑(𝑛) , in reconstruction process, 𝒂𝑗  and 𝑦𝑗  are 

circularly utilized. The illustration of solving CS problem 

by adaptive framework is shown in Fig.2. Moreover, the 

detailed reconstruction procedure is presented in Table 2. 

 

Table 2. Adaptive filtering framework. 

① Initialize 𝒔(0)=0, 𝑛=1; 

② Input data 𝒂𝑗 and 𝑦𝑗 to adaptive filter, where 

 mod( , ),j n M   (12) 

the operator mod(∙) denotes modulo operation which finds the 

remainder after division; 

③ Impose adaptive algorithms to reconstruct 𝒔(𝑛); 

④ Termination condition justification, 
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where positive number 휀 is a given error tolerance and 𝐶 
denotes the maximum number of iteration runs; 

⑤ When termination condition is unsatisfied, 𝑛 increases by one 

then return to Step ② to continue recursion loop; Otherwise, 

output 𝒔(𝑛) and exit. 

2.2 Sparse Constraint upon Recursion Update 

Note that standard adaptive filtering algorithms cannot 

obtain sufficient performance gain, and many effective 

sparse adaptive filtering algorithms based on popular LMS 

algorithm were presented [12][14]–[19], which involve 

sparse constraint restriction in cost function, e.g. typical 

convex zero attracting, and optimal non-convex ℓ0-norm. 

Especially, in [12], the ℓ0-LMS algorithm is demonstrated 

to be able to stably obtain remarkable performance 

improvement in solving CS problem. The updating 

procedure of ZA-LMS algorithm and ℓ0-LMS algorithm 

are illustrated in the left portion of Fig.4. 

3. PROPOSED BLOCK-SPARSE 
ALGORITHMS 

Conventional sparse adaptive filtering algorithms 

focus on solving common vector sparse signal issues, in 

each iteration, these algorithms apply uniform or re-

weighted sparse penalty to all components of recursion 

updated reconstruction signal 𝒔(𝑛). However, in the case 

of block sparse signal reconstruction, the differences of 

sparsity degree in different segments of original signal are 

fairly evident, which result in the block-structured sparsity 

information may not be sufficiently exploited. Therefore, 

it is quite necessary to impose novel sparse adaptive 

filtering algorithms to effectively exploit sparse 

information based on block sparse structure. 

3.1 Adaptive Regularization Parameter Series 

Regularization parameter (REPA) 𝜆 is a quite critical 

parameter, which plays an important role in balancing 

recursion update term and sparsity exploitation term [20]. 

Furthermore, adaptive REPA (AREPA) parameter 𝜆𝑁 can 

be more effectively applied in various scenarios has been 

revealed in [21]. In this paper, we will propose two novel 

block-version algorithms, i.e. block zero attracting least 

mean square (Block-ZA-LMS) algorithm, and block ℓ0-

norm LMS (Block-ℓ0-LMS) algorithm, which both import 

a series of AREPA 𝜆𝑖(𝑛), 𝑖 ∈ {1,2, … , 𝐼} in cost function, 

in order to more accurately sense sparsity information via 

grouping transaction to original block sparse signal, 

intuitive illustration is in Fig.3. The detailed description of 

our proposed algorithms exhibit in the following two 

subsections. 

 

 

Fig.3 Adaptive regularization parameter series 

3.2 Block-ZA-LMS Algorithm 

The cost function of Block-ZA-LMS algorithm is 

defined as 

    2

1
( ) ( ) ( ) ,ZA iG n e n n i n  s   (14) 

where 𝑖 ∈ {1,2, … , 𝐼} . In Eq. (14), each AREPA is 

responsible for adaptively regularizing sparse penalty 

strength to each group of reconstruction signal, where the 

formula of AREPA series is defined as 

       
2 2 2

2 2
( ) ( ) ,i n i n i n d       s s  (15) 

where 𝜆  is redefined as an initial REPA parameter. 

Moreover, the adaptive regulation method of AREPA 

series is determined by following four variables, 

 

⃝ ‖𝒔[𝑖](𝑛)‖2
2 : Average power of reconstruction signal in groups. It 

plays the most important role in adaptive regulation against sparsity 

levels, which is inverse ratio to AREPA, result in appropriately reducing 

sparse penalty strength when grouping signal power becomes high, to 

avoid redundant sparse penalty to be applied, vice versa; 

⃝ 𝛿: Threshold of AREPA. It works for guaranteeing the application 

stability of AREPA; 

⃝ 𝜎2: Standard deviation of noise interferences. AREPA can adaptively 

regulate according to different noise levels by involving 𝜎2. It is direct 

ratio to AREPA, result in appropriately increasing sparse penalty strength 

when noise strength is strong, to improve the weight of sparsity 

exploitation, vice versa; 
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⃝ 𝑑: Grouping distance, it is direct ratio to AREPA. Assume the number 

of grouping increases, then ‖𝒔[𝑖](𝑛)‖2
2 will decrease correspondingly, 

which will result in unexpected decrease of AREPA. In order to offset the 

decrease portion of sparse penalty strength, 𝑑 is imported in AREPA 

series, vice versa. 

 

The update recursion equation derived from the cost 

function (14) is given as 

     ( +1) ( ) ( ) ( ) sgn ( ) ,in n e n n n i n   s s x s   (16) 

where 𝛾𝑖(𝑛) = 𝜇𝜆𝑖(𝑛)  denotes adaptive zero attraction 

series. Moreover, the detailed reconstruction procedure of 

Block-ZA-LMS algorithm is presented in Table 3. 

 

Table 3. Block-ZA-LMS algorithm. 

① Initialize 𝒔(0)=0, 𝑛=1, set suitable 𝜇, 𝜆, 𝛿, 𝑑 by trial and 

error method; 

② While termination condition Eq. (13) is unsatisfied; 

③ Select training sequence 𝒙(𝑛), and desired signal 𝑑(𝑛) 
contaminated by additive noise 𝑧(𝑛), 

mod( , ),  ( ) ,  ( ) ,  ( ) ;T
j j jj n M n d n y z n v   x a  

④ Calculate recursion error, 

( ) ( ) ( ) ( );Te n d n n n x s  

⑤ Recursion update by LMS, 

( 1) ( ) ( ) ( );n n e n n  s s x  

⑥ Design AREPA series 𝜆𝑖(𝑛), and zero attraction parameter 

𝛾𝑖(𝑛), 

      
2 2 2

2 2
( ) ( ) ,i n i n i n d       s s  

   ;i in n   

⑦ Sparse penalty implement by Block-ZA, 

    ( 1) ( 1) sgn ( ) ;in n n i n   s s s  

⑧ The number of iteration increases by one, 

1;n n   

⑨ End while. 

 

3.3 Block-𝓵𝟎-LMS Algorithm 

Similar to proposed Block-ZA-LMS algorithm, further 

proposed Block- ℓ0 -LMS algorithm involving AREPA 

series can produce more excellent effect combining with 

optimal ℓ0 -norm sparse constraint. However, note that 

ℓ0-norm is a non-deterministic polynomial time (NP) hard 

problem, in this paper, it is approximated by a continuous 

function [22] instead. The cost function of Block-ℓ0-LMS 

algorithm is defined as 

    
0

2

0
( ) ( ) ( ) ,iG n e n n i n  s   (17) 

The advantages of the popular approximation method 

presented in [22] stand out, e.g. computational simplicity 

and robustness. The new cost function after ℓ0 -norm 

approximation is as below, 
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By minimizing Eq. (18), according recursion update 

equation is derived as 
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where 𝑙 ∈ {1,2, … , 𝑑} . To decrease the computational 

complexity of Eq. (19), which mainly comes from the 

sparse penalty term, hence the first order Taylor series 

expansion of exponential function is replaced by 

 
     ( ) 1 ( ) ,  ( ) 1/
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Eventually, in order to simplify Eq. (19), an approximation 

equation is imposed as below, 
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the final update recursion equation becomes 
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Moreover, the detailed reconstruction procedure of 

Block-ℓ0-LMS algorithm is similar to the contents in Table 

3, except implementing the stronger ℓ0 -norm sparse 

constraint strength. The updating procedure of Block-ZA-

LMS algorithm and Block- ℓ0 -LMS algorithms is 

illustrated in the right portion of Fig.4. Based on the fact 

that the sparse constraint strength of ℓ0 -norm is much 

beyond zero attracting ℓ1-norm, hence further proposed 

Block- ℓ0 -LMS algorithm outperforms Block-ZA-LMS 

algorithm in SSR accuracy, which is demonstrated in 

following experiment section as well. 

 

 
Fig.4 Updating procedures between sparse vs. block-

sparse adaptive filtering algorithms. 

4. SIMULATION RESULTS 
In this experiments section, the signal reconstruction 

performances are evaluated by mean square deviation 

(MSD). For global parameters, block sparse signal 𝒔 is 

modeled according to [11]: signal length is 𝑁 = 400 , 

down sampling dimension is 𝑀 = 100 , the size of 

nonzero atoms in 𝒔  is 𝑆 ∈ {20,  60}  separately, block 

sparsity is 𝐾 ∈ {2,  6}  accordingly, also the position 

distribution of nonzero blocks and the nonzero coefficients 

within each block yield discrete uniform. Magnitude of 

nonzero coefficients yield standard Gaussian distribution 

𝒞𝒩(0,1) , each entry of sensing matrix 𝑨  is 

independently generated from Gaussian distribution 
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𝒩(0,1/𝑀). Note that 𝒔 is normalized in our experiments, 

and additive noise 𝒗 is simulated by Gaussian noise s.t. 

𝒩(0,1/𝜎𝟐) , where standard deviation is 𝜎 ∈ {3 ×

10−2, 1.7 × 10−2} , and signal-to-noise ratio (SNR) is 

defined as 10 log10(‖𝑨𝒔 ‖
2

2
/ 𝜎2), hence SNR are set as 

{10dB,  15dB}  separately in experiments. Monte-Carlo 

trials are set as 200 times. For private parameters, step-size 

𝜇 is set as {0.05,  0.07} separately, tolerance error 휀 =

1 × 10−4, and iteration runs upper limit 𝐶 = 1 × 106 for 

all sparse and block-sparse adaptive algorithms. 

Approximation equation parameter is 𝛼 = 10  for ℓ0 -

LMS algorithm and Block- ℓ0 -LMS algorithm. For 

proposed two block-sparse algorithms Block-ZA-LMS 

and Block-ℓ0-LMS, threshold 𝛿 of AREPA is set as 0.8, 

and grouping distance is designed as 20. 

 

 
Fig.5 MSD comparisons vs. Block sparsity (𝑆=20, 𝐾=2). 

 

 
Fig.6 MSD comparisons vs. Block sparsity (𝑆=60, 𝐾=6). 

   In all experiments, reference algorithms are chosen as 

greedy pursuit algorithms, their MSD results generated in 

each stage within inner loop are shown one by one. In the 

following three experiments, one verifies that they all get 

the converged steady-state results before 20 iteration runs. 

Experiment results will demonstrate the remarkable 

performance improvement by our proposed two 

algorithms, i.e. Block-ZA-LMS and Block-ℓ0-LMS. The 

MSD performance comparisons are versus three various 

scenarios separately, namely different block sparsity, noise 

interferences levels, and step-size distance. 

Experiment ⑴: In this experiment, the reconstruc-

tion performances of proposed two block-sparse adaptive 

filtering algorithms Block-ZA-LMS and Block-ℓ0-LMS, 

are verified comparing with four greedy pursuit algorithms 

under different block sparsity. In Fig.5, total number of 

nonzero components 𝑆 = 20 , the number of blocks of 

nonzero components 𝐾 = 2 in original signal, SNR is set 

as 15dB, and step-size of all four adaptive filtering 

algorithms is set as 𝜇 = 0.05  to conduct signal 

reconstruction. It is evident to find that sparse adaptive 

filtering algorithms ZA-LMS and ℓ0 -LMS much 

outperform greedy pursuit algorithms, which is consistent 

with the conclusion in [12]. Based on the effective 

utilization of block sparse structure by proposed 

algorithms, the MSD performance is further evidently 

improved without sacrificing convergence iterations 

almost. In Fig.6, the sparsity degree is extended to much 

less, i.e. and 𝑆 = 60, 𝐾 = 6, one can find that reference 

algorithms can hardly obtain contributive MSD 

performance. On contrary, sparse adaptive filtering 

algorithms ZA-LMS and ℓ0 -LMS exhibit superior 

performance even under less sparsity scenarios, in addition, 

proposed Block-ZA-LMS algorithm and Block-ℓ0-LMS 

algorithm can further obtain certain performance gain. 

 

 

Fig.7 MSD comparisons vs. SNR (10dB). 

 

 
Fig.8 MSD comparisons vs. Step-size (𝜇=0.07). 

Experiment ⑵ : With ambient noise interferences 

increase, results in SNR decreases to 10dB in this 

experiment. Sparse adaptive algorithms ZA-LMS and ℓ0-
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LMS still obtain good performance gain shown in Fig.7, 

proposed Block-ZA-LMS algorithm and Block-ℓ0-LMS 

algorithm exhibit better reconstruction capability in 

robustly solving CS problem. 

Experiment ⑶ : The step-size 𝜇  of stochastic 

gradient determines the magnitude of recursion update to 

approach the true value. In this experiment, step-size of 

four adaptive algorithms increases to 0.07, which leads in 

they approach the steady-state results by fewer iterations. 

In Fig.8, proposed block sparse adaptive algorithms are 

verified to be able to appropriately apply combining with 

different step-sizes. 

5. CONCLUSION 
Based on the fact that there are evident inapplicability 

to block versions of convex optimization and greedy 

pursuit algorithms in solving large-scale problem under 

certain conditions. We extended two sparse adaptive 

filtering algorithms to block versions, i.e. Block-ZA-LMS 

algorithm and Block- ℓ0 -LMS algorithm. In numerical 

simulation experiments, one sufficiently demonstrates the 

effectiveness of our proposed algorithms in various 

scenarios: firstly, remarkable performance improvement 

under various block sparsity without sacrificing evident 

convergence speed; subsequently, reliable robustness 

against strong interferences; finally, the applicability of 

combining different step-sizes is verified as well. 
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